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Abstract— This paper introduces a novel combinatorial struc-
ture known as the topological s − t cut, a specialized type of
s− t cut applicable to acyclic networks. Unlike traditional s− t
cuts, topological s− t cuts intersect with exactly one arc of any
s− t path d. A linear programming formulation is presented to
tackle this problem and it is shown how to solve the problem
using the well-known maximum flow algorithms on auxiliary
networks. Additionally, a linear-time method is developed for
finding minimum topological s− t cuts in s− t planar acyclic
networks.

I. INTRODUCTION

The concept of s−t cuts is closely linked to the maximum
flow problem through the Max-Flow Min-Cut Theorem,
which states that the maximum flow in a network from s
to t is equal to the capacity of the minimum s − t cut
[7], [9]. This fundamental relationship, along with the well-
known minimum s − t cut problem, facilitates efficient so-
lutions to various optimization problems, including those in
transportation networks, communication systems, and image
segmentation [1], [5].

Several extensions of the minimum s−t cut problem have
been explored in the literature. In [19], the authors introduced
the concept of the minimum logical s− t cut problem. This
variant imposes the additional constraint that all outgoing
arcs from any node in the graph G cannot be removed
simultaneously. In [23], the minimum label s−t cut problem
is examined, wherein the goal is to identify a minimum-size
subset of labels such that removing all edges associated with
these labels from G results in the disconnection of s and
t. The paper presents two linear programming formulations
and discusses various approximability results associated with
this problem. Additionally, in [3], the authors investigate
the constrained minimum s − t cut problem, providing a
necessary and sufficient condition for the existence of an
integral optimal minimal solution. It is also demonstrated
that determining whether this condition is satisfied is NP-
hard.

By adapting s− t cuts to include the topological order of
the network, this paper introduces the novel concept of topo-
logical s − t cuts on acyclic networks. These cuts intersect
each s − t path at exactly one arc, thereby preserving the
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unique features of the network. This enhancement facilitates
better management of flow and resource allocation within
complex network systems, thereby increasing the overall
efficiency and performance of combinatorial optimization in
real-world applications. The distinct property of topological
s−t cuts allows us to model some real-world situations, such
as measuring the flow value. Hence, topological s − t cuts
can be utilized for counting purposes. By placing counters
on the arcs that are part of a topological s − t cuts, each
counter monitors only one arc of each s − t path. This
setup facilitates flow measurement without confusion from
reverse flow. Such a structure simplifies flow analysis, as
each counter accounts for a single, unique flow, resulting in
more accurate and efficient data collection. This counting
system is particularly beneficial in contexts such as water
distribution networks, where tracking the volume of water
directed to different areas is critical for effective resource
management, ultimately leading to improved operations and
decision-making.

Apart from introducing the concept of topological s − t
cuts, the contribution of this paper can be divided into three
parts:

1) a linear programming formulation of the minimum
topological s − t cut problem allowing for solutions
of the problem in polynomial time through the use of
interior-point methods [6], [21],

2) transforming the network into an auxiliary network in
such a way that the minimum topological cut can be
found by obtaining maximum flow,

3) defining the directed dual network and extending the
approach of using the dual network to find the mini-
mum cut.

II. PRELIMINARIES

We consider a directed graph G(V,A), where V =
{1, 2, . . . , n} represents the set of nodes and A denotes
the set of arcs, which contains m arcs. Within this graph,
two specific nodes are designated: a source node s and a
destination node t.

A path is defined as a sequence of nodes v1−v2− . . .−vq
such that the arc (vi, vi+1) belongs to A for i = 1, 2, . . . , q−
1. A cycle is a type of path in which the first and last nodes
are the same. A path is considered simple if it does not
revisit any nodes. To simplify terminology, a simple path
that originates from s and terminates at t is referred to as
an s− t path. If the arcs are associated with capacities cij ,
the capacity of a path is defined as the minimum capacity



among its arcs, given by:

c(P ) = min
(i,j)∈P

cij .

Throughout this paper, we make the following assumption:
Assumption 1. Every node is placed along at least one s− t
path.

