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Abstract— With the continuous development of industries
such as wind power and construction, the weight and complex-
ity of lifted equipment have significantly increased. These lifting
tasks often rely on crawler cranes, and the demand for coop-
erative lifting using dual crawler cranes has grown. However,
current operations remain largely manual, leading to safety
risks and low efficiency. While extensive research has been
conducted on the coordination of overhead cranes and other
lifting systems, studies on cooperative control of crawler cranes
are still in their early stages and have received insufficient at-
tention. To address this issue, this paper establishes an accurate
model of a dual crawler crane system using Lagrange equations.
Motion constraints are incorporated to reduce the original fifth-
order dynamics to a third-order system, simplifying control
implementation. Given the strong coupling characteristics of the
underactuated system, a PID-based coupled error compensation
control method is proposed to regulate the load’s position and
attitude precisely. By coordinating cable length adjustments, the
proposed method ensures stable and accurate positioning while
guaranteeing finite time convergence of cable length errors.
Finally, a wind turbine installation scenario is simulated to
validate the effectiveness of the proposed control approach.

I. INTRODUCTION

Crawler cranes are widely used in wind power, chemical,
and construction industries, often employed for lifting large
equipment such as wind turbine blades and distillation towers
[1]. With the continuous development of these industries, the
weight and shape of the equipment to be lifted are becoming
increasingly complex. For tasks requiring high installation
precision, such as wind turbine blade or bridge installation,
a single crane is inadequate due to its limited capacity
and inability to adjust the load’s posture, necessitating the
collaboration of two cranes [2]. This collaborative operation
significantly increases the complexity and safety risks of the
lifting process which typically requires multiple experienced
operators to work together. During the operation, the lifting
path cannot be precisely planned, requiring constant adjust-
ments near the installation position to complete the task.
This approach results in significant uncertainty throughout
the process and leads to low efficiency.

As a type of mobile crane, a crawler crane can perform
pitch and rotational movements when operating indepen-
dently, lifting loads by adjusting the cable length. However,
when two crawler cranes operate collaboratively, safety con-
siderations require the crane bases to remain stable, and
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the booms are typically fixed. Under these conditions, the
lifting and attitude adjustment of the load is achieved solely
by controlling the variations in cable length. Therefore, it
is essential to suppress load oscillations during the lifting
process to enhance safety and efficiency.

Compared to single crane systems, research on dual crane
collaborative systems is relatively limited, primarily focusing
on modeling, load distribution, and path planning. Research
on dual overhead crane systems is conducted in [3]-[5],
and different control strategies are proposed to suppress
load oscillations. [3] proposes an open loop optimal control
strategy for the motion of dual overhead cranes. However,
these studies are based on models with fixed cable lengths in
dual crane systems, where the cable length is not a system
variable, and the load moves only in the horizontal direction.
[6]-[9] studies the dual rotary crane system. [6] uses the
Lagrange method to establish an accurate model of the dual
rotary crane system, but the model still contains dependent
variables. [7] proposes a control method that achieves precise
control of the load’s attitude and position while enhancing the
motion synchronization of the two cranes. [8], [9] utilize PID
control based on motion constraints for load control, with
[9] proposing a scheme that eliminates the need for velocity
feedback. Dual rotary cranes adjust the load’s position and
posture by changing the boom pitch angle, making this
operation suitable for lighter loads and lower lifting heights
but unsuitable for high-altitude installations such as wind
turbine assembly. [10] defines four typical operating modes
of dual crawler cranes and employs the PID method for
control, ensuring that the object can be hoisted without
diagonal pulls on the hoisting ropes. The model in [10],
where the hoisting ropes remain vertical without angular
deviation, limits the ability to adjust the load’s attitude in
complex lifting tasks. A method for adjusting the lengths
of two cables is proposed to lift the load, treated as a point
mass, along a predefined path while satisfying constraints on
the cable length velocity [2]. However, in this dual crawler
crane system, the load is simply treated as a point mass,
which cannot accurately represent the system when lifting
long objects such as bridge segments. The dynamic models
of the dual overhead crane and dual rotary crane systems
are not applicable to the operating mode of the dual crawler
crane system. These dual crane systems cannot accomplish
tasks requiring significant installation heights, such as the
erection of wind turbines [3]-[9]. Moreover, some existing
dual crawler crane models simplify the modeling process due
to numerous state variables, geometric constraints, and com-
plex coupling relationships. Therefore, a more precise and



generalized dynamic model is needed to achieve coordinated
control of dual crawler cranes.

