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Abstract— In this paper, we develop the extremum-seeking
approach to generate admissible trajectories in a neighborhood
of a given reference curve in the state space. The cost function
of the problem represents the distance between the current
system state and the reference curve, which is parameterized
as a function of time. Such reference curves naturally arise
as optimal trajectories in isoperimetric optimization problems
for nonlinear chemical reactions, where the objective is to
maximize the average reaction product over a given period.
We apply the proposed extremum seeking control design to
a nonisothermal reaction model and illustrate the resulting
tracking errors through numerical simulatioms.

I. INTRODUCTION

Extremum seeking is known to be an efficient control
methodology for various dynamic optimization problems, re-
quiring only mild assumptions about the governing equations
and the structure of the cost function (a recent survey in
this area is available in [1]). Model-free extremum seeking
algorithms are particularly important in control design for
complex systems with uncertain dynamics, see, e.g., [2],
[3], [4]. Such algorithms can be especially beneficial for
optimizing chemical and biochemical processes with par-
tially defined kinetics or uncertain kinetic parameters [5],
[6]. In addition to the constrained steady-state optimization
problem considered in [5], it has been shown that forced
periodic operations can improve the performance of chemical
reactions compared to a steady-state regime (see, e.g., [7]
and references therein). A rigorous analysis of the related
isoperimetric optimal control problem with periodic bound-
ary conditions for a continuous stirred-tank reactor (CSTR)
model has been conducted in [8] using the Pontryagin maxi-
mum principle. Additionally, periodic trajectories for a class
of bang-bang controls have been constructed in [9] using
the Chen–Fliess series expansion. These results have been
illustrated with the hydrolysis reaction of acetic anhydride,
and an experimental demonstration of the product yield for
this reaction is presented in [10] for the case of sinusoidal
input modulations. In analyzing the experimental data, the
authors of [10] noted that the reactor does not appear to
be fully adiabatic, leading to deviations of measured signals
from their predicted values and causing a loss in mean
product yield. This outcome motivates the development of
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adaptive control techniques to refine the design of required
periodic trajectories, particularly by accounting for uncertain
aspects of the reactions under consideration.

Motivated by the above conclusion, we focus here on
extending the extremum-seeking methodology with a model-
free component to generate controls based solely on output
measurements, ensuring that deviations from a specified
reference trajectory remain practically small.

The main contribution of this paper is twofold. On one
hand, we extend the extremum seeking control approach for
dynamic systems to the case of a time-varying cost function.
On the other hand, this methodology is applied to tracking
a nonlinear chemical reaction model in the proximity of a
given curve in the state space, based on a scalar cost that
measures only the magnitude of the tracking error.

II. EXTREMUM SEEKING PROBLEM

Consider the system

ẋ = f (x,u),

y = h(t,x),
(1)

where x ∈ Dx ⊆ Rnx is the state vector, x(t0) = x0 ∈ Dx
(t0 ∈ R+), u ∈ Du ⊆ Rnu is the control vector, y ∈ Dy ⊆ R+

represents the output of the system, f ∈ C1(Dx ×Du;Rnx),
h ∈C1(R+×Dx;Dy), nx,nu,ny ∈ N= {1,2, ...}.

In this paper, we consider the problem of finding a control
law u that optimizes the steady-state of the system in the
practical sense that the system’s output can be made smaller
than a given tolerance level ρ > 0, i.e.

h(t,x)≤ ρ for large enough t.

Such problems arise, for example, in trajectory tracking
problems, where y = ∥x(t)− x∗(t)∥2 represents the tracking
error, or in output regulation problems. Unlike many existing
results in this area, we assume that only the values of h(t,x)
are available for control design. Furthermore, we assume that
the output may not identically vanish at a constant point x∗,
but rather along a curve x∗(t).

To address this problem, we adopt extremum-seeking
methods based on the Lie bracket framework [11], [12], [13],
[14]. As it is shown in [11], [15], in case of time-invariant
output y = h(x), the dynamic controller

u̇ =
γ

η
√

ε

nu

∑
j=1

√
j
(

h(x)cos
( jt

ηε

)
+ sin

( jt
ηε

))
e j

can be used to ensure the singular practical uniform asymp-
totic stability of a constant optimal state for system (1).



