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Abstract— This paper explores optimizing Integral-Retarded
(IR) controller strategies for first-order linear time-delayed
processes. By employing a model for DC motor dynamics, we
incorporate a design approach that considers an unintentional
delay within the control loop. The IR controller is optimized
using meta-heuristic algorithms, specifically genetic algorithms.
The optimization framework integrates multi-objective cost
functions, balancing system response speed and control efforts.
Experimental verification is carried out on a physical test setup,
where the controller’s efficacy is validated against a square
wave reference signal. The outcomes demonstrate that the
IR controller, optimized for maximum exponential decay and
control efficiency, significantly enhances the motor’s velocity
tracking and response smoothness.

Index Terms— Delay-based controllers, Time-delay systems,
optimization, Integral-retarded controller.

I. INTRODUCTION

Proportional-Integral-Derivative (PID) controllers play a
primary role in a diverse and expansive industrial automation
and control systems field [1], [2]. They are essential in many
processes, ranging from basic temperature regulation to the
tough operation of complex machinery [3]. The ubiquity
of PID controllers is not without reason; their simplicity,
reliability, and effectiveness in a wide range of conditions
have been shown over decades. Integrating meta-heuristic
optimization methods in control system design has revolu-
tionized the field, offering a dynamic approach to navigating
the complex landscapes of parameter optimization ( [4]). In
this context, exploring and implementing advanced control
strategies beyond traditional PID frameworks has gained
traction.
Meta-heuristic algorithms [5], [6], inspired by naturally
occurring processes and phenomena, such as genetic evo-
lution, swarm intelligence, and annealing processes, provide
a framework for exploring and exploiting the search space
efficiently and effectively. These algorithms, characterized
by their flexibility, simplicity, and adaptability, have been
successfully applied to optimization problems in control
systems. From tuning PID controllers to optimizing the

1 Universidad Autónoma de San Luis Potosı́ (UASLP), Facultad
de Ingenierı́a, Dr. Manuel Nava No. 8, Zona Universitaria,
San Luis Potosı́, S.L.P., México. julian @ieee.org and
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structure and parameters of advanced control systems, such
as Model Predictive Control (MPC) and Adaptive Control
Systems, meta-heuristics have demonstrated their potential
to enhance system performance, robustness, and efficiency
[7].

As control systems grow increasingly complex and multi-
dimensional, traditional optimization methods often fall short
due to computational inefficiency or complexity. This is
where meta-heuristic optimization techniques come into play,
offering an alternative capable of navigating the intricate
landscapes of control system parameters to find near-optimal
solutions. The use of meta-heuristic optimization methods
in control systems has enabled the management of multi-
objective optimization issues, constraint handling, and un-
certainty management, resulting in innovative solutions that
are both achievable and effective. This synergy speeds up the
design process and allows the creation of control systems that
can adjust to changing conditions and requirements, guaran-
teeing optimal performance in a wide range of situations [8].

The pursuit of enhancing system performance while re-
ducing susceptibility to disturbances and noise has prompted
the research into alternative control strategies beyond the
traditional PID framework. Delay-based controllers (DBC)
[9]–[13] have become a promising alternative, particularly
well-suited for linear time-invariant systems. These con-
trollers utilize deliberate delays in the control algorithm to
effectively harness the temporal aspect of system dynamics
and accomplish improved control objectives.

In this sense, the Integral-Retarded (IR) controller is
designed to address the challenge of zero steady-state error in
set-point tracking, a key performance indicator for many con-
trol systems [14]. The IR controller ensures that cumulative
errors are corrected over time through its integral component,
driving the system towards the desired set-point without
steady-state error. This feature is particularly valuable in
scenarios where using a low-pass filter to reduce noise impact
is undesirable due to its potential to introduce phase lag
and affect system responsiveness. While the inclusion of a
retarded gain and intentional delay is theorized to preserve
the advantages of some DBC’s, it may also contribute to
the refinement of control signals, particularly when mea-
surements are noisy. This potential benefit aligns with recent
studies, such as those by [15], which explore the complexities
of this problem to understand and quantify the impact of the
controlled process.

While recent works address the complexities of control
systems with inherent delays, applying a meta-heuristic al-



gorithm to fine-tune the IR controller represents a novel
contribution to the field. Furthermore, our case study focuses
on the velocity control of a motor, employing the genetic
algorithm to optimize the IR controller’s parameters, thereby
solving the issue of delayed responses in the control process.

