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Abstract— In this paper, we present an ., filter for a giant
cavity system which couples to a single-mode waveguide at
two spatially separated points. The dynamics of the cavity is
described by a time-delay Langevin equation in the Heisenberg
picture whose time-delay term results from the non-local
interactions to a waveguide. The input-output relation with a
time-delay feature is also derived. In addition, we design an
H filter for estimating the evolution of the mode in the cavity
using a quadrature representation state-space representation
and Linear Matrix Inequality (LMI) approach. Finally, the
efficacy of our method is numerically demonstrated in an
example.

Keywords—Giant systems, H., quantum filtering, Lin-
ear Matrix Inequality.

I. INTRODUCTION

In recent years, the field of quantum technology has seen
rapid advancements, particularly in the precise control and
manipulation of increasingly complex quantum systems. A
central focus in this area has been the development of
coupling quantum systems [1], [2], especially those featuring
structured interactions. These systems have gained significant
attention due to their potential to enable new and enhanced
quantum functionalities, which could revolutionize various
domains, from computing to sensing. Among these, quantum
systems involving giant cavities, which are essentially quan-
tum resonators with extended spatial dimensions, coupled
to waveguides, have emerged as a particularly promising
platform for exploring novel quantum phenomena. These
systems represent a marked difference from conventional
counterparts which typically involve localized coupling. In-
stead, they offer a rich and intricate environment to study
the interaction between spatially extended modes and prop-
agating fields [3], [4]. However, despite their promise, the
dynamics of giant cavities coupled at multiple spatial points,
and the corresponding time-delay effects induced by finite
propagation speeds in the waveguides, remain largely unex-
plored in existing literatures [5], [6].

The multi-point coupling configuration in giant cavity sys-
tems introduces distinct time-delay effects that significantly
alter the system’s dynamics compared to traditional quantum
optical systems [7]. In most conventional systems, coupling
are localized, meaning the effects of spatial separation is
negligible. In contrast, the coupling in giant cavity sys-
tems is distributed across multiple spatial points, forming
a time- delayed self-feedback loop. This loop depends on
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the spatial separation of the cavity points and the propaga-
tion characteristics of the waveguides. These time-delayed
interactions result in a new way of non-Markovian effects in
quantum systems. The ability to manipulate these time-delay
effects provides new opportunities for developing quantum
functionalities that would be inaccessible in standard cavity-
QED setups [8]. The time delays in these systems can give
rise to complex behaviors, such as enhanced sensitivity to
external parameters, which are of critical importance for the
development of applications like quantum gyroscopes and
quantum memories [9], [10].

In such systems, filtering plays not only a crucial role in
attenuating noise in signals, but also serves as a key tool
for enhancing system performance and stability [11]-[15].
Unlike traditional quantum systems, non-local interactions
result in time-delay effects leading to different dynamics of
giant systems. These interactions are influenced by the spatial
distribution of coupling points and the propagation charac-
teristics of the system, resulting in delayed system responses.
Form the perspective of control theory, this kind of system
simultaneously exhibits state, input, and output delays, which
is rarely considered in existing filtering works. In addition,
existing works on filtering for quantum systems primarily
focuses on Markovian systems without time delays [16].
Building upon this foundation, filtering for non-Markovian
systems with colored noise has also been investigated [17];
however, in these cases, the non-Markovian effects stem
from environmental memory [18]-[25]. Notably, a significant
gap remains in the literature concerning the study of non-
Markovian systems with inherent time delays, which is an
unexplored area in the field of quantum filtering.

In order to solve the filter problem, we primarily investi-
gate the dynamics of giant cavities with two coupling point,
and focus on the inherent time-delay effects. We focus on
how these time-delays affect the overall dynamics of the
system, particularly the non-Markovian effects and feedback
resulted. We derive the time-delay dynamical equation and
the input-output equation of the system, which is given in
a quadrature representation. Based on the model, we design
an H filter. This filter addresses challenges in time delays
that traditional filtering methods would fail to do this.