Here, e j denotes the j-th unit vector in Rnu , and ε,η are
some positive parameters. By singular practical uniform
asymptotic stability we mean that ε should be sufficiently
small and η sufficiently large to ensure the desired proximity
of the solutions to the optimal state. For precise definitions,
see [11], [15]. Simply saying, the role of the parameter ε is
to ensure that the trajectories ũ(t) of the reduced system

˙̃u j =
1

η
√

ε

nu

∑
j=1

√
j
(

h(ℓ(ũ))cos
( jt

ηε

)
+ sin

( jt
ηε

))
e j

tend asymptotically to a neighborhood of

u∗ = arg min
u∈Du

h(ℓ(u)),

where ℓ(u) is the steady-state map [11], [15] of system (1).
The parameter η ensures that the extremum seeking system
evolves at a significantly slower rate compared to the con-
trolled plant. In this paper, we extend the applicability of this
approach to the case of time-varying h(t,x).

III. MAIN RESULTS

A. Control design

In order to apply the approach described in the previous
section, we need to formulate certain assumptions. First of
all, suppose that there exists a so-called steady-state map
ℓ : Du → Dx such that, for each constant ū ∈ Du, and for
any x0 ∈ Dx, t0 ∈ R+, the solutions x(t) of system (1) with
u(t)≡ ū and x(t0) = x0 satisfy

x(t)→ ℓ(ū) as t →+∞.

More precisely, we require the following property.
Assumption 1: A function f ∈ C1(Rnx × Rnu ;Rnx), and

there exists a function ℓ ∈ C2(Rnu ;Rnx) such that, for each
fixed u ∈ Du, f (x,u) = 0 if and only if x = ℓ(u).
Moreover, it is important to have the asymptotic stability of
the state ℓ(u) of system (1) for each fixed (“frozen”) u ∈
Du. This is ensured, in particular, if system (1) admits a
Lyapunov function for each fixed u, as stated in the next
assumption. However, further relaxation of this requirement
are possible, as it is shown in [15], [16].

Assumption 2: There exist a function V ∈C1(Du ×Dx;R)
and positive constants σ11,σ12,σ21,σ22 such that, for all x ∈
Dx, u ∈ Du,

σ
2
11∥x− l(u)∥2 ≤V (x,u)≤ σ

2
12∥x− l(u)∥2

∂V (x,u)
∂x

f (x,u)≤−σ21V (x,u),∥∥∥∂V (x,u)
∂u

∥∥∥2
≤ σ

2
22V (x,u).

The next assumptions concern properties of the output map.
Assumption 3: The functions h(t,x) and u∗(t) satisfy the

following properties with some α11,α12,α21,α22,α3, and
Lh > 0 for all x, x̃ ∈ Dx, u ∈ Du, t ≥ 0:

1) there exists an Lh > 0 such that

|
√

h(t,x)−
√

h(t, x̃)| ≤ Lh∥x− x̃∥

for all x, x̃ ∈ Dx, t ≥ 0;

2) there exist α11,α12,α21,α22,α3 > 0 such that

α11∥u−u∗(t)∥ ≤
√

h(t, ℓ(u))≤ α12∥u−u∗(t)∥,
α21

√
h(t, ℓ(u))≤ ∥∇uh(t, ℓ(u))∥ ≤ α22

√
h(t, ℓ(u)),∥∥∥∂ 2h(t, ℓ(u))

∂u2

∥∥∥≤ α3

for all u ∈ Du, t ≥ 0;
3) there exists a ν ≥ 0 such that

sup
t1,t2∈R+

∥u∗(t1)−u∗(t2)∥ ≤ ν .