The subsequent sections of this paper unfold as follows:
Section 2 delves into the integral-retarded controller with
unintentional delay and design procedure, offering a com-
prehensive overview of its theoretical foundations and design
methodology. Section 3 explores the design and optimization,
elucidating the implementation and optimization of the IR
controller within various control systems. Section 4 presents
experimental evaluations, where the performance of the
IR controller is empirically assessed through simulations
and real-world experiments. Finally, Section 5 concludes
our findings and discusses avenues for future research in
advanced control strategies.

II. INTEGRAL-RETARDED CONTROLLER WITH
UNINTENTIONAL DELAY AND DESIGN PROCEDURE

The control and analysis of DC motors are common
tasks in various engineering and automation applications.
Managing the velocity of a DC motor based on voltage
input is a classic control problem addressed using the type-
0 transfer function. In this case study, we explore a direct
current motor where the input u(t) [V] represents the voltage,
while the output y(t) [rad/s] indicates the angular velocity
of the motor (see Fig. 1). In contrast, the output y(t) [rad/s]
denotes the angular velocity of the motor (see Fig. 1).
Hence, the connection between the output and the input is
represented by the model

Gp(s) :=
Y (s)

V (s)
=

K

s+ a
, K, a ∈ R. (1)

In this equation, K represents the motor’s gain, and a
represents the natural resistance to changes in speed. This

Fig. 1: Configuration of Joint 1 in the QUBE-Servo 2 DC
Motor, illustrating the transfer function Gp.

study focuses on a system characterized by an inherent
time-delay τ . This delay is constant and integrated into
the system’s dynamic model. Considering the known delay
factor, the system can be described as transitioning to a state
that includes the effects of this latency. The influence of the
delay on the system’s behavior can be explained through the
modified transfer function

G(s) := Gp(s)e
−τs =

K

s+ a
e−τs, τ > 0. (2)

Therefore, designing a controller is crucial in accounting for
and counteracting the time-delayed effects within the system.
This aspect of control design poses significant challenges as
it entails striking a delicate balance between compensating
for the delay while maintaining overall system performance.

A. IR + Delay Structure: Theoretical Framework

The design of the IR controller, originally posited by (
[14]), omits unintentional delays within the control loop,
an assumption permissible when such delays are negligible.
Considering that the controller and the plant are well-known
in the literature, this section and the rest of the paper employ
a fixed unintentional measurement delay, τ > 0, in the IR to
manage the system G(s). The IR controller is defined by

C(s) :=
ki − kre

−hs

s
, ki, kr ∈ R, h > 0, (3)

where ki represents the integral action, kr the delayed action
and h the delay of the controller. The controller system, as
depicted in Fig. 2, illustrates the IR controller’s structure. It
shows the standard integral component, which assures error
correction over time, and the retarded component, which
introduces a calculated delay, counterbalancing the delay
inherent in the system’s measurements. An advantage of

Fig. 2: Single-loop control scheme using the IR controller
and a delay measurement at the output of the process.

employing this controller is its ability to ensure a consistent
and steady error even when subjected to step-type inputs.
Conversely, the integrator that influences both control actions
(ki, kr) functions as a filter. As a result, this term filters out
external disturbances or high-frequency noise in the data.

B. Systematic Design Procedures

The closed-loop system depicted in Fig. 2 is described by
the transfer function

Hyr :=
Y (s)

R(s)
=

Kki −Kkre
−hs

s2 + as+Kkie−τs −Kkre−(τ+h)s
. (4)

To analyze the system’s stability, one must examine the
characteristic quasi-polynomial ∆yr(s) : C×R2 ×R+ → C

∆yr(s; ki, kr, h) := s2+as+Kkie
−τs−Kkre

−(τ+h)s. (5)

Identifying the system’s stability zones is the initial step
in controller tuning. This step is vital to apply a meta-
heuristic approach that efficiently searches within the range
of stabilizing controller parameters.

Remark 1: In the absence of delay (τ = 0), the tuning
problem adheres to the solutions presented in [14], offering
analytical expressions to define the parameters ki, kr, and
h. This tuning-rule obtains a triple real root in −γ, resulting



in the maximum exponential decay (MED). Consequently,
any unintentional delay within the feedback loop presents a
persistent challenge for these systems.
Proceeding with the assumption that τ > 0. The system
described in (4) is categorized as a retarded-type due to
the higher-order variable coefficient not being multiplied by
exponentials, i.e., the absence of s2 in the exponential terms.
This classification is significant, as retarded-type systems
are known to demonstrate continuous root displacement in
response to parameter variations ( [16]). As such, the roots
cannot cross from the left-half plane (LHP) to the right-half
plane (RHP) without first encountering stability boundaries.
Several foundational definitions are provided to address the
stability of such systems.