Notation For a matrix A = [A,,], the symbols AT
and A* represent the transpose and Hermitian conjugate
of A. Given a complex number a, a represents its con-
jugate. The matrix M(A) is defined as M(A)s: =

* ; *
% _;E;—_aa*) Z(;_:;*) ] Given two operators of M
and N, [M,N]= MN —NM and {M,N} = MN+ NM
are their commutators and anti-commutators, respectively.



II. SYSTEM DESCRIPTION AND MODELING
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Fig. 1. Schematic of a cavity coupling to a waveguide at two points.

In this section, we consider the modeling of the giant
cavity system, which consists of a cavity coupled to a single-
mode waveguide at two separated coupling points, as shown
in Fig. 1. The propagation of quantum fields within the
waveguide plays a central role in this system. To fully
describe the system, we start with its Hamiltonian, which
includes contributions from the cavity, the environment and
their interaction. The total Hamiltonian is given by

H=Hs+ Hg+ Hy, (D
where
Hg = wqala, ()

represents the Hamiltonian of the cavity with the resonance
frequency of the cavity w, and the creation and annihilation
operators of the cavity mode a' and a, respectively, with
[a,a’] = 1. Hg describes the free Hamiltonian of the
waveguide, expressed as

—+o0

Hg = / dw wal (w)a,(w), 3)
—0oQ

where af(w) and a,(w) are the creation and annihilation

operators of the waveguide mode with frequency w. Hj

characterizes their interactions

H; = Z / dw ar 1w‘rn T+aT( ) —iwTy, )’
“)

where 7, = x,/v, is the time delay at the coupling point
21 =0, 9 = L. V; denotes the coupling strength and v is
the group velocity of photons in the waveguide.

In the Heisenberg picture, the time evolution of an arbi-
trary operator o(t) is governed by the Heisenberg equation

o(t) = —ilo(t), H]. (5)

The commutation of the system operator a and the cavity
Hamiltonian Hs = w.afa can be calculated as [a, Hg] =
wea. and apparently the system operator commutes with the
Hamiltonian Hp = fjooj dwwal (W)a, (W) ; ie., [a, Hg] =
0. The commutatlon with the 1nteract10n Hamiltonian H;
gives [a, Hf] =Y, _, Wf dwa,(w

ezw Tn

Combining these results, the equation of motion for a(t)
becomes

a(t) = —iwea( lzf/ dw a, (W)e“™.  (6)

For the waveguide mode operators a, (w), the correspond-

ing commutation can be calculated as [a,.(w), Hs] = 0,

2 Vq —iwTy
o, (), He] = war(w), [ar(w), Hil = 32—, ZAzae™™™,
such that the equation of motion for a,(w,t) reads

2

—1war w, t Z

ar(w,t) = _“””a ), @

whose solution is

ar(wvt) = ar(w tO) ~lw(t—to)

712 / dta 1wt7t Tn) (8)

n= 1
with initial time ¢(. Taking Eq. (8) into Eq. (6), we have
2
—iwea(t) —1i / dwla,(w,to)e —iw(t—to)

n—=

—i Z / dt'a(

alt) =

iwTy

71w (t— t) —iwT, ']6

)

By using the equality fj;o dwe*(t=1) = 276(t — ¢'), we
can simplify the expression further and obtain

. Ve [
—iwea(t) — i Z \/? /_ dwla,(w, to)e
27rV2
5> Z

n=1n’'=1

a(t) = —iw(t—to)

/dta t—t_Tn +Tn)
(10)

By recalling the property of the § function, we obtain

—iwea(t) — 1 Z \}/57 /O:O dway, (w, to)e
27rV2
5> Z

n=1ln'=1

iw(to—t+7n)

a(t) =

a(t — 1 + 710)0(T0 — 1), (11)

Since 71 = 0 and 79 = 7T, we can derive the state-space
equation incorporating the time-delay term

2
V oo
—iwea(t) =iy —L / dwa,(w, tg)
; V0 S

Xeiw(t07t+Tn) — g (a(t o

alt) =

T) + a(t)) .

where v, = 27V? /vy, T = 75 = 3/v,. Noting that the
ar(w,t) can be rewritten in terms of the waveguide field
operator a,,(t), we now define the waveguide field a,.(x,t)
as

12)

ar(z,t) = (13)

/dwe “qam t).
,/27rvg



where x represents the spatial coordinate along the waveg-
uide, and a,(z, t) captures the spatial and temporal dynamics
of the field. By defining the input field as ai* = a,.(07,1) ,
we finally obtain

alt) = —iwea(t) —vq[2a(t) +a(t — T)]

Y2y 7).