To achieve precise control of the load in a dual crawler
crane collaborative system, this paper proposes a method
that accurately adjusts the load’s position and posture while
satisfying motion constraints. Specifically, the motion con-
straints of the system are first defined, followed a fifth order
Lagrangian dynamic model was subsequently established
for the dual crawler crane system without any linearization
assumptions. The non-independent state variables in the
model are then eliminated based on the motion constraints,
reducing it to a third order system. Additionally, a method is
proposed to compute stepwise the non-independent variables
present in the model. Finally, a PID-based control method is
proposed and applied to a wind turbine installation scenario
for simulation-based validation.

The rest of this paper is organized as follows. Section II
presents the problem formulation and defines the symbolic
variables. Section III establishes the mathematical model of
the system. Section IV presents the development process
of the controller. Section V validates the effectiveness of
the controller through the simulation of a practical case.
Section VI concludes the paper and discusses future research
directions.

II. BACKGROUND
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Fig. 1. Schematic representation of two crawler cranes.

A sketch of the two cooperating crawler cranes in the
vertical « —y plane is shown in Fig. 1, whose state variables
and parameters are defined in Table I. The dual crawler crane
system moves the load from an initial to a target position.
During this process, the crane bases remain fixed, and the
boom pitch angles do not change. Load position and attitude
are adjusted solely by varying the lengths of the two cables.
In this paper, the cooperative hoisting process involving
two cranes is analyzed under the following simplifying
assumptions, which are commonly adopted in similar crane
related studies:

Assumption 1: In practical applications, the load has a
significant mass, ensuring that the cables remain taut at all
times while cable elasticity is neglected.

TABLE I
VARIABLES AND PARAMETERS

Symbols Meanings Units
L1(t), La(t) rope length m
ai(t), as(t) cable swing angles rad
~(t) angle between the load and the rad
horizontal direction

(z(t),y(t)) coordinates of the load center m
01,02 boom pitch angles rad
Bi, B2 boom length m
2d load length m
D distance between two cranes m
(X1, Y1), (X2,Y2) coordinates of the boom vertex m
(zp1,Ypy)s (Tpa,Ypy) coordinates of Pp, Po m
m payload mass kg
g gravity constant m/s?

Assumption 2: External disturbances such as winds are
neglected in this study but will be considered in future work.

To simplify the description, this paper uses abbreviations
as follows:

i, Y, O :t’77ai :l:Oéj7
i,j=1,2, (i #j).

The coordinates of the boom vertices are given by the next
straightforward relations (see Fig. 1):

X1:Blsin01, Yl 23100591,
ngD—Bgsineg, }/QZBQCOSQQ.
The variables x(t), y(t), and ~(t) represent the load’s posi-
tion and attitude. Here, x(¢) and y(¢) denote the coordinates
of the payload’s center in the X-O-Y coordinate system.
Based on geometric relationships, the coordinates of the load

center are obtained by solving for the coordinates of its two
endpoints P; and P»

{,Cpl = X1 + Llsal,

Sy =sinf, Cy = cosf, where 0 €

(D

Ypy = Y1 — L1C0,,

2
Lpy =X _LQSaw Ypa :1/2_[’20&2'
thus
z=1(X1 + Xs+ L1Sa, — L2Sa,)
3
Y= L(Yi 4 Yo — L1Cay — LoCiy) 3)

The admissible load positions within the workspace are
determined by the presence of tension in both cables, so
that both cranes are carrying part of the load. This region
is visually depicted as the shaded area in Fig. 1 and it is
analytically described as follows:

€(0.3) ve(-53)
g, - -, =
1, G2 ,2 y Y 2,2 )

X1 <mp, << 3p, < X,
0< min(ypnypz) Sy< max(ypnypz) < min(yl’ sz)

III. MATHEMATICAL MODEL

By referring to the schematic in Fig. 1, two constraint
equations can be straightforwardly derived as follows by
imposing continuity in the horizontal and vertical directions



X; — Xo 4 L1 Sa, + LSa, +2dC, = 0,
Y1 — Yy — LyCa, + LyCo, + 2dS., = 0.