Definition 1: The frequency crossing set Ω ⊂ R is the set
of all ω for which there exists at least one triplet (ki, kr, h)
in R2 × R+ such that

∆(iω; ki, kr, h) = 0. (6)
Remark 2: The numerator and denominator of (4) as

polynomials with real coefficients satisfy the relation

∆(−iω; ki, kr, h) = ∆(iω; ki, kr, h). (7)

In other words, the above equality states that Ω ⊂ R+∪{0}.
Definition 2: For a fixed h > 0, the stability crossing

curves (stability crossing boundaries) will be denoted by
K, and is defined as the set of all parameters (ki, kr) ∈
R2 for which there exists at least one ω ∈ Ω satisfying
∆yr(iω; ki, kr, h) = 0. Moreover, any point k ∈ K is known
as a crossing point.

III. DESIGN AND OPTIMIZATION OF IR CONTROLLER

This section explains the control design process by il-
lustrating the stability crossing curves, corresponding to the
controller gains (3), while maintaining a constant intentional
delay h > 0. Also, we describe the optimization strategy,
proposing two different cost functions in order to reach both
velocity and performance of the closed-loop stabilizing the
system with reference step changes.

A. Design Requirements
Characterizing the stability crossing curves is essential for

control design. Stability may be compromised or enhanced in
two scenarios: a root crossing at the Complex Root Boundary
(CRB) or the Real Root Boundary (RRB). In this approach,
we maintain a fixed value of the intentional delay h > 0 to
find the stability boundaries in the parameter plane (ki, kr).

Proposition 1 (CRB): Let h > 0 be a constant value, and
define Ω :=

⋃
ℓ

Ωℓ for ℓ ∈ N ∪ {0} where

Ωℓ :=
{
ω ∈ R+

∣∣∣ω ∈
(π
h
ℓ,
π

h
(ℓ+ 1)

)}
.

Then, ω ∈ Ω is a crossing frequency iff k(ω) :=
[ki(ω) kr(ω)]

T ∈ Kω , where

ki(ω) :=
ω

K sin (hω)
(−a cos (δω) + ω sin (δω)) , (8a)

kr(ω) :=
ω

K sin (hω)
(−a cos (τω) + ω sin (τω)) , (8b)

where δ = τ + h.
Sketch of proof: The proof follows straightforwardly by
noting that if ∆yr(iω; ki, kr, h) = 0 then

ℜ{∆yr(iω; ki, kr, h)} = 0,

ℑ{∆yr(iω; ki, kr, h)} = 0.

■
Proposition 2 (RRB): For a fixed delay h > 0, the line

k0 ∈ K0 is described by

k0 =
{
[kr0 kr0 ]

T
∣∣∣ kr0 ∈ R

}
, (9)

which represents a root crossing at the origin of the complex
plane.
Sketch of proof: This proposition is supported analo-
gously to the CRB, focusing on the condition where
∆yr(0; ki, kr, h) = 0. ■

Remark 3: The set K consists of locations that correspond
to a complex crossing (Kω) or a crossing by the origin
(K0), as shown by the definitions above. Therefore, it can
be concisely stated that the limit of these crossings is K =
Kω ∪ K0.
For γ-stability analysis, i.e. when s = −γ + iω, γ ∈ R+ it
is recommended to study of [15].

B. Identification and Calibration of Process Parameters

The system parameters must be accurately identified prior
to the controller design. This can be achieved through
classical or state-variable approaches, with the controller
being either continuous or discrete in nature. In this instance,
MATLAB’s System Identification Toolbox was employed to
derive a first-order delayed model from experimental data
gathered within a physical test setup.

G1(s) =
179.93

s+ 7.6
e−0.0051s. (10)

Fig. 3 contrasts the experimental and simulated responses
to a dynamic input over time. The acquired results yield a
correlation factor of R2 = 0.9875.

Fig. 3: Process parameter identification using a real-time
hardware in the loop with a simple simulation testing.

C. Optimization Strategy and Implementation

As highlighted in [15], the delay is set at a fixed value
while the other controller gains of the IR controller are
tuned. Designing a controller based on performance criteria
like maximum exponential decay (MED), control effort, or
settling time can pose an analytical challenge.



A viable approach involves the construction of multi-
objective cost functions that integrate various performance
indicators into a singular design framework. The challenge
of employing meta-heuristic methods in controlled systems
is discerning an optimal search space for the controller gains,
which traditionally relies on the designer’s expertise and
could lead to suboptimal results if improperly defined.