—i [airn +a™(t — (14)

Vg
which captures the dynamic evolution of the cavity mode
coupled to the waveguide fields.

Next, we proceed to derive the input-output relationship
of the system. To begin with, we set the initial time ¢y =
0, which allows us to simplify the function a,(x,t). This
simplification yields

ar(z,t) bg {am 0)e it

ng / dwe™

3 711 / dt/a(t/)efiw(tft')efiwrn )
7; Vg Jo
(15)

To investigate the spatial propagation of the field, we next
examine the field at a position x —v4t, which describes how
the initial wave package propagates through the waveguide
with the group velocity vg. The expression for the field at
this shifted position is

z—vgt

()

ar(x —vgt,0) =

1 .
— [ d
\ /277119 / e

= /dwe ”qam (0)e™“(16)
1/271'119

Substituting (16) into (15), we have

s [

t H €T .
X/ dt’a(t')e_i“’(t_t,)ewﬁe_“”". (17)
0

ar(z,t) =

ar(x —v4t,0) —

Next, we perform the integration over w to simplify the
expression. This leads to

Vi
ar(z,t) = ap(x—v4t,0)— 1V T
Ug
2 T T
X Za(t — =470 ( - Tn> .(18)
n=1 g Yg

To analyze the field at specific positions, we set x = L +
07, corresponding to the waveguide output at the end of the
cavity. This gives

Vyv2n

ar(L+0%,t) = a.(L—uvyt,0)—i—1— »
9

2

L L
X Z a(t — g + 7n)0 <Ug - Tn>19)

n=1

For two coupling points, where 71 = 0 and 75
the Eq. (19) can be further simplified as

L
:T:U—,

9

a-(L+0%,t) = a.(L—wvyt0)

Vo2
_iqT” [a(t — T) + a(t)]. (20)
9
At x = 07, the field is given by a,(07,t) = a,(—v4t,0).
Using the output field a®** = a,.(L +07, ¢), the input-output
relation becomes

ou in V v
art(t):ar(t_T)_l [(

Vg

=T)+a(t)]. (1)
So far, we have explicitly derived the state-space equations
and input-output relationships of the two-point coupled non-
Markovian system through Eqgs. (14) and (21), respectively.

III. H,, FILTER DESIGN

In this section, we develop a filter designed to estimate
the system’s state. The presence of delay terms in the system
introduces additional complexity, making the state estimation
problem more challenging. Specifically, the coupling system
simultaneously exhibits state, input, and output delays, which
have to be accounted for in the filter design. To model the
system dynamics, we represent the coupling between the
cavity and waveguide using a state-space equation that in-
corporates both the current and delayed states. The resulting
equations are as follows

a(t) = Aa(t) + Aqa(t —
y(t) = Ca(t) + Cualt —

T) + Bw(t) + Bqw(t — T,
T) + Dyw(t — T). 22)

where A = —iw. — 74 is the system matrix for the state
equation. Ay = —y, is the matrix governing the delayed

state. B = By = \/21)7 < is the input and delayed input
g

matrices for the state equation. C' = Cy = — @ is the
output matrix for the current state and the delayed state.
Dy =1 is the measurement matrix for the delayed input.

The output of the system is determined through homo-
dyne detection, which is effectively modeled by the out-
put matrices and the measurement matrix. This detection
method is essential for observing the quantum state’s phase
and amplitude, providing a direct measurement of the field
quadratures. By capturing both current and delayed states, the
homodyne detection allows for a comprehensive analysis of
the system’s dynamics, pivotal for effective state estimation
in the presence of time delays [26].