To simplify the presentation, for the remainder of this paper,
we define

Dx =
⋃
t≥0

B∆x(ℓ(u
∗(t))), Du =

⋃
t≥0

B∆u(u
∗(t))

for some ∆x,∆u ∈ (0,+∞].
We exploit the extremum seeking approach. Accordingly,

we construct the following dynamical extension for sys-
tem (1):

u̇ j =
2γ

η
√

ε

√
π jh(t,x)sin

(
lnh(t,x)+

2π jt
ηε

)
, (2)

with j = 1, . . . ,nu, u(t0) = u0 ∈ Du, ε,η ,γ > 0. As
the functions g1(t,u) =

√
h(t, ℓ(u))sin(lnh(t, ℓ(u))) and

g2(t,u) =
√

h(t, ℓ(u))cos(lnh(t, ℓ(u))) are not differentiable
if h(t, ℓ(u)) = 0, we exploit the following regularity assump-
tion from [13], [15], [17]:

Assumption 4: The functions g1(t,u) and g2(t,u) are
twice continuously differentiable for all t ∈ R+, u ∈
Du \

⋃
t≥0

u∗(t). Furthermore, the functions Lg j2
g j1(t,u),

Lg j3
Lg j2

g j1(t,u) are continuous, and the first-order partial
derivatives of g j1(t,u), Lg j2

g j1(t,u) with respect to t are
bounded for all t ∈ R+, u ∈ Du \

⋃
t≥0

u∗(t), j1, j2, j2 ∈ {1,2}.

Here,

Lg j2
g j1(t,u) := lim

s→0

1
s

(
g j1(t,u+ sg j2(t,u))−g j1(t,u)

)
.

B. Stability properties

Theorem 1: Given system (1)–(2), let Assumptions 1–4
hold. Then, for any δx,δu > 0 and ρ > ν , there exist ε̄ > 0
and η̄(ε) > 0 such that, for any ε ∈ (ν/γρ,min{ε̄,1/γ}),
η ∈ (η(ε),∞), the solutions of system (1)–(2) with initial
conditions (x0,u0) ∈ Bδx(ℓ(u

∗(t)))×Bδu(u
∗(t)) satisfy the

property

∥x(t)− ℓ(u∗(t))∥+∥u(t)−u∗(t)∥ ≤ ρ for all t ∈ [t f ,+∞),

for some t f ≥ 0.
The proof of Theorem 1 is presented in the Appendix.
Remark 1: Unlike conventional extremum seeking results,

which assume control frequencies to be infinitesimally small,
we require ε to be bounded from below by a certain value.
This requirement arises from the following consideration.
On the one hand, subsystem (2) must evolve sufficiently
slowly relative to subsystem (1), as this separation of time-
scales is a fundamental characteristic of extremum seeking
for dynamical systems [11], [15]. This condition is ensured



by choosing a sufficiently large η . On the other hand, ε

must not be too small to guarantee sufficiently close tracking
of the curve ℓ(u∗(t)). To achieve this, we impose specific
constraints on ε and γ . Furthermore, the parameter ν in
Assumption 3 must be sufficiently small to ensure close
convergence to the target curve. In future work, we plan to
revisit these restrictions and explore alternative attractivity
conditions.

IV. APPLICATION TO A CONTROLLED CHEMICAL
REACTION

In this section, we apply the proposed control scenario to
a non-isothermal chemical reaction model of the type “A →
Product” considered in [8]. The model is represented by:

ẋ = f (x,u), x =
(

x1
x2

)
∈ D ⊂R2, u =

(
u1
u2

)
∈U ⊂R2, (3)

where

f (x,u) =
(
−φ1x1 + k1e−κ − (x1 +1)n̄e−κ/(x2+1)+u1

−φ2x2 + k2e−κ − (x1 +1)n̄e−κ/(x2+1)+u2

)
,

D = {x ∈ R2 |x1 >−1, x2 >−1},

U = {u ∈ R2 |u1 ∈ [umin
1 ,umax

1 ], u2 ∈ [umin
2 ,umax

2 ]}.

Here, x1 and x2 represent the concentration of A and the
temperature in the reactor, respectively, while u1 and u2
control the inlet concentration and inlet temperature. We
assume that the state variables and controls of this system are
dimensionless deviations from a steady-state operating mode
of a continuous steered-tank reactor (CSTR). This physical
steady-state corresponds to the trivial equilibrium x1 = x2 = 0
with u1 = u2 = 0 for system (3). The reaction order n̄ and
parameters φ1, φ2, k1, k2, κ are chosen as in [8]:

n̄ = 1, φ1 = φ2 = 1,

k1 = 5.819 ·107,k2 =−8.99 ·105, κ = 17.77,

umax
1 =−umin

1 = 1.798, umax
2 =−umin

2 = 0.06663.