Thus, analytical approaches should be combined with
meta-heuristics as a potential solution. The analytical com-
ponent constrains the search space to ensure stability. At
the same time, the meta-heuristic element will be utilized to
identify the gains that optimize the predefined cost function
in a local neighborhood. This integrative method ensures
optimal gains are selected from a set that guarantees stability,
thereby enhancing computational efficiency.

The optimization problem is formulated as follows:

minimize J

subject to κ ∈ S,
(11)

where κ := [k⋆p k⋆i ]
T with h > 0 or κ := [k⋆p k⋆i h⋆]T

according to the case, and S denotes the set of admissible
control gains. Fig. 4 illustrates the geometric representation
of the optimization problem within the multidimensional
gain space. The shaded area, denoted S, encompasses the
feasible region of controller gains that satisfy the stability
criteria. Within this domain, the point indicating min J
marks the location of the optimal gain set, where the cost
function J attains its lowest value, subject to the constraints
of admissible control gains. This visual aid underpins the
search strategy within the permissible gain space, guided by
the objective of cost minimization. The exploration of two

Fig. 4: Geometric Visualization of Gain Space Optimization.
The shaded region represents the permissible gain space S,
with the highlighted point indicating the optimal solution
where the cost function J is minimized

cost functions is presented herein. The first function, J1, is
focused on optimizing the MED by determining the optimal
values for (ki, kr, h)

J1 = −γ, γ ∈ R+. (12)

Its primary goal is to shift the dominant roots of the system
as far left as possible in a local neighborhood, thereby
expediting the decay rate and enhancing speed regulation.
The second function, J1, aims to balance the rapidity of

response with the minimization of control efforts over the
interval from the initial condition (t0 = 0) to the settling
time ts

J2 = ts(α)+

∫ ts

0

(
Ψu(τ)2 +Υu̇(τ)2

)
dτ , α,Ψ,Υ ∈ R+.

(13)
This function seeks to engineer a controller that achieves a
swift response while maintaining an optimal energy profile.

To solve the optimization problem, Algorithm 1 is rec-
ommended. It integrates the limits of stability boundaries,
the formulation of cost functions, and the implementation
of a principal optimization algorithm, such as the genetic
algorithm, to navigate towards the optimal solution.

Algorithm 1 Synergetic optimization procedure for con-
troller gains selection.

Input: Kω ,K0, opt, Ψ, Υ
Output: sol

1: K=D METHOD(Kω,K0):
Kω ≜ [ki(ω), kr(ω)]

T

K0 ≜ [kr0 , kr0 ]
T |kr0 ∈ R

K ≜ Kω ∪ K0

2: J=COST FUNCTION(opt):
3: if opt == 1 then
4: J ≜ −γ
5: else if opt == 2 then

6: J ≜ ts(α) +

∫ ts

0

(
Ψu(τ)2 +Υu̇(τ)2

)
dτ

7: end if
8: sol=MAIN():

ω = 0+ :ωs :ωf

K=D METHOD(ω)
[kli, k

l
r]

⊤ ≜ minω(K)
[kui , k

u
r ]

⊤ ≜ maxω(K)
sol=GA@(κ) COST FUNCTION(opt),2,[],[],[],[],[kl

i, k
l
r],[ku

i , k
u
r ]

9: return sol

Remark 4: This research applies the genetic algorithm
paradigm, though it acknowledges the viability of alterna-
tive algorithms, including particle swarm optimization, least
squares, and gradient descent, among others, for similar
optimization tasks.

Remark 5: The compactness of the constrained domain
and the continuity of the cost function concerning its pa-
rameters (given its convexity) ensure the presence of a
global minimum, as established by the Bolzano–Weierstrass
Theorem (see [17] for more details).

IV. EXPERIMENTAL VERIFICATION

This section presents the validation of the controller design
through offline optimization using an experimental setup as
shown in Fig. 5. The platform allows for the practical im-
plementation and assessment of the controller’s performance
in a controlled environment. All experiments were executed
within MATLAB/Simulink using the ode1 (Euler) solver
with a ∆t = 2 ms sampling time.



Fig. 5: Experimental setup employed for validating the
controller design.

A. Laboratory-Based Validation Studies

Employing the stability conditions derived in the previous
section, we obtain the stability region depicted in Fig. 6.
The genetic algorithm aids in restricting the search space
for controller gains to a well-defined and compact region,
thereby ensuring that the selected gains confer stability to the
system. The benchmark experiments were conducted using a

Fig. 6: Numerical stability chart boundary with h = 0.1
s. The illustrated region denotes the stability boundaries
determined by the derived stability conditions.

square wave reference signal with an amplitude of 15 rad/s
and a period of 5 seconds, enabling a consistent basis for
comparison across different controller configurations.