This assumption is not restrictive, as nodes that do not
meet this assumption are deemed ineffective and unneces-
sary, allowing us to exclude them from the network.

For any subset S of V with s ∈ S and t ∈ V \S, a set C
of arcs that have one endpoint in S and the other in V \S is
referred to as an s−t cut, denoted by C = [S, S̄] = [S, V \S].
Those arcs of [S, S̄] emanating from S and terminating at S̄
are called forward arcs, and its other arcs are backward arcs.
We denote by (S, S̄) the set of forward arcs of [S, S̄] and by
(S̄, S) the set of backward arcs of [S, S̄]. The capacity of an
s− t cut [S, S̄] with respect to a capacity vector c, denoted
by c[S, S̄], is the total capacity of its forward arcs, i.e.,

c[S, S̄] =
∑

(i,j)∈(S,S̄)

cij .

A famous network optimization problem is to find an s−t cut
with minimum capacity. This problem is called the minimum
s− t cut problem, and it can be formulated as follows [2]:

min
∑

(i,j)∈A

cijθij (1a)

s.t. πi − πj + θij ≥ 0 ∀(i, j) ∈ A, (1b)
πt − πs = 1, (1c)
θij ≥ 0 (i, j) ∈ A, (1d)
πi ≥ 0 i ∈ V. (1e)

Although the formulation in (1) represents a linear pro-
gramming problem, it can be demonstrated that all variables
take binary values of either zero or one. This conclusion
arises from the property of total unimodularity in the co-
efficient matrix [2]. In this formulation, an arc (i, j) is
considered a forward edge of the optimal st-cut [S, S̄] if
and only if θij = 1. Furthermore, node i is included in set
S if πi = 0; otherwise, it belongs to S̄.

The best-known algorithm of minimum s−t cut problems,
associated with Hao and Orlin, runs in O(nm log(n

2

m )) time
[11].

III. NOTION OF TOPOLOGICAL s− t CUTS

We recall that G is a directed acyclic graph (DAG) with
finite capacities. For the DAG G, a topological ordering is
defined as a linear ordering of its nodes such that for every
arc (i, j), node i precedes node j in this ordering. This
property ensures that all dependency relationships between
the nodes are respected, allowing for tasks to be scheduled
or processed in an appropriate sequence.

Definition III.1. In a DAG, an s−t cut C = [S, S̄] is referred
to as a topological s − t cut if there exists a topological
ordering of the nodes such that all nodes in S have labels
less than those in S̄.

By definition, any topological s − t cut C satisfies the
inequality i < j for every arc (i, j) ∈ C. So, it maintains
the topological ordering and does not include any backward
arcs. On the other word, it does not contain any arcs that
would violate the notion of the topological order by pointing
from a node to another that should come before it. Specially,
we have the following property.

Lemma III.2. An s − t cut C is topological if and only if
it contains exactly one common arc with every s− t path.

Proof: 1.(If Direction): By the notion of s − t cut, it
follows that C must share at least one arc with every s− t
path. Next, we argue that if a topological s − t cut were
to contain more than one arc with a given s − t path, it
would necessarily imply the presence of a backward arc. For
a topological s− t cut, all arcs must respect the topological
ordering; therefore, if two arcs (u, v) and (v, w) from the
s − t path were both included in the cut C, it would mean
that u appears before v and v appears before w. Since both
arcs belong to the same topological s−t cut, we can conclude
that v cannot be part of the path from s to t without violating
the topological order.

2. (Only If Direction): Conversely, suppose C contains a
backward arc, and let P be an s − t path that includes this
arc. Clearly, P must contain at least two forward common
arcs from C, which leads to a contradiction.

Using a topological s − t cut is advantageous due to
its ability to maintain the structure and directionality of
dependencies in a DAG, simplify analysis and optimization
problems, and improve clarity in communication. This makes
topological s− t cuts particularly valuable in fields such as
operations research, scheduling, and computer science, where
directed dependencies play a crucial role. Let us present an
example to illustrate that any s − t cut is not necessarily
topological in a DAG.

