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Abstract— As a consequence of unknown initial states or un-
modeled disturbances, state observers suffer from a transient
phase, during which their estimate converges to the true system
state. We propose an approach to mitigating this effect in high
gain observers, via an algebraic reconstruction of the system
state calculated from the derivatives of the input and output.
Although this direct estimate is unreliable due to noise, we show
that it significantly reduces the transient observation error. We
prove that the proposed modified estimators can be tuned to
yield asymptotically stable error dynamics in a stochastic sense.
The results are illustrated in simulation.

I. INTRODUCTION

Using output error injection to stabilize observer error
dynamics is the de-facto standard approach to state estima-
tion [1]-[6]. Since the invention of the Luenberger observer
and Kalman filter, the methods have evolved substantially,
and led to the extension of the theory to nonlinear systems.
High gain observers, which have been applied in nonlinear
state estimation for well over 30 years, represent one of the
most prominent types of such estimators. Their success in a
number of applications (see [4], [7] and [8], for examples)
and the persistent interest in them in control theory research
(see [3] and [9] for an overview and references) led to
a number of improvements over the original ideas in [5],
[6]. For example, [10] suggests a dynamic-gain design. It
is a surrogate for the extension of high gain observers to a
wider variety of systems by loosening the Lipschitz require-
ment (see, for instance [11]-[13]). Most notably, modified
high gain observers seek to mitigate the so-called peaking
phenomenon [14]. In [15] and [16], augmented observers
are designed, which are shown to reduce the required gain.
Similarly, in [17], a lowering of the gain is achieved by
combining high gain design methods with an LMI approach.

Like all observers stabilized by output error feedback,
however, high gain designs exhibit a settling time, during
which the estimation error is usually prohibitively large. To
the best of the authors’ knowledge, actively fighting this tran-
sient error is a novel idea. For linear observers, combining
an algebraic reconstruction of the state with conventional
output error injection has already been investigated [18],
[19]. Interestingly, the method proposed in [18] lends itself
to an application to large classes of nonlinear systems as
well. This is because most triangular canonical forms (cf.
[6], [9]), for which high gain observers can be designed, are
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required to yield an injective relationship between the state
and successive time deriviatives of the output. Locally, this is
made precise by the notion of differential observability (see
[9]). We leverage this fact to directly calculate the system
state from the input, output, and their respective derivatives.
Such an idea has already been proposed in the form of
so-called Newton observers [20], [21]. Naturally, algebraic
reconstructions of the state, by themselves, are unsatisfactory
due to the inevitable error in the derivative estimates. In
tandem with a conventional observer, however, they can be
shown to strongly improve the transient behavior.

We propose simple extensions to two existing high gain
observers. The idea is to smoothly fade between a direct
reconstruction of the state and the estimate of a classical
observer, pairing the immediacy of the direct calculation with
the stability guarantees and precision of the state observer. As
soon as a rough estimate of the state brings the observation
error close enough to zero, the classical observer takes
over to complete the convergence. Stability of the error
dynamics is shown in the stochastic framework. Crucially,
a direct reconstruction of the state from the input and output
derivatives is possible under relatively mild assumptions
regarding observability of the considered canonical forms.
Hence, the ideas presented here are applicable to other
high gain observer structures. This holds, in particular, for
modified designs (see [15]-[17]) that reduce impulsive error
peaking. The simplicity of the proposed estimators facilitates
tuning.

II. PRELIMINARIES

Throughout, v; denotes the i™ element of a vector v
and M; ; denotes the entry in the i™ row and j® column
of a matrix M. For a vector x € R”, we define x; =
[1,... ,xi]T. The Euclidean norm of a vector v € R™ and
the spectral norm of a matrix M € R"*P are denoted by
|[v] and ||M]|, respectively.