(4a)
(4b)

It is evident that the system has five state variables:
Li(t), La(t),v(t), a1 (t), a2 (t). However, the presence of the
two constraints (4a)-(4b) indicates that not all five variables
are independent, with two of them being determined by
the remaining three. Since the dual crane system lifts the
load by controlling the lengths L;(¢) and Lo(t), and ()
represents the load’s attitude, we define L4 (t), L2(t),v(t) as
independent variables, whereas «(t) and «as(t) are treated
as dependent variables.

The Lagrange method is used to model the dual crawler
crane system. To obtain a third order dynamic system with
only independent variables, we first establish a fifth order
dynamic system that includes dependent variables as follows:

d (0L oL
i (a%) Tags ©)

where g5 = [L1(t), La(t), 7 (t), 1 (1), as(t)] " denotes the
variable vector, gy = [Ly(t ) Lo(t), 4(1), Oél(t),dg(t)]T and

uy = [11(t),72(t),0,0 O] represent generalized velocity
and the generalized force respectively, where 71(t),72(t)
denote the control inputx. The Lagrangian is given by:

L=T(t)—V(t) (6)

To derive the Lagrangian dynamic model of the system, we
first define its kinetic and potential energy. Since the boom
angle remains fixed during operation, the system’s energy
depends on the load center coordinates (z,y), where

V(t) = mgy (7)
Since the load undergoes both translational and rotational
motion, its kinetic energy comprises both translational and
rotational components

1 . : 1.
5m (:c2 +9%) + 5[72 (8
Its rotational motion can be approximated as that of a
uniform straight rod rotating about an axis passing through
its center and perpendicular to its length. I = (md?)/3
represents the moment of inertia of the load.

T(t) =

Differentiating the load’s midpoint coordinates derived
from Eq. (3) yields:

&= 1(L1Sa, + L161Ca;y — L2Sa, — L262Cl,)
. . : . . 9
Yy = %(Llalsal - Llcal + LZaZSag - LQCQQ) ( )
Substituting Eq. (9) into Eq. (8) one obtains
1 . ] ) -
T(t) ng(L% + L] + L3653 4 2L1 LaClay tas)
— 201 L2620, +an) — 2L1L261S (0 10py  (10)

.. - 1 .
— 201 L3é162C 0y 40) + L3) + 6md272

Similarly, substituting Eq. (3) into Eq. (7) one obtains
—LyCy,) (D)

Since the potential energy of the system V(¢) does not
contain the ¢4 term, Eq. (5) can be rewritten as

Ly oo
dt 8q¢ 8q¢ 8C]¢,

Then, the dynamic equations of the system can be defined
as the following forms

def g ( oT T v _
FL, = a (67) ~ 3L, + oL —Tz(t)

N

def
ab -

where the accurate expression are expressed as follows

1
V)= img(Yl +Y, - LC,,

= uy (12)

o
T (13)

)_ OT | oV

+HY i=1,2

Fr, = im(le — L1643 — (2La6s + L2d2)S(ay +a)
+ (Lo = L263)Clay 4as) — 29Cay);
Fr,= im(i2 — Lo63 — (2L161 + L161)S(ay +a)
+ (L1 — le%)c(al"raz) —29Cla,),
Fy= %mdQ"%,

1 S 2. (14
Foy = 1m(2L1L1011 + Lidy +29L15,,

— (2L Ladvs + L1 Lén)Clay +ay)
+(L1L263 — LiL2)S(a,+an))

1 : .
Foy= 1m(2L2L2a2 + L3Go + 29L2Sa,

— (2L1Laciy + L1L21)Clay an)

+ (L1L2é7 — L1L2)S (s +as)) -
To simplify the description and facilitate the subsequent
analysis, we derive the dynamic equation with five state

variables, including a; and as, based on Eq. (14). It is
expressed in the following compact matrix-vector form:

M'(q4)ip + C'(4g: Gg)dg + G'(qp) = up  (15)

where M'(q4),C"(g4,4s) € R>*5, G'(qy) € R® are the
inertia matrix, centripetal Coriolis matrix and gravity vector
respectively. After arrangement, the matrices in Eq. (15) are
expressed as follows

sm M{, 0 0 Mj,
M, im 0 M, 0
M'(gs)=1| 0 0 imd*> 0 0 |,
0 M, 0 imL% 1M4152
M, 0 0 Mjs smL3
0 012 O 014 015 _%mgcal
C51 0 00y, Coy —3mgCa,
CI(Q¢,Q¢): 0 000 0 G/(q¢): 0
Ci Ci0 0 Ci5 %mngsm
C51 C5, 005, 0 §mngSa2