(4)

The above parameter values correspond to the hydrolysis
reaction

(CH3CO)2O+H2O → 2CH3COOH

with excess of water.
The Jacobian matrix of f (x,u) at the equilibrium point

(x,u) = (0,0) is given by:

Ã =
∂ f (x,u)

∂x

∣∣∣∣
(x,u)=(0,0)

=

(
−φ1 − k1e−κ −k1κe−κ

−k2e−κ −φ2 − k2κe−κ

)
.

(5)

Using the parameter values from (4), we obtain:

Ã ≈
(
−2.115412260 −19.82087587
0.01723243894 −0.6937795600

)
.

The eigenvalues of Ã are λ1 ≈ −1 and λ2 ≈ −1.809. This
implies that the matrix Ã is nonsingular. Therefore, by the
implicit function theorem, for each u in some neighborhood

U of 0 in R2, there exists a unique x = ℓ(u) ∈ D such that
f (ℓ(u),u) = 0. Since f is of class C1, the Jacobian matrices

∂ f (x,u)
∂x

∣∣∣∣
(x,u)=(ℓ(u),u)

are Hurwitz for each u from some neighborhood of zero
U0 ⊆ U .

Control system (3) admits a periodic solution x∗(t) with
the period T = 100 for the following control functions:

u∗j(t) = umin
j sin

(
2πt
T

)
, j = 1,2. (6)

The initial values of this solution are: x∗1(0) ≈ −0.065 and
x∗2(0) ≈ 0.008. Trigonometric periodic controls have been
experimentally tested on the hydrolysis reaction of the type
described by system (3) in the paper [10], where it was
shown that they lead to a better product yield compared to
the steady-state operation. Taking into account that the math-
ematical model of this reaction may have uncertainties, we
consider here the problem of tracking the above-introduced
reference curve {x∗(t)} using only the information on current
deviations in the concentration and temperature:

y = h(t,x) = ∥x− x∗(t)∥2. (7)

For numerical simulations, we apply controller (2) with the
following parameters:

γ = 150, ε = 0.001, η = 1.

It should be emphasized that controller (2) is model-free,
and its implementation requires only the measurement of
the output signal (7) without requiring knowledge of the
exact reaction model. Simulation results for system (3) with
output (7) and controller (2) are shown in Fig. 1, a).

In addition to the trigonometric inputs, we also test the
proposed extremum seeking strategy for the following bang-
bang controls:

u∗j(t) = umin
j sign sin

(
2πt
T

)
, j = 1,2, (8)

and the corresponding periodic solution x∗(t) of system (3).
The results of numerical simulations for this trajectory are
reflected in Fig. 1, b).

V. CONCLUSION

The obtained results justify the feasibility of tracking a
given curve using the two-scale extremum seeking controller
with a model-free component, based solely on measurements
of the tracking error as a function of time. The proof of
practical convergence in Theorem 1 requires the regularity
of the reference curve and the corresponding input signal.
However, the numerical example demonstrates that the pro-
posed controller can also ensure the practical convergence
of solutions for a realistic chemical reaction model with
discontinuous inputs.

A tradeoff between the convergence rate of the reduced
system and the approximation of the original controlled
dynamics can be achieved through a suitable choice of



a)

b)
Fig. 1. Time plots of the x1 (left) and x2 (right) components of system (3) under controller (2), tracking a reference trajectory generated by the control
inputs (6) in a) and (8) in b). In all plots, the reference trajectory is shown in red, and the system response is shown in blue.

the time-scale parameters ε and η , where the theoretical
bounds for these parameters are established in the proof of
Theorem 1.

REFERENCES

[1] A. Scheinker, “100 years of extremum seeking: A survey,” Automatica,
vol. 161, p. 111481, 2024.
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APPENDIX

Proof of Theorem 1: The proof extends the approach
proposed in [15] to the tracking problem.