Fig. 1. An example of the topological s− t cut

Example 1. Figure 1 illustrates a DAG with specified arc
capacities. In this graph, the minimum s−t cut has a capacity
of 2, determined by the set S = {s, 1, 2}. This cut consists
of two forward arcs, (1, 3) and (2, 4), as well as a backward
arc (3, 2). Consequently, it does not qualify as a topological
s− t cut due to the presence of the backward arc. Notably,
the s − t cut defined by S = {s, 1, 2, 3, 5} qualifies as a
topological s − t cut, featuring a minimum capacity of 3
among all such topological s− t cuts.



Based on this example, existing algorithms designed for
solving the minimum s − t-cut problem cannot be directly
utilized to determine a minimum topological s−t cut. There-
fore, we must explore alternative methods for identifying a
minimum topological s − t-cut. To address this issue, the
next section will first present a linear programming formula-
tion of the problem, demonstrating that it can be resolved
in polynomial time. Additionally, an auxiliary network is
introduced to identify a minimum topological s − t cut by
solving an ordinary maximum flow problem. Furthermore,
a polynomial-time algorithm is developed specifically aimed
at obtaining a minimum topological s − t cut in an s − t
planar DAG.

IV. FORMULATION AND APPROACH

The proposed formulation of the minimum topological s−
t cut is similar to the one in (1) for the ordinary minimum
s− t cut problem, with a slight modification. It is presented
as follows:

min
∑

(i,j)∈A

cijθij (2a)

s.t. πi − πj + θij = 0 ∀(i, j) ∈ A, (2b)
πt − πs = 1, (2c)
θij ≥ 0 (i, j) ∈ A, (2d)
πi ≥ 0 i ∈ V. (2e)

The only difference is that the inequality (1b) appears in
equality form, here. Since the coefficient matrix remains
unchanged, it follows that this formulation also exhibits the
property of total unimodularity, ensuring that all variables
take binary values of zero or one [2]. The following theorem
demonstrates the validity of this formulation.

Theorem IV.1. The linear programming formulation (2)
identifies a minimum topological s− t cut.

Proof: The interpretation of all variables is the same
as in (1). It suffices to show that constraint (2b) prevents the
existence of a backward arc in the s−t cut. By contradiction,
assume there is a backward arc (l, k). This implies that πl =
1 and πk = 0. Consequently, this constraint can be expressed
as 1+ θlk = 0. Given that θlk ≥ 0, this constraint cannot be
satisfied, leading to a contradiction.

Example 2. We ran the two formulations (1) and (2) for the
instance provided in Example 1. Table I presents the optimal
solutions. It is clear that the solution of (1) corresponds to
the minimum s− t cut, while the solution of (2) yields the
minimum topological s− t cut, correctly.

Since finding a minimum topological s − t cut admits a
linear programming formulation, it follows that the problem
can be solved in polynomial time by the well-known interior
point algorithms [6], [21]. However, we focus on developing
an efficient algorithm specifically based on the dual of this

Formulation Arcs with Nodes with Optimal
θij = 1 πi = 1 value

(1) (1, 3), (2, 4) 3, 4, 5, 6, t 2

(2) (2, 4), (5, 4), (5, t) 4, 6, t 3

TABLE I
THE RESULTS CALCULATED FROM EXAMPLE 2

formulation.

max z = v (3a)

s.t.
∑

j:(i,j)∈A

xij −
∑

j:(j,i)∈A

xji = (3b) v i = s,
0 i ̸= s, t,
−v i = t,

∀i ∈ V, (3c)

xij ≤ cij ∀(i, j) ∈ A, (3d)

in which xij represent the decision variable on the arc (i, j).
This problem is recognized as the well-known maximum
flow problem, with the distinction that the decision variable
xij is lower unbounded, meaning it can take on any negative
value. Since negative flow lacks meaningful interpretation,
we define two nonnegative decision variables, denoted by
x′
ij and x′

ji, in such a manner that:

xij = x′
ij − x′

ji.