Remark 6: When h = 0, the proposed IR controller looks
like a PI controller, unlike the fact that no zero (in − ki

kp
)

is added. For our case study, a detailed analysis of how to
solve it with the synergestic approach is presented in [8].

1) Experiment No. 1: The objective of the first experiment
is to enhance the closed-loop response by maximizing γ—or,
equivalently, minimizing −γ to shift the dominant poles
of the system as far to the left of the imaginary axis
as possible, thereby expediting the exponential decay rate.
The optimization involved fine-tuning the IR controller’s
(ki, kr, h) parameters. The optimized parameters were de-
termined to be ki = 2.3394, kr = 1.4666 and h =
0.0466, positioning the dominant poles at s1 = −22.7660,
s2,3 = −22.7616 ± 4.3096i. This configuration confirms
that the maximum value of γ = 22.7616 was attained,

with the implemented delay exceeding the minimum system
sampling time. Alternatively, we propose a classic strategy
to tune a Proportional-Integral (PI) controller. The controller
should be adjusted to achieve the maximum exponential
decay rate of the solutions, with gains set as kp = 0.4931
and ki = 18.5254 for a dominating root group position of
s = −118.634.

On Fig. 7 displays the experimental1 outcomes achieved
with the controllers. The experiment showcases Algorithm
1’s capability to minimize oscillations when examining a
servo-problem and vulnerability of the PI controller, even
when it is analytically set to achieve maximum exponential
decay. The settling times within the specified error range are
ts ≈ 0.4 s for the PI controller, and ts ≈ 1.2 s for the IR
controller. However, damped oscillations are present when
the IR controller is in regulation. Upon evaluating the control
signal, it becomes reasonable that voltage peaks occur when
there is a change in the reference signal.

Fig. 7: System Response for Cost Function J1. The temporal
response of the system with the controller optimized for J1,
demonstrating the achieved settling time and control signal
characteristics.

2) Experiment No. 2: In the second experiment, the focus
was to optimize the settling time within a 1% tolerance band,
analogous to optimizing MED, while also considering the
reduction of control effort and smoothing the control signal.
The cost function introduced two weighting factors, allowing
for prioritization among the response time, control effort, and
signal smoothness in each optimization iteration.

Table I details the controllers synthesized offline prior to
executing the experiments visualized in Fig. 8. The experi-
mental data demonstrate that increasing Ψ leads to a reduced
control signal amplitude, albeit with a slower convergence to
the reference signal. Conversely, an increase in Υ results in
a smoother control signal, with observable trends consistent
across different response profiles.

1For a detailed demonstration of the experiments, the authors refer to the
video at https://youtu.be/sTJPnixdvAY.



TABLE I: Resulting parameters in various controllers for J2,
it is worth noting that Ψ and Υ weights parameters of the
cost function are different starting points in the controller
algorithm.

Controller
ki kr h [s] γ

Name Ψ Υ

IR1 1 1 0.6532 0.3046 0.1 7.6825
IR2 2 1 0.6116 0.2791 0.1 8.4531
IR3 1 10 0.5860 0.2642 0.1 9.3234
IR4 10 1 0.5415 0.2481 0.1 8.7143
IR5 50 1 0.5243 0.3464 0.1 2.6643

Fig. 8: System Response for Cost Function J2. The graph
showcases the system’s performance when optimized for
the multi-objective cost function J2, reflecting the trade-offs
between response speed and control signal smoothness.

V. CONCLUSIONS AND FUTURE WORK

The study demonstrates that integrating intentional delays
in IR controllers can significantly enhance precision and
stability in systems with inherent time delays. The use of
genetic algorithms for parameter optimization has proven
particularly effective, offering a robust approach for nav-
igating complex tuning landscapes that are often beyond
the reach of conventional methods. The resulting controllers
exhibit strong theoretical alignment and improved practical
performance, characterized by faster response, smoother con-
trol action, and overall greater efficiency.

While the present work focuses on a specific class of
systems and relies on simulation-based evaluation, the results
suggest promising potential for broader application. Further
investigation into the robustness of the proposed approach
under varying system conditions, as well as more extensive
comparisons with traditional control strategies such as PID
and MPC, would provide deeper insights into its relative
strengths and practical viability. These aspects are left for
future work, alongside the extension to more complex sys-
tem models—such as second-order systems with zeros—and

experimental validation on faster platforms, including power
electronic converters.
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