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Abstract—In the last decades, the growing use of low-cost elec-
tronics has pushed Unmanned Aerial Vehicles (UAVs) to general
purpose audience in the civil sector. An accurate attitude and
position estimation is crucial for a precise attitude and altitude
control of this type of aircraft and represents a fundamental
aspect to be taken into account. The main aim of this paper
is to propose a Moving Horizon Estimator (MHE) able to fuse
raw data coming from a set of sensors composed of an Inertial
Measurement Unit (IMU), an optimal flow camera and several
Time of Flight (ToF) distance sensors, oriented downward, with
the scope of improving estimation performance in indoor or
GPS-denied environment. The use of MHE allows to take into
account constraints on state dynamics and noise features. To
test the effectiveness of the proposed MHE algorithm, numerical
simulations were conducted, evaluating the performance of the
proposed algorithm in the presence of attitude maneuvers.

Index Terms—Moving Horizon Estimation (MHE), Attitude
estimation, sensor fusion, UAV navigation, quadrotor.

I. INTRODUCTION

Unmanned Aerial Vehicles (UAVs) have gained significant
attention due to their versatility and ease of use in a wide
range of applications, from aerial surveillance to precision
agriculture [1]-[8]. Indeed, compared to piloted aircraft, aerial
drones offer advantages in terms of both cost and safety,
providing support in dangerous or challenging environments.
Multirotor UAVs, i.e. quadcopter, hexacopter, etc, have cap-
tured the attention of the general public; in fact, their ability
to take-off and land vertically, flying in confined spaces and
hovering over a specified area offers considerable advantages
compared to fixed wing aircraft when used for missions
in harsh and hazardous environments [9]. However, their
operation requires accurate attitude and position estimation
using only measurement from onboard sensors to enable the
control system to effectively stabilize the vehicle. Currently,
the most commonly employed sensors for UAV navigation are
the Global Positioning System (GPS) [10] and the Inertial
Navigation System (INS) [11] that usually incorporates an
Inertial Measurement Unit (IMU) equipped with magnetic,
angular rate, and gravity sensors (MARG). In particular,
for small UAVs, IMUs are the preferred solution [12] for
attitude estimation, being available in lightweight, low-cost
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and low power configurations [13], while offering relatively
high performance.

Since attitude estimation relies on sensor accuracy and may
be affected by the presence of rapid dynamics, integrating
IMUs with additional types of sensors can be beneficial. Speed
and position can also be determined through the integration of
IMU and GPS sensors [14].

However, the use of GPS sensors requires the need to
acquire information from satellites, making them effectively
unusable in indoor or GPS-denied environments. In these
scenarios, optical flow sensors have been widely adopted over
the years [15]. Visual odometry is a bio-inspired solution,
firstly introduced in 1950s by the scientist Gibson [16] to
describe the visual perception of the world of such animals,
considered as the projection of the 3D perceived motion of
objects into a 2D plane. Since then, different solution that
integrate optical flow technique with inertial measurement
have been developed [17]-[19].

Over the years, the attitude estimation problem has been
faced by finding several solutions. Complementary filters
[20]-[22] represent the most commonly adopted techniques,
thanks to their low computational costs and reliable estimation
performance. However, issues related to accuracy, stability and
sensitivity to local magnetic disturbances highlight the need to
alternative approaches.

Several effective solutions are based on Kalman Filters
(KF) [23], [24], Extended Kalman filters (EKF) [25], [26] and
Unscented Kalman Filters (UKF) [27].

In scenarios featuring constraints on state variables or noise
features, Kalman filtering may become sub-optimal or unsta-
ble. To mitigate these challenges, moving horizon estimation
algorithm (MHE) represents a promising alternative. Indeed,
this method allows to incorporate constraints into the online
optimization problem solved at each time step over past obser-
vations, offering robustness against sudden changes in system
dynamics [28]. MHE presents some conceptual similarities
with Model Predictive Control (MPC), as both methods rely on
optimization problems over a moving time horizon [29], [30].
Over the years various MHE schemes have been proposed in
the literature for linear, non-linear, and hybrid systems [31]-
[33].

This paper presents a MHE for the accurate attitude and
altitude estimation of a quadrotor UAV, fusing raw data
coming from one IMU, one downward oriented sonar and
five downward oriented ultrasonic or Time of Flight (ToF)
distance sensors, one placed at the center of the drone and the
others at the end of each arm of the quadrotor. The aim of this
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Fig. 1: Definitions of body and NED reference frames.

work is to show the improvement on the attitude and altitude
estimation which can be obtained with the additional use of
several downward faced distance sensors in different points
of the structure, as well as the estimation of accelerations in
fast maneuvers. Furthermore, the use of the MHE algorithm
allowed to take into account constraints on state variables and
noise characteristics. Some preliminary numerical results are
provided to prove the effectiveness of the proposed scheme.