It is straightforward to observe that the original problem can
be transformed into the following maximum flow problem.

max z = v (4a)

s.t.
∑

j:(i,j)∈A

(x′
ij − x′

ji) −
∑

j:(j,i)∈A

(x′
ji − x′

ij)(4b)

=

 v i = s,
0 i ̸= s, t,
−v i = t,

∀i ∈ V, (4c)

0 ≤ x′
ij ≤ cij ∀(i, j) ∈ A, (4d)

0 ≤ x′
ji(< +∞) ∀(i, j) ∈ A. (4e)

This problem is defined on the auxiliary network Ḡ =
(V, Ā, c̄), where each arc (i, j) from the original network
is retained with its corresponding capacity. Additionally, for
each arc (i, j) in the original network, there exists an arc
(j, i) in the auxiliary network with infinite capacity, denoted
as c̄ji = +∞.

The objective is to determine the maximum flow in this
auxiliary network Ḡ. Upon finding the maximum flow, we
can then employ a traversal algorithm, such as the breadth-
first search (BFS) method or its variants, to identify the min-
imum s− t cut. This approach is a formalized methodology
in network flow theory [2], and it is described in Algorithm
1.

Theorem IV.2. Algorithm 1 finds a minimum topological
s− t cut in polynomial time.



Proof: If one uses polynomial-time algorithms for solv-
ing the maximum flow problem, it is straightforward to show
that the complexity of Algorithm 1 is also polynomial time.
To demonstrate that the minimum s − t cut is topological,
note that if it contains a backward arc (j, i) of the original
network, then the capacity of (i, j) is infinite. Consequently,
the maximum flow value becomes +∞. This indicates there
exists a s − t path with infinite capacities in Ḡ. Therefore,
there must be a path from t to s in the original network,
which contradicts the fact that the network is acyclic and
Assumption 1.

Fig. 2. The optimal solution of problem (3) for Example 1

Algorithm 1 To find a minimum topological s− t cut
1: Input: An acyclic network G = (V,A, c).
2: Output: A minimum topological s− t cut C.
3: Initialize Ā = ∅ and C = ∅.
4: for each arc (i, j) ∈ A do ▷ To construct the auxiliary

network Ḡ = (V, Ā, c̄)
5: Add (i, j) to Ā with capacity c̄ij = cij .
6: Add (j, i) to Ā with capacity c̄ij = +∞.
7: end for
8: Find maximum flow x′ in the auxiliary network Ḡ.
9: Perform a BFS in the residual network given by Ḡ and

x′ to identify reachable nodes from s.
10: Let S be the set of nodes reachable from s.
11: for each arc (i, j) ∈ Ā do
12: if i ∈ S and j /∈ S then
13: Add (i, j) to C.
14: end if
15: end for

Example 3. To illustrate the performance of Algorithm 1,
we will run it on the instance given in Example 1. Suppose
we have constructed the corresponding auxiliary network Ḡ.
Figure 2 depicts the optimal solution to problem 3 for this
example. The red arcs are saturated. It is important to note
that the maximum flow is achieved by sending three units of
flow along the s− t paths: s−1−3−5− t, s−2−4−6− t,
and s−2−3−5−4−6−t. Additionally, observe that the last

s−t path employs the reverse arc of (3, 2), which has infinite
capacity. For this reason, it has a negative value of flow.
The arcs that are reachable in the residual network are S =
{s, 1, 2, 3, 5}, which yields the same minimum topological
s− t cut C = {(2, 4), (5, 4), (5, t)}.

V. s− t PLANAR NETWORKS

A significant result in undirected s− t planar networks is
that finding the shortest path in the dual network corresponds
to a minimum s−t cut in the original network. In spite of the
many works performed on planar networks (see Table II for
a survey), this result has not been extended to directed planar
networks. Here, we orientate every edge of the dual network
as it is performed in [14]. Then, we show that the shortest
path in this network is actually a minimum topological s− t
cut and not necessarily an (ordinary) minimum s− t cut.