A. A High Gain Observer for the Lower Triangular Form

Letx €¢ X CR"™ and u € U C R hold for the state and the
control variable, respectively. Consider systems x = f(x, u)
of the form

x.i:fi(xi+lau)7 i = 1a"'an_17

l"n = fn<X,U)7 (1)
Y= h(xlvu)'



We assume that the functions f; and h are continuously
differentiable w.r.t. the state sufficiently many times, and that

h i
0<ax |2t <, a<’ Ofi | <b, i=1,in—1,
0x4 Tit1
2)
holds for all x € & and all w € Y. All f; are assumed to be
Lipschitz with constant % According to [6],
x = f(%,u) + ©l(y ) 3)

is an observer for systems in the lower triangular form of (1),
where § = h(%,u), 1 € R" and ©® = diag(,60?,...,0").
The parameter § € RT is chosen large enough to guarantee
stability of the estimation error. Tuning of such an observer
is discussed in Lemma 2.1 and Theorem 2.2 of [6]. Central
to the functioning of the observers proposed in Section III is
the possibility of directly calculating the state from the output
and its successive derivatives via a map ® : R™ — R”, which
is parameterized by the input and its derivatives. Applying
the chain rule to the time derivatives of the output yields

Y= h(‘rlvu>7
v= 81'1 ! auu’
. 0%h O*h , . Oh [(0f af1 .\ 4
V= 52 T T 2 g0 1 Gy (ax ! au“)
0%h ., O Of
s 4 wu + 87‘%187‘%2']027 etc.

Note that the assumption of bounded derivatives in (2)
guarantees that (4) can be solved for z; iteratively, and that
the resulting relation is unambiguous. For the system (1), we
therefore obtain amap ® : (y,...,y " u, ..., u* V)
x. This is a stronger property than differential observability
(see [9]). Though always possible under the assumptions
above, the left-inversion of (4) can be cumbersome for
systems of higher order. Note, however, that large classes of
systems of practical interest allow for a simplification of the
computation of ®. For example, all expressions containing
u, u, ... vanish if the system has full relative degree. The
existence of a map @ is also guaranteed if y is a differentially
flat output.

B. A Dynamic High Gain Observer for the State-Affine Form

Again, let x €¢ X C R"” and v € U C R, and consider
systems x = g(x,u) + Ax of the form

j;i:gi(xiau)—i_xi-‘rlv i=1...,n—1,

En = gn(x,u), 4)

y=1x; =c'x,
as a special case of the lower triangular form (1). Note
that systems of this type encompass systems in nonlinear

controller canonical form given in [22]. To loosen the re-
quirement of Lipschitzness of the system dynamics, [10]

proposes the assumption that there is a C"~! function 7 :
R — R*, such that

lgi(x1, 22 4+ &2, .., 2 + &, u) — gi(2, @2, ..
<(y) (€] + - -+ [&])
holds for all 7, x € X and u € Y. As shown in [10],

—a1), 0=1(0.y), ()
is an observer for (5), where 1 € R"™ is chosen to stabilize
A —1c" and ©(0) is defined as in the previous section. The
dynamic gain scaling variable 6 is subject to

9=l(9,y)=—% (2(9—1)—2(71\/_51)7@))- (8)

Therein, @,b,§ € Rt are chosen such that they satisfy
QA-1c")+(A-1c")'Q=x-aQ, FA=Q=IL
~bQ 2 QA +AQ=1Q,
with A = diag(0,...,n — 1). As stated in [10], this is
always possible. Since A is in companion form, determining
the map ® : (y,...,y" D, u,...,u» V) — x is trivially
possible. One only needs to require that the functions g; be
continuously differentiable sufficiently many times (cf. (4)).

i axiau)|

(6)

% =g(Xu) + A%+ O(0)l(y

9)

and

C. Stochastic Systems

While determining a map ® is always possible for systems
(1) or (5), we cannot assume that the required derivatives
y,...,y("‘l) and 4,...,u™ 1 are known without error.
Hence why we respect an additive error around the true
value of the state x whenever a direct reconstruction x4
is calculated from estimates §(* and @9 of y® and u(®,
respectively. As in the linear case (see [18]), we assume that

x4 :cp(y,gj,...,g<"—

holds for the direct reconstruction of the state. Therein,
the entries of n = [ny,...,n,]  are modeled as random
walks with independent identically distributed increments of
zero mean and finite variance. This random walk approaches
a Brownian motion B as the time between increments
approaches zero by Skorokhod’s embedding thereom (see
[23]). Thus follows the form x¢ = x + WB for the direct
estimate, where W € R"™*" is a scaling matrix. Since all
subsequent error equations are in the form of stochastic
systems, we revise the required stability properties. Consider
the following system in differential form:

dx = f(x,t)dt + G(x,£)dB, G:R" xR — R"™P. (11)