The paper is structured as follows: Section II describes
the mathematical model employed to define the overall sys-
tem dynamics, while Section III outlines the adopted MHE
paradigm. Section IV presents the numerical results obtained
by integrating the proposed MHE algorithm on a quadrotor
dynamic simulator.

II. REFERENCE SYSTEMS

Roll, pitch and yaw angle, are defined as the relative
orientation between the body reference system and a fixed
frame, as shown in Fig. 1. North-East-Down (NED) reference
frame, denoted as F, is located on the surface of the Earth,
with

o Xpg-axis points north, parallel to the Earth surface;

o Yp-axis points east, parallel to the Earth surface;

e Zp-axis points downward, toward the Earth surface.

Body Reference Frame, denoted as B, is centered in the Center
of Gravity (C'G) of the quadrotor, with:

o Xp-axis points along the arm 1-2, positive forward;

e Yp-axis points along the arm 2-3, positive rightward,;

e Zp-axis points downward, to form a right-handed refer-
ence frame.

The transformation from the NED reference frame to the
body one can be achieved through a sequence of three suc-
cessive rotations, using Euler angles, ¢, 6, v:

« a rotation around the Zg axis by the yaw angle v, from
OXgYgZg to ox'y'z,

« a rotation around the Y axis by the pitch angle 6 from
oX'Y'Z"to OX"Y"Z",

« a rotation around the X" axis by the roll angle ¢ from
OX"Y"Z" to OXgYpZpg.

The aforementioned Euler angles describe the aircraft’s
attitude. However, the unit quaternion, ¢ = [qo, g1, 2, q3]7 .
offers an alternative representation to describe the attitude of
a rigid body [34], avoiding singularities known as gimbal
lock. In (1) is represented the correspondence between the
quaternion and Euler angles:
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On the other hand, the Euler angles can be computed as
follows [35]:

2q0q1 + 2q2q3

¢ = arctan ( @)
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2 2
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Let us introduce the rotation matrix associated to the uni-
tary quaternion, needed to translate a vector from the NED
reference to the body frame q:
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III. MATHEMATICAL MODEL

Consider the following state vector
2(t) = [¢)", Ve(O)T, zp(t)] (©6)

where Vg represents the velocity vector the in reference frame
at time ¢, and zg(t) is the altitude. The following mathematical

relations describe the state dynamical model.
« The quaternion can be computed by integrating the angu-
lar velocity w = [p, ¢,7]” from a known initial condition,

(1) = 58 (w (1) -a(t) )

where w(t) = [p(t), q(t),7(t)]T is angular velocity and
S(w(t)) matrix is:

R
t 0 r(t —q(t
S@O= o) —rty o plty| ©

rt)  q@)  —pt) 0
« To estimate the velocity vector, the acceleration compo-
nent not related to gravity a” can be rotated in the inertial
frame and integrated:

VE(t) = REp(q(t)) - a®(t) ©)

o The altitude can be estimated by further integrating the
velocity vector in the inertial frame.

E(t) =10,0,1]- VE(t) (10)



Consider a quadrotor equipped with the following devices:

e An IMU, composed by a gyroscope, an accelerometer
and a magnetometer.

« An optical flow sensor, able to provide a 2D projection
in the horizontal plane of the quadrotor 3D motion.

o Five ToF sensors, to measure the relative distance be-
tween each transmitter and the terrain.

At any time ¢, the measurement vector y(t) is:

y(t) = [ws(t)", as(t)", M ()", Vs(t)", Ds(t)"] (1)

where w,(t)(t) is the angular velocity vector measured by the
gyroscope, as(t)T is the accelerometer output, M, (t)T is a
measure of Earth’s magnetic field provided by the magnetome-
ter, Vs (t)7 is provided by the optical flow device, and D ()T
is the distance measured by ToFs. These measurements are
affected by disturbances and noise.

The integration of measured angular velocity causes a drift
in attitude estimation, known as the random walk effect. To
mitigate this effect, measurements from accelerometers and
magnetometers must be considered. However, accelerometers
are particularly sensitive to structural vibrations, as well as
magnetometer are sensitive to local disturbance in indoor
environments, thus needing the fusion of data from multiple
sensors to improve accuracy.

Analogously, the velocity vector cannot be obtained by
simply integrating accelerometer data, since separating the
non-gravitational acceleration component from the noise is
challenging. For this reason, a reference can be obtained using
a visual odometry-based sensor [18].

The measured angular velocity can be written as follows:

ws = w + wy (12)

where w, () = [w,(t), wy(t), w,(t)]T represents a noise with
unknown mean.