As stated, our proposed algorithm is a variation of the
method utilized to find a minimum s − t cut in undirected
s− t planar graphs (see Section 8.4 of [2] for more study).
For this purpose, it is needed to introduce a dual network
G∗(F ∗, A∗).

We begin by adding a new arc between the nodes s and
t, ensuring that it remains within outer face of the graph.
Assuming that node s is located to the west and node t is
located to the east, this arc will be placed to the north. This
addition creates a new region within the network, which we
refer to as the additional face, while maintaining the planarity
of the original network.

To construct the dual network G∗, we place a node within
each face of the graph G. Since each arc corresponds to the
boundary between two faces, we create an (undirected) edge
by connecting the vertices corresponding to those faces in
the dual network. We define the node associated with the
additional face as the dual origin s∗, and the node related
to the outer face as the dual destination t∗. In this dual
representation, we observe the presence of the arc (s∗, t∗);
however, we remove this arc from the network by design.
We assign a direction to each edge in the dual network. The
direction of any arc from G∗ can be determined by applying
a 90-degree counterclockwise rotation to the corresponding
directed arc from G (which intersects). Consequently, the
horizontal axis represents the directed arc in G, while the
vertical axis represents the directed arc in G∗. If the costs
assigned to the arcs in the dual network G∗ are set equal to
the costs of their corresponding arcs in the original network,
then the following result is immediate.

Theorem V.1. The shortest s∗ − t∗ path in G∗ corresponds
to the minimum topological s− t cut in G.

Proof: At first, it is essential to observe that any
topological s− t cut of G corresponds to a (directed) s∗− t∗

path in G∗ and vice versa. The proof that any s∗ − t∗ path
P ∗ in G∗ serves as an s− t cut in G is well-documented in
the literature. The designation of it being topological arises
from the fact that the arcs of P ∗ are directed from s∗ to t∗,
which ensures that any arc of the s− t cut is directed from



TABLE II
HISTORY OF MAXIMUM FLOW AND MINIMUM CUT PROBLEMS FOR PLANAR NETWORKS

Year Subject Description Reference

1979 Maximum flow in planar networks Introduced algorithms for computing maximum flow
in planar networks efficiently using planarity.

[12]

1983 Minimum s-t cut algorithm Presented an algorithm to compute the minimum s-t
cut in planar undirected networks in O(nlog2(n))
time.

[18]

1985 Maximum flow algorithm for undirected
planar networks

Developed an O(nlog2(n)) algorithm for maximum
flow in undirected planar networks.

[10]

1987 Parallel algorithms Discussed parallel algorithms for computing mini-
mum cuts and maximum flows in planar networks.

[13]

1989 Multicommodity flow in planar networks Studied max-flow min-cut theorem for multicom-
modity flows in certain planar directed networks.

[15]

1995 Flow in planar graphs with multiple sources
and sinks

Investigated maximum flow problems with multiple
sources and sinks in planar graphs.

[16]

1997 Maximum (s,t)-flows in planar networks Introduced an efficient algorithm for maximum (s,t)-
flows in planar networks in O(n logn) time.

[20]

2011 Improved algorithms for min cut and max
flow

Presented improved algorithms for minimum cut and
maximum flow in undirected planar graphs.

[22]

2011 Minimum s-t cut when source and sink are
close

Discussed an efficient solution for computing the
minimum s-t cut in undirected planar graphs with
close source and sink.

[17]

2016 Distributed algorithms for planar networks Covered low-congestion shortcuts and minimum cut
algorithms in planar networks in a distributed setting.

[8]

2017 Multiple-source multiple-sink maximum
flow

Proposed near-linear time algorithms for maximum
flow in directed planar graphs with multiple sources
and sinks.

[4]

s to t by construction. Given that the length of the s∗ − t∗

path in G∗ equals the capacity of a topological s− t cut in
G, the result follows directly.

According to this theorem, we can utilize well-known
shortest path algorithms to find the minimum topological st-
cut in polynomial-time (super-linear) time. However, we can
derive an additional result indicating that G∗ can be simpli-
fied into a DAG, imposing Assumption 1, thus allowing us
to find the shortest path in linear time.