(16)



where the detailed expressions of the elements of M’ (qy)
and C’(¢4,{,) are provided in the Appendix. However, the
five state variables system includes the dependent variables
a1 and a2, and the dynamic model does not account for the
constraints (4a)-(4b). The next step is to incorporate these
constraints into the model and transform it into a three-state
variables system. o (t) and a(t) can in fact be regarded as
dependent variables of L;(t), Lo(t) and ~(t) and redefined
as follows according to (4a)-(4b)

a1 = h(L17L27’7)7
agy = k(L1, La,7).

a7
(18)
Although an explicit representation of functions h and k
appears to be not possible to derive by Egs. (4a)-(4b), some

useful manipulations are presented next. Taking the temporal
derivative of (17) and (18) one obtains

a1 = 8L1 1 8L2 2 87%
ok ok ok 19
Qg = ELI oL, Ly + B =

Eq. (19) can be rewritten in the more compact form as

follows: ) . . )
ay =hr, Ly + hp,La + b7,

do =k, Ly + kp, Lo + k5.
To derive the expressions for the coefficients hr,, hr,,....ky

in Eq. (20), take the partial derivative of constraints Eq. (4a)
and Eq. (4b) with respect to L, yielding:

Sal =+ Lthl Oal + LQkLICaz =0,
Lihi,Soay — Coy, — Lok, Sq, = 0.

The expressions for iy, and kr, can then be computed as
follows

hi, =

(20)

2y

C(Ot1+f¥2) _
LiS(ay+as)’ Fr, = L2S(ay+ag) (22)
Similarly, take the partial derivative of constraints Eq. (4a)
and Eq. (4b) with respect to L, and +. Straightforward

manipulations yield

_ 1 _ C(a1+a2)
hL2 T LiS(a;tag)’ kL2 T La2S(agtag)’
(23)
B = — 29C%a 1 — 2dC, -y
Y LiS(a;+ag)’ i L2S(artag)

At this stage, we derive the dynamic equations for the three
state variables system using the Lagrange equation (12)

a(ory_or ov
ol dqg  dq
where ¢ = [L1(t), La(t),7(t)] T represent the vector of gen-

eralized Lagrangian coordinates, and u = [71(t), 72(t), O]T
denotes the generalized force vector. After arrangement,
the constrained three state variables dynamic model can be
defined in the following form based on Eqs.(14) and (22-24):

‘FLI -l-hLlfal + kLlfa2 = Tl(t)
]:Lz —|—hL2]:a1 + kLz]:a2 = Tg(t)
Fy+hyFo, +EyFa, =0

(24)

(25)

Similarly, Eq. (25) can be rewritten in the following form:

M(qe)G + C(q¢,ds)d + G(qe) = u (26)

where M(q4), C(qy,ds) € R3*3, G(q) € R? are the inertia
matrix, centripetal Coriolis matrix and gravity vector respec-
tively. According to (20), we can obtain the relationship
between ¢ and ¢y as follows

4o = Ng, u=N"ug. (27)
where
1 0 0 hrn, ki,
N'=10 1 0 hp, kg (28)
00 1 hy Kk
Differentiating both sides of Eq. (27) yields:
Gy = N+ N (29)

Substituting Eq. (27) and Eq. (29) into Eq. (15) one obtains

(NTM'N)§+NT(M'N+C'N)§+NTG" = NTuy (30)
Defining
M(qy) = NTM'(q4)N, G(gs) = NTG'(q4), u= NTuy,

C(dp,49) = NTM'(g5)N + NTC'(g4,ds)N an
the dynamic model is finally presented as follows:
M(gp)i+ Clag,d¢)d + Glap) =u—Fq  (32)

where FF' € R3*3 is a diagonal matrix containing the
friction coefficients. Through subsequent computations and
arrangements, G(gy) is derived as follows

thp,mgLiSa, + 2kr,mgLsSa, — mgCy,
%hLngLlSal + %khmngSaz - %mgCa2

%hvmng Sa, + %kzymngsa2

G =

(33)
and the detailed expressions of the elements of matrices
M (qy) and C(qg,qs) are provided in the Appendix.