To facilitate the analysis and design of the filter, we
introduce an quadrature representation state vector, x(t),
which includes both position and momentum components,
and represents the state of the system. The real and imaginary
parts of the output and input are also defined to handle
the complex nature of the system. These definitions are as
follows



which allow us to express the system in terms of real-valued
matrices.

The quadrature representation real state-space equation,
which incorporates the effects of both the current and delayed
terms, is then given by

#(t) = Ax(t) + Agw(t — T) + Bw(t) + Byw(t — T),
§(t) = Cx(t) + Cya(t — T) + Dgw(t — T), (23)

where A = M(A), Ay = M(Ay), B = M(B), By =
M(Bd), C’ = M(C), éd = M(Cd), Dd = M(Dd) Here,
M(-) has been defined in Section I. By expressing the system
in the quadrature representation, we make it more tractable
for the design of the filter, which will estimate the system’s
state by processing the input and output measurements while
accounting for the time delay.

The time-delay filter for the time-delay system described
in (23) can be designed using the following state-space
equations

2(t) = Api(t) + Api(t — T) + Bry(t),
§(t) = Cri(t) + Cri(t — T) + Dyy(t),

where Z(t) is the estimated state and §(t) is the estimated
output. The filter is designed to estimate the systems state
from the measured output §(¢), which consists of the real
and imaginary parts of the measured signal. The matrices
Af, Ap, By, Cy, Cr, and Dy are the parameters of the
filter that must be chosen to minimize the error between the
actual and estimated system states.

The error state x.(t) is defined as the difference between
the real system state and the estimated state, i.e., z.(t) =
x(t) — Z(t). Similarly, the output error y.(t) is the difference
between the real system output and the estimated output,
given by y.(t) = y(t) — g(t). The dynamics of the error
state and output error can be derived as follows

(24)

C.ﬂe(t) :Af(L'e(t) + Apxe(t — T) + (Bd - BfDd)II)(t — T)

+ Bw(t), (25)
where Ay = A— B;C, Ap = Aq — B;yCy. Similarly, the
equation for the output error y.(t) is derived by subtracting

the filters output equation from the actual systems output
equation

Ye(t) = Crae(t) + Cpae(t = T) + (Dg — Dy Dg)w(t — T),

(26)

where Cy = C — D;C, Cr = C — D;C.

Since the input noise and output noise of the system
(23) are correlated white noise, traditional Kalman filter-
ing methods become inadequate due to their fundamental
assumption of uncorrelated noise. Given this correlation, it is
crucial to adopt a filtering approach that can robustly handle
such dependencies to ensure optimal performance under all
operating conditions. The H, filter addresses these chal-
lenges effectively. It is specifically designed to optimize the
filter’s response to worst-case scenarios, which is particularly
beneficial in handling white noise. This optimization ensures

the system’s stability and robust performance in the face of
unpredictable disturbances.

The H, filtering problem can be stated as follows: Given
scalars v; and 7, find a filter with the realization of the
form (24) for system (23), such that the H., performance

J o= / T (e(t) — 0T — Tyalt - T)

—ysw” (tyo(t)] dt) <0. 27
is guaranteed. Based on this, we have the following main
result.

Theorem 1. Given positive constants y; and -, if there
exist positive definite matrices P, (); and matrices M, Dy
satisfying the matrix inequality below

A -PA+MCs A -PB CTDY
# A3 0 0 éng
E B —#I 0 Dy (I-Dp)"| <0,
- # # -3l 0
# # # o # -1
(28)
A PAg—M PBs—MD; PB
0 0 0
A 0 0| <0 @
# o # # 0

where Ay = —ATP—-CTMT —PAT —MC-Q,+CTC —
CT(DZ + Df)é, Ay = —PB_d + Mljd, As = C’géd —
C‘g(Df +Df)Cq, Ay = ATP+CTMT + PAT+ MC+Qy,
then the filter system (24) satisfies J < 0, and the filter
parameters are determined by

By =P 'M (30)
Ay =A-B;C, (31)
Ap = Aq— B;Cy. (32)
Cy=C—D;C, (33)
Cr=Cq— D;Cy. (34)

Proof. Firstly, we choose the Lyapunov function

V = (z(t)Px.(t) + / T (1) Quxe(T)dT). (35)