1>,u,a,...,a<"—1>) —x+n (10)

It is disturbed by a p-dim. Brownian motion B, as defined in
[24]. The equation (11) is the standard form of a system with
random input (see [25], [26]). Details can be found in [27].
For the stability analysis of (11), the differential operator

n ) 1 T 0
L:Z;fi%+§zz(GG )U O0x;0x;

i=1 j=1

12)

is applied to a Lyapunov function candidate [26] to assess
the following stability property [28]:



Definition 1 The zero solution x(t) =0, t > 0 of Eq. (11),
is said to be stable with probability P(-) one if, for any
p € (0,1] and any € > 0, there is a (p, €) such that

P (sup x(t)] = ) <

>0
for any initial state |xo| < 8. If, in addition to that,

P (Jim x(t) = 0) =1

holds for any xg € R", the zero solution is called globally
asymptotically stable with probability one.

III. USING DIRECT STATE RECONSTRUCTION IN
OBSERVERS

The method we propose to reduce the transient error in
high gain observers consists of a continuous blending of the
nominal observer and the direct reconstruction x4 from (10).
For (1), we propose the following modification of (3):

% =f(%,u)+a®l(y — §) + (1 - )T (x* — %),
N X 13)

where a(y — ) = exp (—u(y—9)°)

with a feedback matrix I' € R™*"™ and a tuning parameter

i € RT. For brevity, and to keep the presentation clean, the

argument of « is suppressed throughout. We obtain

Theorem 1 Let 1 and 6 be chosen such that (3) is an
observer for (1) with asymptotically stable error dynamics.
Then, there is a matrix I' and a i that make (13) an observer
for (1) whose error dynamics are asymptotically stable in the
sense of Definition 1.

Proof: Given the error e = x — % and recalling x¢ =
x + WB, the error dynamics for the observer (13) can be
written as the stochastic differential equation (see (11))

de = [f(x,u) — f(X,u) — a®l(y — §) — (1 — «)Te] dt
— (1 - a)TWdB.
(14)

Recall the definition of x; in Section II. Using the mean
value theorem, the nonlinear term can be rewritten as

filx,u) — fi(%,u) = fi(xi, g1, u) — fi(Ri, Tigp1,u)
= fi(xi, Tig1,u) — fi(Xi, Big1,u) + fi(Xi, Tig1,u)
— [i(%i, Tig1,u)

3fi(Xz', 51‘716)

= fi(xq, Tig1, v) — fi(Ri, Zigr,u) + €i+1

8xi-s-l
2f o
:fi+1
for some §; and i = 1,...,n — 1. This is the key to Lemma
2.1 and Theorem 2.2 in [6]. Taking f, = fp(X,u)— fn(X,u)
and f; = %(xl,éo,u), we can define constant matrices
eT 2 {fl,o,...,o],
0 fo ... 0 ;
B f
A2 : , and F2 |:
0 0 In 2
0 0 0 F

Thereby, the error equation can be reformulated as
de = ([A— a®IT — (1 a)r] e+F) dt
+ (1 — a)TWdB.
Using € £ ©le to scale the error as in [6] we obtain
de = ([9 (A - alET) - a)®*1r®} e+ @*11?“) at
+(1-a)’©"'TWdB.

Observe that, by the assumption of stable tuning of the
nominal observer in [6], 1 is chosen to fulfill

(A—IET)TS+S(A—16T) <AL (15)

for some S > 0 and some A > (. Consider the Lyapunov
function V() = e Se. Applying (12) to V yields
LV (e) = 2a0e S (A - 1(:T) e+2 SO F
e-re .
0
+ (1 — a)? trace (S@fll“WWTl"T(-)*l) .