IV. CONTROLLER DEVELOPMENT
A. Control Objectives

In the practical scenarios, the load must be lifted from
a known initial position to a specified installation position.
The dual crawler crane system adjusts the load’s attitude and
position by controlling the lengths of two cables. This paper
aims to design a controller to enhance positioning accuracy
and suppress load oscillations. Let L14(t), L24(t) and v4(t)
denote the desired profiles. Our goal is to ensure that the
cable lengths Lq(t) and Lo(t), as well as the payload swing
~(t) to asymptotically converge to the desired profiles within
a small vicinity as

Jim = Laq(t), im Ly(t) = Laa(t),

lim v (t) = va(t).

t—o00

B. Controller design

The dual crawler crane system is an underactuated system,
where the number of control variables exceeds the available
control inputs. Non-actuated variables can only be controlled



indirectly based on complex coupling dynamics, increas-
ing the difficulty of the control problem. To address this
challenge, a coupled error compensation control strategy is
proposed. Inspired by [11], [12], the following control error
signals are designed:

e1(t) = Lia — L1 + m1(Lia — L1) — ma2(y — va),

e2(t) = Laqg — Lo + m21(Lad — La) + 1m22(7 — 7a)-
where 7;; (i, 7 = 1, 2) are positive gains. These error signals
incorporate position and velocity errors while introducing
a swing-dependent compensation term devoted to provide
active swing damping during the load travel once the error
signals e (t) and es(t) are steered in a vicinity of zero. The
formal proof that the vanishing of e1(¢) and ex(t) ensures
the attainment of the control objective goes beyond the
scope of this paper and will be presented in next works
by suitably generalizing the analysis presented in [11] to
the more complicated dual crane system dynamics under
investigation. PID-based control inputs 7; (i=1,2) of the form
7; = PID(e;), with gains K;, K;; and Kg; are considered.

(34)

C. Numerical solution of (31)-(33)

Note that in system (31)-(33), the state vector ¢ comprises
only the independent variables L;, Lo, and -, whereas the
elements of matrices M, C and G are also affected by
the dependent variables «; and ae. To address this issue,
a stepwise numerical solution method is proposed.

System (31)-(33) is solved numerically in order to get g
and ¢, for K = 0,1,2,..., N with t; = 0,ty = T. Here,
N is the total number of time steps in the interval [to, tn] =
[0,T]. Definition of ¢ is qr = q(tx), similarly for other
terms. At each time step tj, g and agi are computed by
solving numerically the constraint equations (4a, 4b) using
the current values of q; = [L1x, Lak, V&) This procedure is
outlined in the next algorithm.

Algorithm 1 Stepwise Numerical Computation of oy, ae
Input: Initial state variables: Lo, Lag, Yo
for each time step ti,,k =0,1,2,..., N do
Compute aqy, s by solving the constraint equations
(4a, 4b).
Compute the next values of Liy41, Log41, Vi+1 by solv-
ing the system dynamics (31)-(33).

V. SIMULATION CASE STUDY

Fig. 2 illustrates the installation of a 125 kW wind turbine,
focusing on the hoisting process of a single turbine blade.
The blade has a length of 20m and a weight of 1, 800kg,
and it must be installed at a height of 50 m while maintaining
a 42° angle relative to the horizontal. For this typical task,
the general operating parameters of the crawler cranes are
listed in Table II.

Based on the initial and installation positions of the wind
turbine blade, the initial values of L, Lo and v and the final

Fig. 2. Cooperative hoisting of wind turbines with two crawler cranes.

TABLE I
PARAMETER VALUES

Symbols Values Symbols Values
01 0.22 rad 0> 0.2 rad
B1 92 m B> 102 m
2d 20 m D 80 m
m 1800 kg 9.81 m/s?
F diag(0.5, 0.5, 0.4)

target values are determined as follows:

L10 = 90.55 m, L20 = 100.5 m, Yo = 0 I':':ld7
Ly =49.55 m, Loy =44.46 m, ~yy = 0.73 rad.