A tri-axial accelerometer measures forces, per unit mass,
acting on the body along three specific orthogonal directions.
For this reason, it can be used to measure the gravity acceler-
ation on the rigid body.

ag(t) = Rpp(q(t) - g +a”(t) +wa(t)  (13)

where the w,, includes a the disturbance and the noise v, (t) =
[Vau (1), Vay (1), vas (8)]"

The local magnetic field direction can be measured through
the magnetometer device as follows:

Ms(t) = Rep(q(t) - M” + vy (t) (14)

where var(t) = [Vara(t), vary(t), var(t)]T represents the
Sensor noise vector.

At any time ¢, the optical flow provides a measure of a
partial velocity vector in body frame:

—uDB ). B+ r(t)dy (1)
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15)

where ug(t) and vg(t)]T represent the velocity components

in the body frame at time ¢, 3 is the focal length, 2 () is the
altitude of the UAV, d,(t) and d,,(t) are the components in the
horizontal plane of the distance vector between the center of
gravity of the UAV and the camera, vo = [vo, (t), vo, ()]
represents the sensor noise.

Finally the five ToFs provide the measurements about the
distance from the UAV to the ground:

Ds(t) = [ds1(t), ds2(t), ds3(t), dsa(t), dss ()] (16)
with
ZE .
dsﬂ‘(t) = W + VToF; (t) Vi = 17 ceuy 5 (17)

where vr,p, (t) is the sensor noise on the i-th device.

Denoting with w = [wy(t)Tw,(t)T]T the disturbance
vector, and with u = w the input vector, the state equations
(7) (9) and (10) can be summarized as follows :

(1) = (2(1), u(t), w(t)) (18)

Similarly, exploiting (13), (14), (15) and (16), the measure-
ment model can be expressed as:

(19)

where v(t) = [uM(t)T,I/O(t)TVTOF(t)T]T is the measure-
ment noise vector.
Choosing a suitable sample time 7§, (18) and (19) can be

converted in a time-discrete dynamics model:
x(k) = f (x(k —1),u(k - 1), w(k - 1))
y(k) = g (z(k), u(k), w(k), v(k))

where k indicates the k-th sampling time instant, with t; =
kTs.

(20)
2y

IV. MHE ALGORITHM

The presence of disturbance and noise in (20) and (21)
requires the use of a suitable fusion algorithm capable of esti-
mating the disturbances and eliminating the noise contribution.

In this work, a MHE algorithm has been adopted. In MHE
paradigm, the estimation of the state vector is achieved by
solving a constrained optimization problem, considering the
available measurements obtained over a n;+1 steps time hori-
zon: {k—n¢, k—ng+1, ..., k}. At the same time, MHE allows
to estimate the disturbance vector {w(k — n¢|k) ... w(k|k)}
in the the considered time horizon.

In order to solve the problem with a quadratic programming
algorithm, (20) and (21) are linearized around a reference point
(z(-),a(-),w(-)) as follows:

da(k) =A(k — 1)dx(k — 1) + By (k — 1)ou(k — 1)+
+ By(k — Dow(k — 1)
(22)



0y (k) = C(k)dx(k) + Dy (k)du(k) + Dy (k)dw(k) (23)
where
oz (k) = x(-) —z()
ou() = u() —u()
dw(-) = w() —w()
oy() =y()—4()

with () = g(&()F()3(), 0)

A(k—1), By(k—1), and B,,(k—1) represent the Jacobian
matrix of function f(-) defined in (20) evaluated in the
reference point at time instant k£ — 1. Similarly, C(k), D, (k),
and D,, (k) represent the Jacobian matrix of function g(-)
defined in (21), evaluated in the reference point at time instant
k.

At each time step k, the goal is to estimate the state vector
&(mlk), withm = k—ny, ..., k, at the beginning of each time
window by solving the MHE problem, defined as follows:

Op= min Ti 24)
(8w (k—n.|k), {Sw(m|k)}p ]
subject to the following constraints:
dx(m+1) = A(k — 1)dx(m) + By (k — 1)du(m) (25)
daxlk—ny—1) =06z (k—n,— 1k —1) (26)
sz(m+1lk)eX (27
Sw(mlk) e W (28)

with m = k —ny, ...,k — 1. In (25) and (26) the dynamics
of a priori estimate is defined dz(m), whose initial condition
represents the optimal solution g:;*(k —ng — 1|k — 1) of the
optimization problem at time step k — 1.

In (25), A(k — 1) and B(k — 1) are evaluated in
the point (Z(k —n¢lk — 1)* u(k —ng), w(k — nelk — 1)),
where Z(k—ni|k—1)" = dx(k—m|k—1)"+x(k—ne|k—2)",
and w(k—nyk—1)* = dw(k—n¢lk—1)*+w(k—ns|k—2)*.

