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Abstract— In this study, three machine learning techniques
and RBF interpolation are compared on a heat transfer
and fluid flow problem in a cavity having rounded corner
through the left bottom corner. The two dimensional, time
dependent dimensionless governing equations of the problem
are numerically solved by the radial basis function (RBF)
method for space derivatives and by the backward Euler
method for time derivatives. The differentially heated cavity
has straight hot left wall and cold right wall, the top wall is
the adiabatic wall and the bottom wall involving the rounded
corner is the insulated wall. The numerical results show that
the presence of the rounded corner causes convective heat
transfer to increase. A dataset involving inputs as Rayleigh
number and the radius of the circular corner and output
as the average Nusselt number along the hot left wall is
collected from the numerical results. The machine learning
techniques, neural networks, gaussian process regression and
ensemble learning as well as RBF interpolation are deployed
for modeling. Each modeling results in small mean squared
error metric results, but the best modeling is found by RBF
interpolation.

I. INTRODUCTION

A rounded corner cavity (rcc) provides smoother flow
patterns, prevents stationary zones and diminishes flow
separation unlike sharp corner cavities. This phenomena
is used in the design of the cooling of circuit boards,
solar air heaters and heat exchanger with grooves having
rounded corners [1]. Ray and Misra [2] analyzed the
friction factor and the heat transfer of a laminar flow
in square cavity with rounded corners. It is reported
that both the friction factor and the Nusselt number
(Nu) increase at lower values of radius of the rounded
corner. They also obtained the correlations of these
parameters and compared with the numerical data.
Entropy generation of natural convection flow in a rcc
is investigated for different values of irreversibility and
aspect ratios, Rayleigh number (Ra), and the radius of
the corner by Salari et al. [3]. Entropy generation is a
decreasing function of radius of corner but increasing
function of the other physical parameters. Gurturk et
al. [4] examined the impact of arc-shaped partitions on
the natural convection flow. Two types of partitions are
used as aluminum and wood. Both partitions eliminates
the death zone obtained in the sharp corner. Inclined
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magnetic field effect is added to the mixed convection
flow in a lid-driven rcc by Colak et al. [5]. Numerical
computations are carried out for Richardson (Ri) and
Hartmann (Ha) numbers, inclination angle (y) and the
radius of the corner. They showed that there is no
significant effect of the radius of the corner on flow
field except for y=m/4. In [6], finite element method is
implemented to magnetohydrodynamic (MHD) natural
convection flow in a rcc with circular obstacle. The
Nusselt number on the hot corner augments with an
increasing size of the obstacle.

The influence of round corner on the convection flow
including nanaoparticles is also investigated. Selime-
fendigil and Inada [7] considered the natural convection
flow of SiO2-water nanofluid in square cavity with a
conductivity partition located in the left upper corner. It
is found that the rise in the size of the partition improves
the heat transfer. They also obtained that the rate of
the heat transfer of cylindrical shape of nanaoparticle is
greater than spherical one. In [8], the heat transfer of
Ag/MgO-water hybrid nanaofluid is studied in a cavity
with a round corner including porous medium subjected
to the magnetic field. Nu increases as the thickness of the
porous medium but it decreases with the augmentation
of Ha. Korei et al. [1] used OpenFOAM to MHD mixed
convection flow in a rcc filled by Al203/Cu-water. They
depicted that the heat transfer rate diminishes as the
radius of the corner increases.

In recent years, machine learning approach has been im-
plemented the heat transfer problems since this approach
provides the predictive model with high accuracy and low
computational cost. Vaferi et al. [9] compared the capa-
bility of artificial neural network (ANN) approaches to
estimate convective heat transfer of nanofluids through
a circular tube. Multi-layer perceptron neural network
gives the best performance compared to the others.
Hemmat Esfe and Afrand [10] demonstrated that ANN
is an effective method for the prediction of thermal
conductivity and thermal viscosity of the nanofluid.
Kumar and Kavitha [11] implemented Gaussian process
(GP) regression to estimate viscosity of Al,Os-water
nanofluid. In [12], Bayesian Regularization technique of
ANN is used to model the Nusselt number of Ag-MgO-
water nanofluid in an amorphous cavity in the presence
of magnetic field. Datasets are generated from the nu-
merical results obtained by finite element method based
on conrtol volume. Deymi et al. [13] applied ensemble
model (EM) to predict the specific heat capacity of the



nanofluid. Pekmen Geridonmez and Oztop [14] model
the global and local entropy generations of Cu-water
nanofluid in a square cavity under the effect of oriented
magnetic field by using NN. They found that the metric
results of local entropy indicators are worse than global
ones. In [15], the prediction of thermal and energy
transport of hybrid nanofluids is investigated using GP.
Li et al. [16] compared five ML models including EM to
forecast condensation heat transfer coefficient. Pekmen
Geridonmez [17] used the RBF interpolation and ANN
to model heat transfer rate of natural convection flow
with or without magnetic field.