Similarly to the results of [15], it can be shown that, for
any δx ∈ (0,∆x), δy ∈ (0,∆y), there exist an ε1 > 0 and an η0 :
(0,∞)→ (0,∞) such that, for any ε ∈ (0,ε1), η ∈ (η0(ε),∞),
and any (x0,u0) ∈ Bδx(ℓ(u

∗(t)))×Bδu(u
∗(t)), the solutions

(x(t),u(t)) of system (1)–(2) with initial condition x(0) = x0,
u(0) = u0 are well-defined in Dx ×Du for all t ≥ 0. We omit
this step because of the page limits and assume in the sequel
that ε ∈ (0,ε0), η ∈ (η0(ε),∞).

Step 1. Estimating the maximal deviations between the
x and u components of the solution of system (1)–(2) with
(x0,u0) ∈ Bδx(ℓ(u

∗(t)))×Bδu(u
∗(t)).

Using Assumptions 2–3 and Hölder’s inequality, we get



the following estimates:√
h(t, ℓ(u(t)))≤ α12∥u(t)−u∗(t)∥

≤ α12
(
∥u0 −u∗(0)∥+∥u∗(t)−u∗(0)∥+∥u(t)−u0∥

)
≤ α12

∥u0 −u∗(0)∥+ν +

t∫
0

∥u̇(s)∥ds


≤ α12

∥u0 −u∗(0)∥+ν +
γcu

η
√

ε

t∫
0

√
h(s,x(s))ds

 ,

where cu = γ
√

2πnu(1+nu). Thus,√
h(t,x(t))≤

√
h(t, ℓ(u(t)))+Lh∥x(t)− ℓ(u(t))∥

≤ α12

∥u0 −u∗(0)∥+ν +
cu

η
√

ε

t∫
0

√
h(s,x(s))ds


+

Lh

σ11

√
V (x(t),u(t)).

From the Grönwall–Bellman inequality, this implies√
h(t,x(t))≤ α

(
∥u0 −u∗(0)∥+ν

)
+

Lh

σ11

√
V (x(t),u(t))+

αLhcu

σ11η
√

ε

t∫
0

√
V (x(s),u(s))ds,

(9)

with α = α12eα12cu
√

ε . Furthermore, Assumption 2 provides
the following estimate:

V̇ (x(t),u(t)) =
∂V (x(t),u(t))

∂x
f (x(t),u(t))+

∂V (x(t),u(t))
∂u

u̇(t)

≤−σ21V (x(t),u(t))+σ22
√

V (x(t),u(t))∥u̇(t)∥

≤ −σ21V (x(t),u(t))+
cuσ22

η
√

ε

√
V (x(t),u(t))h(t,x(t)).

Given any σ ∈ (0,σ21), let

η1(ε) =
cuLhσ22

σ11(σ21 −σ)
√

ε
.

Then the last inequality together with (9) implies that, for
any ε > 0, η > η1(ε),

V̇ (x(t),u(t))≤−σV (x(t),u(t))+
√

V (x(t),u(t))ϕ(t),

where

φ(t) =
αcuσ22

η
√

ε

(
∥u0 −u∗(0)∥+ν

+
cuLh

σ11η
√

ε

t∫
0

√
V (x(s),u(s))ds

)
.

Solving the resulting comparison inequality yields the fol-

lowing estimate:√
V (x(t),u(t))≤

√
V (x0,u0)e−σt/2

+
1
2

t∫
0

e−σ(t−s)/2
φ(s)ds

≤
√

V (x0,u0)e−σt/2 +
αcuσ22

ση
√

ε

(
∥u0 −u∗(0)∥+2ν

)
+

αc2
uLhσ22

2σ11η2ε

t∫
0

e−σ(t−s)/2
s∫

0

√
V (x(p),u(p))d pds.

Applying integration by part to the last term, we continue
the above estimate as√

V (x(t),u(t))≤
√

V (x0,u0)e−σt/2

+
αcuσ22

ση
√

ε

(
∥u0 −u∗(0)∥+ν

)
+

αc2
uLhσ22

σσ11η2ε

t∫
0

√
V (x(s),u(s))ds.