+2(1— a)oeTs<A —
(16)

A
=c

Since all f; are Lipschitz with constant L=, we get
n

10 1F) = \/(6-1f)2 + -+ (0= f,)2

< ﬂoljﬁw)z Tt (enjﬁnen)Q
(L) +os (Zpe) < fn(Lper)
() =+ (7 =

< Lle|

for 6 > 1. We therefore obtain
LV < (2S[IL — ab)) [e]?

+2(1 —a)fe'S <A - e+ (1 —a)ec

®1I‘G)>
By choosing T' = ©1 [g,...,O] —0—%1 witha <k <banda
positive tuning parameter ¢, we can conclude that
LV (e) < 2IS|L — abA — (1 a)0A — (1 - a)a(S)) ||e]
+(1—a)?c=—klel]* + (1 — a)’c
a7

for some k£ > 0, where g(S) is the smallest singular value
of S. This is because A — 1[,...,0] is Hurwitz for a <
Kk < b by assumption. According to Theorem 3 in [29], the
zero solution of (14) is asymptotically stable in the sense of
Definition 1, if there is a positive definite function V (&) with
V(0) = 0 such that LV (e) < —&(e) < 0 for some function
% : R* — RS with zero set 0 € R™. From the bounds
on z‘%hl it can be concluded that h is Lipschitz with some
constant L. Note that o decreases with increasing difference
€1 because of the monotonicity of h. Critical values of the
error occur for e = 7[1,0,... ,O]T, T € R, because errors



with entries ¢; # 0,4 = 2,...,n lower the quadratic term
without affecting o. We get the requirement that

(1 = alh(z1,u) = A1, u))’ e
=(1- exp(—uLilﬁel\Q))Q ¢
=(1- exp(*ML%LQTQ))Q ¢ < kr?.

o

< (1 —exp(—uL3|es?))?

This inequality is fulfilled, in particular, if
0 2 2\ 2
o (kr? = (L—exp (-pL30r?)”) # 0.
-

k
W £ 1 (1 — exp (—ML,QLHTQ)) exp ( L3 07> )

Hk\‘:

Thus, if 4 < 2k/(L30c), the quadratic term in (17) indeed
outweighs (1 — «)?c. We therefore know that £V (g) <
—kle||? for some & > 0. Thereby, Theorem 3 in [29] is
applicable. [ ]

For the state-affine form in (5), consider the modification

% =g(%,u) + A% + a®O)(y — i)
(1 a)T(O) ! %), 6= (0,9,

of (7) with « as defined in (13). Likewise, we obtain

(18)

Theorem 2 Let the gain 1, as well as the constants a, INJ, q
in (9), be chosen such that (7) is an observer for (5) with
asymptotically stable error dynamics. Then, there is a matrix
T'(0) and functions 1(6,y), u(0) that make (18) an observer
for (5) whose error dynamics are asymptotically stable in
the sense of Definition 1.

Proof: We transform the error e = x — X via g; =
;01" as in [10]. Applying the chain rule yields
et et
g — e —
gb—1 0
with A as defined in (9). The dependence of ® on 6 is

suppressed for brevity. Recall x4 = x+WB. As in the proof
of Theorem 1, this leads to the stochastic error dynamics

@*1‘(9)(—)) .

(A + bI) de,

de = [af (A -
-1

+ gb—1

~ (a+) g
Consider V(e) = e Qe. Applying (12), we obtain

0
T — O u))

CT)E—&-(l—a)H(A—

(8txu) — g(ar,. .

@—1
s} i +(1—a) o

I'())WdB.

LV (e) =2a0e"Q (A - CT) e—2'Q (A + EI) ge

_1F
+2(1 - a)le' Q (A - (99(9)@) €
@—1 -
T _ _ pgn—1+4+b
+2€ Qel;fl (g(X,U) g(xlw--axn 9 Envu)>

1-a)’t O royww T (0) 2
+ (1 — )" trace Qel;i1 ) ()9571 .