Literature survey reveals that there is no reported
work about the estimation of the average Nusselt number
of Cu-water nanofluid in a square cavity with rounded
corner by using different machine learning and interpo-
lation techniques. Data are collected from the numerical
results for input features in the range of Rayleigh number
and the radius of the corner with the target, average
Nusselt number. The novelty lies in the comparative
evaluation of multiple modeling methods (NN, GP, EM,
RBF) applied to a new physical scenario which is Cu-
water nanofluid convection in a rounded corner cavity.

In the following parts, the problem definition, a brief
description of computational approaches, and modeling
results are presented, respectively.

Nomenclature

Latin Symbols

T radii of rounded corner

L Characteristic length

p Pressure

u x-component of the velocity of the fluid
v y-component of the velocity of the fluid
Ra Rayleigh number

p Fluid density

T Temperature

T. Temperature of cold wall
Ty Temperature of hot wall
Nu Average Nusselt number
v Stream function

w Vorticity

g Gravitational acceleration
AT Temperature difference

Greek Letters

a Thermal diffusivity

B Thermal expansion coefficient
[0} Solid volume fraction

v Kinematic viscosity

u Dynamic viscosity

Subscripts

f Fluid

nf Nanofluid

s Solid

II. DEFINITION OF THE PROBLEM

The two-dimensional, time dependent natural convec-
tion flow of Cu-water nanofluid flow in a unit square
cavity having rounded corner with radius r. is investi-
gated. The demonstration of the problem is presented
in Fig. 1. The vertical straight walls from left to right
are hot (7;,) and cold (T;) walls, respectively, while the
other walls are adiabatic.

The effect of buoyancy force is treated by Boussinesq
approximation because of the temperature difference
resulting with density difference. The viscous dissipation
and the radiation effect are neglected.

The single phase model for nanofluid is picked, and
therefore the physical properties are stated by [18]

Pnr=(1=90)ps+ops, (1)

(Peplng = (1=0)(pep)s+o(pep)s, (2)

(PB)ng = (1=0)(pB) s+ (PB)s, (3)

Oy = 1t (4)
(Pcp)nf’

where subindices nf,f,s are the nanofluid, fluid and
solid, respectively, p is the density, B is the thermal
expansion coefficient, ¢, is the specific heat, a is the
thermal diffusivity and ¢ is the solid volume fraction.
The thermal (k,r) conductivity of the nanofluid are
settled as [19]
kny _ kg +2kp —2¢ (ky — k) 5)
kg kS—I—Zkf-‘r(])(kf—ks) ’
and the dynamic viscosity of nanofluid p,r is opted
as [20]

Uy = pr(1—9)". (6)

Thermophysical properties of water and copper (Cu)
are tabulated as in Table I.

TABLE 1

Thermophysical properties of water and Cu.

Property Water Cu
o (kg/m3) 997.1 8933
¢p [T/ (kgK)] 4179 385
k W/(mK)] 0.613 401
Bx1073 (1/K) 21 1.67

The physical equations [21] as a combination of con-
tinuity, momentum and energy may be written as

Vou=0, (7a)
du 1 (PB)ns
Vo Via = +(u-Viu+ VP+ T-T.)g,
Vu= Gl Vs ovp s PR 7
(7b)
dT  dT dT
2 _
0, VT = 3 +u8x +vay, (7c)

where u = (u,v) is the velocity vector and g is the
gravitational acceleration vector, T is the temperature,
p is the pressure, v = u/p is the kinematic viscosity.
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Fig. 1. The geometrical layout of the problem.

With the help of the stream function definition
of velocity components ((u,v)= (¥, —V)), continuity
equation is satisfied, and the definition of vortic-
ity (@ =vy—uy,) allows us to eliminate the pressure
terms from the momentum equations. Thus, the stream
function-vorticity form of equations are deduced as

VZ - —® (8&)
Ofn, 0T or T
afVT_ at+<u8x+v8y (8b)
My 2 Pnf (aw Jo 3(1)) (pﬁ)n,f T
PrVvio=""——+4u=—+v— | — RaPr——
w pr\ar  ax  dy)  pby ( 9};
8c

where the nondimensional parameters are Prandtl
number (Pr=vs/oy) and Rayleigh number (Ra =

pBrATL? [ (vyay)).