The cost function is

k—1
Je= Y ll6x(mlk) —x(m)|[g
m=k—ng
k
—~ (29)
+ Y Ok —1)dz(mlk) — 8yi(m)||5
m=k—n;
10w (k= mal k) = Fw(k — o)l
where the symbol |le||2; = eTHe denotes a

weighted quadratic error with respect to a matrix H,
and the matrix C(k — 1) is evaluated in the point
(£(k —nilk — 1)* u(k — ng), w(k — ne|k — 1)).

The objective function is the sum of three contributions:
the first term addresses the state dynamics, weighted by a
positive semi-definite matrix @, the second one accounts
for the difference between measurements and model output,
weighted by a positive definite matrix O, corresponding to the
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Fig. 2: Comparison of the estimate of the roll angle, ¢,
obtained using model A and model B with respect to the
reference angle.

inverse of noise measurement covariance, the lasﬁ\term takes
into account the error between the estimated state dx(k—n.|k)
and the prediction E(k — ny), resulting in an arrival cost,
weighted by a suitable positive definite matrix P [31], [33],
[36], [37].

V. NUMERICAL RESULTS

In this Section, to assess the performance of the proposed
algorithm, preliminary numerical results are presented, by
simulating the quadrotor dynamics in Matlab/Simulink envi-
ronment. The main simulation parameters are summarized in
Table I.

The full suite of onboard sensors consists of one low-cost
IMU, including a 3-axis accelerometer, a 3-axis gyroscope and
a 3-axis magnetometer, one optical flow and five ToF sensors.
The optical flow and the 5 distance sensors (4 placed at the
end of each arm and one placed at the center of the structure)
are oriented downwards in order to measure the velocity vector
in the horizontal plane and the distance to the ground.

To prove the effectiveness of the full suite of onboard sen-
sors in the attitude estimation, the simulation campaign takes
into account two distinct quadrotor configurations, depending
on the available onboard sensors:

A :1IMU, 1 optical flow sensor, 5 ToF sensors;
B :1IMU.

Simulation starts at ¢ = 0 from an equilibrium condition in
hovering at h = 10m of altitude. To highlight the performance
of the proposed estimation approach, several maneuvers are
considered. In particular, distinct simulations were carried out
by imposing step signals of 0.1rad at ¢ = 5s around each axis
(roll, pitch, and yaw). For altitude control, a ramp reference
signal with a slope of 1m/s was applied at ¢ = 5s, changing
the altitude from h = 10m to h = 11m (see Table II).

Fig. 2 and Fig. 3 show the improvements obtained by the
proposed technique, considering the sensor configuration A,
over the classical INS quadrotor configuration B. Indeed, the
attitude estimation considering quadrotor in configuration B



TABLE I: Quadcopter and sensors main parameters

Parameter Value
Arm length - [ [m] 0.7
Mass - m [kg] 1

Inertia tensor - J [kg * m?2]

Gyroscope noise covariance - a%ym [(rad/s)?]
Accelerometer noise covariance - 0%, [(m/s?)?]
Magnetometer noise covariance - o, (G)?]
Optical Flow noise covariance - U%ﬁ [(m/s)?]

ToF noise covariance - 625 [(m)

diag([5 * 1072,5 % 102,107 1])
6%10°6
2.5% 1073
2.5%10~7
10-6
2.6%10~7

TABLE II: Simulation Description

Simulation Type | Imposed Signal | Applied Time (¢) | Initial Value | Final Value
Roll Maneuver Step, 0.1rad 5s 0 0.1 rad
Pitch Maneuver Step, 0.1rad 5s 0 0.1 rad
Yaw Maneuver Step, 0.1rad 5s 0 0.1 rad
Altitude Change Ramp, 1 m/s 5s 10m 11m
causes the MHE to over-estimate pitch and roll angles due
095 to the unobservable body accelerations measured during a
04 maneuver.
__g»
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Fig. 3: Comparison of the estimate of the pitch angle, 6,
obtained using model A and model B with respect to the
reference angle.
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Fig. 4: Comparison of the estimate of the yaw angle, 1,
obtained using model A and model B, with respect to the
reference angle.

In this regard, the possibility to place distance sensors in
different points of the structure, as well as the possibility of
estimate accelerations in fast maneuvers thanks to the presence
of additional sensors, allows to solve these issues in pitch and
roll estimation.

VI. CONCLUSIONS

In this paper, the design and testing of an attitude and
altitude estimation algorithm based on MHE is presented. To
improve the navigation performance provided by a typical
suite of drone inertial sensors, such as accelerometers, gyro-
scopes and magnetometers, an optical flow camera and several
ToF distance sensors have been used. The effectiveness of the
proposed control algorithm has been tested through numerical
simulations on a nonlinear quadcopter simulator, performing
a sequence of attitude maneuvers around body axes, followed
by a variation in altitude. Numerical results have proven the
efficacy of the proposed estimation algorithm, comparing two
different sensors configurations and highlighting the limita-
tions of typical commercial sensor suites.
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