Using again the Grönwall–Bellman inequality for t ∈ [0,ηε]
yields

√
V (x(t),u(t))≤ αcuσ22

ση
√

ε
e

αc2
uLhσ22

σσ11η
(
∥u0 −u∗(0)∥+ν

)
+
√

V (x0,u0)
(

e−σt/2 +
αc2

uLhσ22

σσ11η2ε
e

αc2
uLhσ22

σσ11η

)
.

Thus, for any t ∈ [0,ηε],√
V (x(t),u(t))≤ 1

η
√

ε

(
cv1∥u0 −u∗(0)∥+ ν̃

)
+
(

e−σt/2 +
cv2

η2ε

)√
V (x0,u0),

(10)

where

cv1 =
αcuσ22

σ
e

αc2
uLhσ22
σσ11

η
, cv2 =

cv1cuLh

σ11
, ν̃ = cv1ν .

Consequently,

∥x(t)− ℓ(u(t))∥ ≤ 1
α11η

√
ε

(
cv1∥u0 −u∗(0)∥+ ν̃

)
+

1
α11

(
e−σt/2 +

cv2

η2ε

)√
V (x0,u0),

(11)

for all t ∈ [0,ηε].

Step 2. Estimating the maximal deviations between the u
component of the solution of system (1)–(2) with (x0,u0) ∈
Bδx(ℓ(u

∗(t)))×Bδu(u
∗(t)) and the solutions of the reduced

system.
As the next step, consider the auxiliary system

˙̄u j =
2γ

η
√

ε

√
π jh(t, ℓ(ū))sin

(
lnh(tm, ℓ(ū))+

2π jt
ηε

)
, (12)



with j = 1, . . . ,nu, t ∈ [0,ηε], ū(t0) = u(t0) ∈ Du. Then

∥u(t)− ū(t)∥ ≤ cuLhx

η
√

ε

∫ tm+1

tm
∥x(s)− ℓ(ū(s))∥ds

≤ cuLhx

η
√

ε

∫ tm+1

tm

(
∥x(s)− ℓ(u(s))∥+Lℓ∥u(s)− ū(s)∥

)
ds.

Together with the Gröwnall–Bellman inequality, this implies

∥u(t)− ū(t)∥ ≤ cũ1

η
∥u0 −u∗(0)∥

+
cũ2

η
√

ε

√
V (x0,u0)+

cũ3

η
ν̃

(13)

for all t ∈ [0,ηε], where

cũ1 = cν1cũ3, cũ2 =
(
1+

cν2

η

)
cũ3, cũ3 = ecuLhxLℓ

√
ε cuLhx

α11
.

Step 3. Ensuring tracking properties for the solutions of
the reduced system.

Based on the results of the paper [15], we can derive the
following representation of the solutions of system (12):

ū(ηε) = u0 − εγ
2(u0 −u∗(0))+Rū,

where ∥Rū∥ ≤ cRūε3/2. Thus,

∥ū(ηε)−u(ηε)∥ ≤ (1− εγ
2)∥u0 −u∗(0)∥

+∥ū(ηε)−u∗(0)∥+ cRūε
3/2

≤ (1− εγ
2)∥u0 −u∗(0)∥+ν + cRūε

3/2.

Given any ρ > ν and any ε > 0, let us take any ρ ′ ∈ (0,ρ),
and assume

ν

ρ ′ < εγ2 < 1. Then, similarly to the approach

of [17], one can show that there exist an ε2 > 0 and γ̄(ε)> 0
such that, for all ε ∈ (0,ε2), the solutions of system (12) with
γ = γ̄(ε) satisfy the following properties:

• if ∥u0 − u∗(0)∥ ≥ ρ ′, then ∥ū(ηε)− u∗(ηε)∥ < ∥u0 −
u∗(0)∥;

• if ∥u0 −u∗(0)∥< ρ ′, then ∥ū(ηε)−u∗(ηε)∥< ρ ′.
The rest of the proof is based on the estimate (13) with
a large enough η and follows the line of [15, Proof of
Theorem 1, Step 4].