III. COMPUTATIONAL APPROACHES
A. RBF Method

The numerical part of the study is carried out by
applying the global radial basis function (RBF) method
to space derivatives and the backward Euler to time
derivatives.

RBFs are functions depending on the radial (Eu-
clidean) distance r = \/(x—x;)2+ (y—y;)* between the
collocation (xj,y;) and the field (x,y) points. The novel
and concise books [22], [23] involve many theoretical and
practical implementation examples on RBFs.

Any unknown ¢ may be written as a product of a
coordinate matrix F constructed by an RBF and an
unknown vector of coefficients. The partial derivatives
of unknown is also easily derived by this product and
by the straightforward derivative calculations of RBFs.
The differentiation matrices for x-, y- derivatives and

Laplacian are found as

D= 2Ep1p,— % p, - 82—F+a2—F F!
T ox Y 9y 2T o2 T 9y? ’
)

Iterations are terminated if the sum of the relative
residuals in infinity norm is less than a tolerance 1073.
A relaxation parameter 7(0 < 7 < 1) is utilized once ®
equation is solved.

Average Nusselt number along the heated straight left
wall are computed from

1 ky

'baT
L—re kf Jr,

Nt = 7z
u x Vs

(10)

using composite Simpson’s rule on nonuniform grids [24].

B. Machine Learning and NN Approaches

1) Neural Network Regression: NN process works as
feedforward NN [25] In this case, the information flows
from the left to the right. The first layer is the input layer.
The hidden layers follow the first layer, and the last layer
is the output layer. A simple generalized mathematical
expression may be written as

§=F(Wx+b), (11)

where W is the weight matrix, b is the bias vector, x is
the input features, ¥ is the predicted output, and f is
the activation function.

In Matlab, ‘fitrnet’ is used for NN modeling.

2) Gaussian Process (GP) Regression: In this process
kernel (covariance) functions play the significant role.
The GP function f(x) is expressed as [26], [27]

f(x) =~ GP(m(x),k(x,x')), (12)

where m(x) = E[f(x)] is the mean function, k(x,x') =
E[(f(x) —m(x))(f(x") —m(x))] is the covariance function.
In this study, ARD squared exponential kernel is taken
as

d X — xin )2

k(x,x') = 6% exp 1 Y ( 5 ,

(13)
2 m=1 Gl

where o is the standard deviation, o; is the characteristic
length scale, x,x’ are input vectors of size d x 1.

In Matlab, ‘fitrgp’ is used for GP modeling.

3) Ensemble Learning (Boosting): In this modeling,
multiple weak learners, which are usually small decision
trees, are combined to get a stronger model. In case of
boosting, the process works sequentially correcting the
errors from the previous learners, and the last model is
a weighted sum of weak learners.

In mathematical terms, the general ensemble model
(EM) is as follows [28]

g

y= Wmfm(x)v (14)

m=1

where w,, is the weight, f,, is the m*" weak learner and
M is the total number of weak learners.



4) RBF Interpolation: RBFs may also be used for
interpolation, and in turn prediction by using interpola-
tion. If the train data ¢y, is written as ¢, = F,& with
F;, of size N,2, and & is of size Ny, where N;, is the size
of the train data, then the test data is predicted by

(3 :Eav (15)

where F; is the matrix of size N; X N;, and is constructed
by the RBF function considering the radial distances
between the test data points and the train data points.

RBF interpolation is utilized by f=r> in an in-house
implementation in Matlab.

IV. MODELING RESULTS

The data are collected from the numerical results
solving the problem in 109 different values of Ra €
[1000,10°], and 20 distinct values of r. € [0,0.5]. The
target value is considered as average Nusselt number
along the heated wall. That is, the first two columns of
the data are input features Ra, r. and the last column
is the response value Nu. The stored data as a matrix
is of size 2180 x 3. The data is divided into 80% train
and 20% test parts. In NN and GP modeling, the data
is standardized. In the RBF interpolation, normalization
in the first input column (in Ra values) is done. The EM
modeling has no any data scaling. These data scalings are
determined as the best fit cases. All variables required
for NN, GP, EM, and RBF are given in Table II.