To illustrate this, observe that any directed cycle C∗ in
G∗ surrounds a subgraph G̃ of G, which is connected to the
remaining component G\G̃ via arcs which are directed from
G̃ to G \ G̃ (or vice versa). Consequently, this component
can be removed from G since it does not participate in any
s− t path.

To eliminate the cycles in G∗, we must also remove their
corresponding subgraphs in G. This is achieved by labeling
all nodes that are accessible from s and all nodes from which
there exists at least one path to t. We then remove nodes that
are not labeled in both cases. This guarantees that every node
in G lies along some st- path, preventing the existence of
any subgraph where all arcs are either outgoing or incoming.
Consequently, G∗ does not contain any cycles.

Algorithm 2 describes the approach, formally.

Example 4. Let us illustrate Algorithm 2 for the network
presented in Example 1. Since all nodes are labeled twice,
any node is not eliminated from the network. Figure 3
provides us with the dual of this network. Figure 3.a presents
the original network with blue arcs, in which an artificial arc
(s, t) is added, and the dual network is depicted by orange
nodes and orange arcs. The shortest path from s∗ to t∗ is
s∗− 3∗− 2∗− t∗ with a length equal to 3. Its corresponding

Algorithm 2 Find Minimum Topological s− t Cut
1: Input: A planar DAG G(V,A) with capacity vector c.
2: Output: A minimum topological s− t cut C.
3: Use the Breadth-First-Search algorithm to label all nodes

which are accessible from s and all nodes which have
access to t.

4: Eliminate all nodes not labeled twice. ▷ To satisfy
Assumption 1

5: Add an artificial arc (s, t) to G with capacity +∞.
6: Construct the directed dual network G∗(F ∗, A∗).
7: Find a shortest path P ∗ from s∗ to t∗.
8: Find the set C of arcs in the original network corre-

sponding to those of P ∗.

topological s− t cut is C = {(2, 4), (5, 4), (5, t)}, which is
identical to the solution presented in Example 1. Now, it is
notable that the ordinary minimum s− t cut, which has the
forward arcs (1, 3), (2, 4), and the backward arc (3, 2), does
not correspond to an s∗ − t∗ path in G∗.

Theorem V.2. On a planar network, if Assumption 1 is
satisfied, then Algorithm 2 finds a minimum topological s−t
cut in linear time. Otherwise, it operates in O(m+ n log n)
time.

Proof: The proof relies on the fact that the most
efficient algorithm for solving shortest path problems runs
in linear time for DAGs, while it has a time complexity of
O(m+ n log n) for general graphs [2].



Fig. 3. (a) The original network depicted with blue arcs, alongside the
dual network represented with orange arcs. (b) The dual network shown
with orange arcs, highlighting the s∗ − t∗ shortest path marked by hashed
orange arcs

VI. CONCLUDING REMARKS

This paper introduced a novel combinatorial structure
called topological s− t cut, which is specifically applicable
to acyclic networks. Unlike traditional s− t cuts, topological
s−t cuts were shown to intersect with exactly one arc of any
s − t path, providing a more nuanced approach to network
analysis. We presented a linear programming formulation to
address the minimum topological s − t cut problem and
demonstrated how to solve it by utilizing well-established
techniques involving maximum flow problems on auxiliary
networks.

Additionally, we developed a linear-time algorithm for
finding minimum topological s − t cuts in planar acyclic
networks, which significantly enhances existing methodolo-
gies for network optimization. This work not only advanced
the understanding of topological cuts within the context of
acyclic networks but also opens doors for further exploration
in the field of combinatorial optimization.

In terms of future work, several avenues remain promis-
ing. First, the scalability of the proposed algorithms in
more complex network structures, such as cyclic networks,
warrants investigation. Furthermore, exploring the potential
applications of topological s− t cuts in real-world scenarios,
such as transportation systems or communication networks,
could reveal their practical significance. Finally, extending

this research to investigate other combinatorial structures that
can benefit from similar topological considerations may yield
fruitful results. Overall, we believe that this foundational
work will inspire further research and innovation in network
design and optimization.
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