£¢(0)

Observe that the nonlinearity is bounded as

sTng (0w — g,y an — 07 e, u))‘
<Y Aot O )
< Z (), Ml )

< 7<y>§1 (€7Q), | (2l + -+ + Iad)

<2 -1 (7 ll) < e s

for 6 > 1 due to (6). With T'(0) = A + %1, ¢ > a, we get

LV (g) < <2(n\/§1)v(y) + le —aba — 252) e Qe
+2(1 —a)fe' Q (A - 6_11-‘9@)(9) e+ (1—a)?c(d)

< (2(7”‘\/—61)7@) + 5% — aba — 25% —(1- a)0¢>>

e'Qe + (1 — a)%c(h),
where we haye u§ed the ipequalities in (9) and, in particular,
—2¢ " QAef < be " Qelf]. We make a slight adjustment to
the dynamics of € proposed in (8), namely

j— _% (ad + (é —a)¢ 2(n\/—§ I)V(Q)) (19

It is shown in [10] that, if initialized larger than one, 6 stays
above one. Invoking Theorem 3 in [29] again, we therefore
only have to distinguish between positive and negative values
of 6 to show that LV < —&(e) < 0 for some & : R” — R
with zero set 0 € R™. For 0 > (0, we obtain

<_ 29; L 0+ (1—a)d)eTQe + (1 — a)2e(6)

< —(aa+(1-a)p)e' Qe+ (1—a)cd).
Likewise, for § < 0, we use ~(y) > 0 to arrive at

B (4(n -1
V4
+ (1 — a)?c(9) <

(6-1) -

LV ()

IN

cv(e) +(y) + (adi + (1 - a)¢>) cTQe

—(ad+ (1 —a)p)e"' Qe+ (1 — a)?c(8).
Hence why, for all € # 0 and all 0 we have
LV (e) < —k|le]|? + (1 — a)?c(h)

for some constant k > 0. As in the proof of Theorem 1,
we argue that the critical error vectors occur for € =
7[1,0,...,0]" and show that, if 12(6) is chosen accordingly,

Ellel|? > (1 — a)?¢(h). (20)
Plugging in € = 7[1,0,..., 0]T results in

(1 —exp <,u(0)02572))2 c(0) < k72



By the same reasoning as in the proof above, we obtain
- . 2
[“)2 (k72 - (1 — exp (u(9)02b72>) c(H)) #0
-

& £ u(0) (1 - exp ((0)0%7?))

-exp (u(9)92572) < @

The desired inequality (20) is fulfilled by choosing
u(6) = 24 (6%c(6))

which again shows the applicability of Theorem 3 in [29].
|

with [ <k,

Remark 1 The bounds on p and u(0) found in the proofs
of Theorems 1 and 2 directly depend on the values of c and
c(0), respectively. Recalling the definitions of ¢ and c(0), it
is obvious that the bound lowers with increasing gain in the
feedback of x9. This highlights the trade-off between speed of
convergence due to the direct reconstruction and suppression
of noise by to the nominal high gain observer.

IV. SIMULATION AND COMPARISON

To illustrate the transient error reduction, we compare the
proposed observers to the original high gain designs in the
simulation of a bioreactor model. It can be found in a number
of publications (e.g., [5], [12]). With the microorganism
concentrations 77 and 72, the system equations are

) 3mne ) 31112
- _umy, = — + (0.1 = no)u,
n m +n2 T m +n2 ( 12)
Yy="m-
2D

As pointed out in [5], a forward invariant set is given by

X (M2, Umax) = {N:m > €1,m2 > €2,0.1 > + 12},
(3 - umax)€2 362

d Umin = ~1
e tmin = 6 T,
while a diffeomorphism of X’ onto its image is given by
m m a [T
T : — = .
0[] [atia] = [2)