0

According to condition (29), we obtain V(¢) < 0. Next,
we rewrite the function J, including the stabilizing function
V(t)

;= T Ot — "¢ — Tyalt - T)
3T (tya(t) — V(O] dt + V(o0) — V(0))36)

It is crucial that V' (co) — V(0) < 0, ensuring that one of the



sufficient condition of J < 0 is

Ye (B)ye(t) —~iw" (t = Tyw(t = T) —3a" (t)w(t)

+V (1)
zo(t) 17 . (t)
= fu((f:%) (B1+ ) fuff:%) <0, @37
@(t) @(t)

where =; and =, are matrices defined as follows

(1]

1=

CTDT
cio; (-1)[D;C DyCy (I—Dy)D
D" (I - Dy e e
0
=11 —PAF —PB_d—‘rPBfD_d -PB
|l # A 0 0
T # # il 0 |’
# # # —31

where 1) = —ATP—PA;—Q,+C"C-C" (D} +Df)C.
Applying the Schur Complement Lemma and condition (28),
we have

B4y =
Ay —PAr A, —PB CTpT
4 A0 0 Tt
# #  —31  0  Dy(I-DpT| <0
. 0
- = = = -1

(33)
Thus, H, performance J < 0 is satisfied. l

IV. SIMULATION

In this section, we validate the proposed filter design
method applied to a quantum time-delay system as defined
in (23). This system comprises a single cavity coupled to
a waveguide, with parameters specified as w. = 10GHz,
vy = 3000 m/s, and v, = 0.1 GHz.

Utilizing Theorem 1, we design a filter to estimate the state
of the system and mitigate estimation errors. By solving the
Linear Matrix Inequality (LMI) specified in Theorem 1, we
derive the following matrices

B, _ [08512 —11.6275
77 |50.2019  16.8624 |’
A _ [59374  9.9649 ]
o7 |-8.3138 —9.7948)"
A _ [5:9374 —0.0351]
Fom 16862 —9.7948)°
o - [—1.1628  0.0649 |
o7 15862 —5.0202]°
On = [—1.1628  0.0649 |
P | 15862 —5.0202)

These matrices facilitate the computation of the filter
parameters. The initial state for the real system is set to
[—1,1]T.

Figs. 2 and 3 illustrate the state trajectories of the actual
time-delay system and the designed filter under various delay
scenarios. In these figures, the red solid line depicts the
mean state trajectory of the real system, whereas the blue
dotted line illustrates that of the filter. Analysis of Figs. 2
and 3 reveals that the filter effectively tracks the state of
the real system across different time delays. Notably, as the
time delay in the real system increases from 0.1 seconds to
0.15 seconds, there is a corresponding increase in oscillation
frequency, a decrease in system stability, and an extension

O] in the time required for the system to stabilize.
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Fig. 2. The comparison of the mean values of the real system and filter
states in case of delay 7" = 0.1.
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Fig. 3.  The comparison of the mean values of the real system and filter
states in case of delay 7" = 0.15.

V. CONCLUSION

This paper provides a comprehensive analysis of a quan-
tum system characterized by a cavity coupled to a single-



mode waveguide at two spatially separated points. A sig-
nificant contribution of this work lies in the development
of an H., filter design tailored to address the complex
challenges posed by systems with simultaneous state, input,
and output delays. This is accomplished through a quadra-
ture representation state-space representation coupled with a
Linear Matrix Inequality (LMI) approach. The filter design
not only estimates the state of the system effectively in the
presence of these delays but also ensures stability under
the conditions derived theoretically. Finally, the practical
applicability and performance of the proposed filter design
are validated through simulation examples, demonstrating its
effectiveness in managing the intricacies of delay systems.
This work sets a promising foundation for future research,
which includes extending to multi-coupling points systems,
enhancing the efficiency of the filter under varying delay
conditions, and exploring the impact of quantum noise.
Additionally, the integration of real-world quantum systems
into the filtering framework could offer practical insights and
improvements in quantum technology applications, further
expanding the scope and applicability of H-infinity filtering
techniques in complex quantum systems.
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