TABLE II
Configuration Parameters for NN, GP, EM, and RBF Models

Model Implementation Key Parameters
NN fitrnet
o Architecture: 1 hidden
layer
o Neurons per layer: 50
o Activation function:
ReLU
GP fitrgp
« Kernel: ARD squared ex-
ponential
EM fitrensemble
o Learner type: Decision
Trees

o Learning Cycles: 200
¢ Learning Rate: 0.1
« Boosting method:
LSBoost
RBF In-house
« Cubic PHS RBF (%)
« Interpolation

Figure 2 depicts the modeling results of the estimation
Nu using NN, GP, EM and RBF interpolation. The
subfigures in the first column indicate a good fit for
each model since the predicted values are close to the
numerical data. In the second column, all models provide
good predictions with low residuals. Moreover, the high-
est accuracy is obtained by RBF interpolation. The mean

squared error (MSE) metric results can be ordered as
RBF < GP < EM < NN so that RBF interpolation shows
the best performance.
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Fig. 2. Modeling results.

A. Physical Sense

Figures 3 and 4, show a systematic increase in Nu with
both Ra and r.. The mathematical structure of RBF
interpolation aligns well with this physical behavior, as
it naturally captures smooth, continuous relationships
through distance-based interpolation. The data also re-
veals that Nu is highly sensitive to Ra but moderately
sensitive to r.. RBF interpolation can effectively handle
inputs with different sensitivity scales without requiring
extensive tuning, unlike NNs which might require careful
architecture design.

The Ra values (1000 — 100000) span two orders of mag-
nitude while r. values (0—0.5) are much smaller. This
scale difference also points why normalization suit well



for RBF interpolation, which relies on distance calcula-
tions.
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Fig. 3. Effect of Ra and r. on average Nusselt number.
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V. CONCLUSIONS

In this study, machine learning and RBF interpolation
are investigated in a natural convection nanofluid flow
problem inside a rounded corner cavity. The problem is
numerically solved by RBF method in space derivatives
and backward Euler in time derivatives. In different
parameter variations of Rayleigh number and radius of
the rounded corner, a data set is created involving these
variations and the corresponding average Nusselt number
values from the numerical calculations. Once the data is
separated into train and test data, four models which are
neural network, gaussian process regression, ensemble
modeling and RBF interpolation are trained on train
data, and then tested on test data. The mean squared
error metric results demonstrates the good fit in each
modeling. Nevertheless, RBF interpolation delivered the
best results, achieving the lowest prediction error for

the average Nusselt number. Compared to studies, this
study combines numerical simulation with multiple data-
driven modeling techniques to assess their performance
in a domain with geometric complexity. The integration
of physical simulation and learning-based approaches
contributes to the development of accurate and com-
putationally efficient approximate models for convection
problems. However, this study has certain limitations.
The nanofluid type (Cu-water) and cavity configuration
are fixed, and the analysis is limited to two-dimensional
laminar natural convection. In the future, we are plan-
ning to extend this work in several directions: applying
the models to three-dimensional cavities, incorporat-
ing hybrid nanofluids, testing under different boundary
conditions, and possibly integrating real-time control
features. We also aim to explore other advanced modeling
techniques, such as physics-informed neural networks, to
further enhance accuracy and interpretability.

Appendix
Loaded Data in NN, GP, Emsemble

trainn = load(’data_ train.csv’);
testt = load(’data_ test.csv’);

NN, GP, Ensemble

models = fitrnet (trainn(:,1:2), trainn(:,colout),
’LayerSizes’, Lsz,...

?Activations’, ’relu’, ’Lambda’, 0,
"IterationLimit’, 1000, ’Standardize’, true);

models = fitrgp (trainn(:,1:2) ,trainn(:,colout),
Standardize’, true, ’BasisFunction’, ’
pureQuadratic’,’KernelFunction’,
ardsquaredexponential 7) ;

)

models = fitrensemble (trainn (:,1:2) ,trainn(:,
colout), 'Method’, ’LSBoost’,’
NumLearningCycles’, 200 ,’LearnRate’, 0.1,’
Resample’, ’on’);

testpred = predict (models, testt (:,1:2)); % For
Testing

RBF Interpolation

traindata = load(’data_train.csv’);
testdata = load( data test.csv’);

% some data savings
Xdata = traindata(:,1); % Ra column
Ydata = traindata(:,2); % rc column

Zdata = traindata(:,3); % target
Xdatatest = testdata(:,1);
Ydatatest = testdata(:,2);

Zdatatest = testdata(:,3);

% normalization to [0,1] in Xtrain and Xtest data

Xdatasc = (Xdata - min(Xdata)) /(max(Xdata)-min(
Xdata)) ;

Xdatat = (Xdatatest - min(Xdata)) /(max(Xdata)-min(
Xdata)) ;

W% scaled Xdata & YData in original data



data = [Xdatasc Ydata];

datainterp = [Xdatat Ydatatest];

%% interpolation by cubic PHS RBF

Ztestfit = globalRbf2D (data,datainterp,Zdata,3);
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