We use this map to transform the system into

with € =
umax

j71 =T —UT1 = fl(xlaz%u)a

0.1 2 0.2
j:gz( u—i—)x%—(?)—i—u—i—u)xg—&—o.?)u
x

358% X1 1

= f2(.’171,$27u),
(22)

i.e. the triangular form (1). For (22) in the transformed

coordinates, the high gain observer
T1 = fi(d1,%2,u) + L10(x) — &), o3
Zo = foZ1, 22, u) + L292(x1 — 1),

can be designed as described in [6]. The observer gains can
be chosen as L; = 1 and Ly = 0.5, while a scaling with
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Fig. 1. Simulation of the high gain observer in (3) (orange) versus

the observer (13) using the direct reconstruction (blue). The dashed line
shows the true state, while the direct reconstruction is given in pink. The
measurement is plotted in grey.

0 =1 is sufficient to achieve stability. For the observer (13)
in x-coordinates, we choose the same gains L;, Lo, and the
matrix T' = L&' 4 20001 for the feedback of the direct
state reconstruction. This choice quickly forces the observer
estimate towards the direct estimate during the transient
phase. The tuning parameter is set to 4 = 50 for a fast
transition to the nominal high gain behavior. To caluculate
the direct state reconstruction, the output y = x; and its first
derivative y = x5 — ux are solved for the state. This results
in z1 =y and xo = y+uy. A sliding mode differentiator (see
[30]) is used to obtain estimates § and § of y and ¢ from a
noisy output measurement y™°** = x; +n. The differentiator

20 =—1.5G? (|20 — ymeas\)% sign (20 — ™) + 21 = vy
21 = —1.1Gsign (z1 — vg) ,
uses the tuning parameter G = 1 and is initialized with

20(0) = 0.05, 2, (0) = 0. Setting § = 2o and jj = z; yields

Z
x4 = 0 .
21+ uzog

We simulate the step response of the reactor model for u =
0.08. As the initial values, we take 7;(0) = £,(0) = 0.05,
72(0) = 0.05 and #2(0) = 0.01 for both observers alike.
Since both observers operate in x-coordinates, we apply

I
T1d2

3T1—T2

i=T - |

to calculate estimates in the original coordinates. Additive
measurement noise with an SNR of 30dB at 1kHz is
assumed. The results of the simulation are shown in Fig. 1.
Note that the nominal observer 7)"°™ follows the true state
progression only after a noticeable settling time during which
the observation error is large. Note that, despite the large
error in the direct reconstruction (pink curve), the proposed
observer with state 7) exhibits a much smaller transient error.
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Fig. 2. Simulation of the high gain observer in (7) (orange) versus

the observer (18) using the direct reconstruction (blue). The dashed line
shows the true state, while the direct reconstruction is given in pink. The
measurement is plotted in grey.

As stated in Section II, the state-affine form (5) is a special
case of the lower triangular form (1). From the state taking
values in X we can conclude that the nonlinear functions
fi in (22) can be bounded as in (6), say by v(y) = 4y.
Hence why (21) also allows for the design of the dynamic
gain observer in (7). For the observer gain 1 = [2, 1]T,
the constants a = 1.17,b = 2.3,¢ = 0.15 fulfill the
inequalities (9). The gain for the feedback of x? is set
to I' = A + 200001 This time, however, we choose the
dynamically adjusted () = 500/6%. Mind that, for the
modified observer, 6 obeys (19). The setup is otherwise
identical to that of the first simulation. Figure 2 shows the
results. Indeed, the error of the nominal observer #7"°™ is
reduced due to the dynamics of the gain scaling variable
6. The proposed observer 7), however, further reduces the
transient error compared to both the nominal observers and
the design in (13). Moreover, it performs even better in
terms of steady-state noise suppression due to the dynamic
lowering of the scaling variable 6.

V. SUMMARY

It was shown that the use of a direct state reconstruction
calculated from the input and output of a system can be
used to reduce the transient error of high gain observers.
Two well-known observers were modified so as to leverage
a direct reconstruction of the system state calculated from
the derivatives of the input and output. Proofs of stability
of the proposed observer structures were provided alongside
simulations demonstrating the benefits of the modifications.
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