The desired L;, Lo and ~y profiles are all chosen so as to
enforce a constant-velocity transition from the initial values
at to = Os to the target values at £y = 15s (the corresponding
plots of L14(t), L24(t) and ~4(t) are displayed in Fig. 3).
Also set the system evolution time 7" = 20s. After trial-and-
error tuning, the gain parameters are set as follows

M1 = N21 = 20, M2 = N2z = 550, Kp1 = Kp2 = 100,
The simulation of the case study was conducted using
MATLAB, and the results are presented in Fig. 3.

As shown in Fig. 3, the actual cable lengths closely

Cable lengths and load angle vs. time
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Fig. 3. Rope lengths L1, Lo and load angle ~ over time.



follow the desired profiles, indicating that the control strategy
effectively regulates L; and L. The transition between
different phases occurs smoothly, with minimal steady state
error. The payload swing angle ~ increases steadily and
converges to the expected value. The system maintains sta-
bility throughout the process, demonstrating the controller’s
ability to manage coupled dynamics while ensuring accurate
trajectory tracking. The simulation results confirm that the
proposed control approach achieves precise length regulation
and swing angle convergence, effectively guiding the payload
to its target position.

VI. CONCLUSION

This paper investigates the cooperative lifting problem of
two tracked cranes under motion constraints. A PID-based
coupled error compensation control method is proposed to
regulate the load position and orientation, ensuring precise
trajectory tracking. Simulation results demonstrate that the
proposed method allows the load to accurately follow the
predefined trajectory while effectively reducing load swing
during lifting. In future work, the influences of real world
disturbances such as strong winds, as well as cable elasticity
during lifting, will be considered to establish a more accurate
and realistic model and further reduce load swing during
operation.

APPENDIX

M{Q = mC(a1+a2)/4, M{5 = 7mLQS(a1+a2)/4,
M£4 = —leS(a1+a2)/4, Mio = _leLQC(al+a2)/4,
C{Q = —m(jéQS(al_;,_az)/Z 014 = —mL1d1/4,
015 = _mL2d20(al+a2)/4, Cél = —mdls(a1+a2)/2,
Cé4 = _ledlc(al+a2)/4’ 055 = —mL2d2/4,
Cz/Ll = mL1d1/2, 04/12 = 7mL1d20(a1+a2)/2,
0415 = leLQdQS(al+a2)/4, C;)Q = ngdg/Z
Cél = —ngo'le(a1+a2)/2, Cé4 = leLgdls(a1+a2)/4,
My = m(Lih3, + L3k} — 2C(ay+an) L1Lohr ki,
— 2S(a1+a2)L2kL1 + 1)/4,
Myy = Myy = m(hp, hp, L2 + kp kr, L3
+ (1= R, kry — hiokr, ) LiLoClay tan)
— (hL1L1 + kLQLQ)S(a1+a2))/4’
Mg = My = m(hp, hy LT + kp, kL3

Cll = m(dlLthl — (2(5&1 + dQ)LQkLlc(al+a2)
+ (L1dq + O'zg)Lghle’LIS(a1+a2))/4,
Cio = m(2Loky,, &o — (L1ihp, + LQkL2)O(al+a2)df2
+ (LlLQhleL2d2 + LlLQhL2]€L1d1 — 2)S(a1+a2)
— Lyihyp,dq)/4,
Ci3 = m(LlLQS(al+a2)(hLl k.ydg + h,yklel)
— Lok Clay san) iz — Lihydin) /4,
021 = m(2L1hL2(jz1 — (Lth1 + 2L2kL2)O(a1+a2)d1
+ L1L2S(ay+as)(hr, kL, cn + bk, do)
— 280y pany Gt — Laky, 62) /4,
Coy = m(LQkL2d2 — LthQC((11+(X2)(d1 + 2@2)
+ LiLohp,kr,S(a, +a.)(C1 + G2)) /4,
023 = m((hLqu,dg + h—ykL2d1)L1LQS(al+a2)
— LyhClay oy — Lokydz) /4,
C31 = m((hle‘ﬂ,dl + hvk}leg)L1LQS(al+a2)
—+ 2L1h7d1 — 2L2kfydlc(a1+a2))/4,
Csz = m((hp,kycy + hykp,é2)L1LoS (0, +a,)
+ 2L2k 6o — 2L1h7d20(a1+a2))/4,
Cs3 = m(o'q + O.ZQ)LlLQh,yk,YS(Ql_’_a,Z)/ZL
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