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Abstract— Estimating the probability of failure is a critical
step in developing safety-critical autonomous systems. Direct
estimation methods such as Monte Carlo sampling are often
impractical due to the rarity of failures in these systems.
Existing importance sampling approaches do not scale to
sequential decision-making systems with large state spaces and
long horizons. We propose an adaptive importance sampling
algorithm to address these limitations. Our method minimizes the
forward Kullback–Leibler divergence between a state-dependent
proposal distribution and a relaxed form of the optimal
importance sampling distribution. Our method uses Markov
score ascent methods to estimate this objective. We evaluate our
approach on four sequential systems and show that it provides
more accurate failure probability estimates than baseline Monte
Carlo and adaptive importance sampling techniques. Our
implementation is available at https://github.com/sisl/SPAIS.jl.

I. INTRODUCTION

Autonomous systems are increasingly being considered for
safety-critical domains such as aviation [1], [2], autonomous
driving [3], and home robotics [4]. These autonomous
systems operate sequentially by taking actions after receiving
observations of the environment. For example, an autonomous
vehicle must continuously process sensor data, predict the
movements of other vehicles, and make decisions about
steering and braking. The safety of these systems must be
rigorously validated in simulation before deployment. One
way to quantify system safety is to estimate the probability of
a system failure such as a collision of an autonomous vehicle
with other agents. Estimating the probability of failure for
autonomous systems may highlight weaknesses and uncover
potentially dangerous scenarios.

There are three key challenges associated with estimating
the probability of failure in sequential autonomous systems.
First, failures tend to be rare when the system is designed
to be safe. Estimating the probability of failure using
simple methods like Monte Carlo sampling may require
an enormous number of expensive simulations. Second, the
search space over failure events is very high-dimensional
because autonomous systems operate over large state spaces
and long time horizons. Third, autonomous systems can
exhibit multimodal failures, requiring validation techniques
that can adequately capture diverse behaviors.
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Many previous approaches have attempted to address these
challenges through importance sampling techniques. Impor-
tance sampling techniques aim to sample from alternative
distributions that assign higher likelihood to failure events [5].
These methods often struggle to scale to high-dimensional,
long-horizon problems because they rely on simple parametric
proposals that are difficult to design. Extensions of importance
sampling to sequential problems using dynamic programming
and reinforcement learning show promise but remain limited
to small discrete state spaces and short time horizons [6], [7].

In this work, we aim to enable efficient failure probability
estimation for black-box sequential systems through impor-
tance sampling. Inspired by previous work, we decompose the
high-dimensional sampling problem over system trajectories
using a sequential state-dependent proposal distribution. We
optimize the proposal by minimizing the forward Kull-
back–Leibler (KL) divergence between the sequential pro-
posal and an approximate distribution over failure trajectories.
We estimate gradients of the objective using a Markov score
ascent method [8], [9], which approximates samples from the
target distribution using MCMC. In addition to optimizing
the proposal, the algorithm uses these samples to compute
an importance sampling estimate of the probability of failure.
The impact of our approach is illustrated in Fig. 1. In summary,
our contributions are as follows:

• We propose a sequential state-based importance sampling
proposal for failure probability estimation.

• We optimize the proposal by minimizing the forward KL
divergence to a tractable approximation of the optimal
importance sampling distribution.

• We demonstrate that the proposed approach achieves
more accurate estimates of the probability of failure
compared to baselines on four sample problems.

II. RELATED WORK

White-box vs. black-box: Formal verification methods like
model-checking take a white-box approach. These methods
use internal information about the system under test to prove
safety properties [10], [11]. White-box methods do not scale to
large systems because they consider every possible simulation
of the system under test. In this work, we take a black-
box approach. Black-box methods generally scale to large,
complex systems because they do not require access to an
internal model, but only pass inputs to the system and observe
outputs. See the survey by Corso et al. [12] for more on
black-box methods.

Falsification: A common approach to black-box safety
validation of sequential systems is falsification, which aims
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Fig. 1: Comparison of the proposed approach and Monte Carlo (MC) sampling for estimating failure probabilities in an inverted pendulum
with a rule-based controller under torque disturbances. Failures occur when the magnitude of the pendulum’s angle from the vertical
exceeds a threshold. The left figure shows the estimated failure probability using our method during training compared to MC. Our method
is more accurate with fewer samples than MC. The middle two figures compare 200 pendulum angle trajectories over time using samples
from MC and from ours after training. Our method discovers failure trajectories (red) across modes, while all MC samples are safe (blue).
The two right figures show torque disturbances applied at each state in the sampled trajectories. Our method learns to add positive torque
disturbances for positive angles (left from vertical) and vice versa, enabling efficient sampling for failure probability estimation.

to find individual failure trajectories. Falsification approaches
use optimization [13], trajectory planning [14], and rein-
forcement learning [15] to find specific inputs that lead to
failure. Adaptive Stress Testing further incorporates trajectory
likelihood to search for the most-likely failure event [16].
The drawback of falsification methods is that they tend to
converge on a single failure, such as the most-likely or most
severe, and do not explore the space of potential failures.

Failure probability estimation: Failure probability esti-
mation provides a more comprehensive assessment of system
safety by characterizing the distribution over failures. Three
common techniques for failure probability estimation are
Sequential Monte Carlo (SMC) [17], multilevel splitting [18],
and importance sampling [19].

MCMC-based methods: SMC and splitting methods
typically rely on Markov chain Monte Carlo (MCMC)
methods to directly sample many failure trajectories which are
then used to estimate the failure probability. These approaches
may require domain knowledge to perform well [20], [21],
or the system under test to be differentiable to scale to larger
problems [22]. In contrast, our method uses MCMC only to
help optimize our proposal distribution through Markov score
ascent, rather than for generating samples for estimation. This
key distinction allows our approach to avoid the scalability
limitations of direct MCMC sampling.

Importance sampling methods: Adaptive Importance
Sampling (AIS) methods iteratively improve a proposal
distribution, often by minimizing the KL divergence be-
tween the proposal and the true failure distribution [23],
[24]. Existing AIS methods face challenges with long time
horizons, because they typically model only a small set of
input parameters using simple exponential family propos-

als [25], making them intractable for sequential problems.
Our approach addresses these challenges by decomposing
the high-dimensional sampling problem using a sequential
state-dependent proposal distribution. Importance sampling
algorithms have been extended to sequential problems by
incorporating dynamic programming, but this approach is
limited to small discrete state spaces [6]. Recent work also
builds on policy gradient methods for AIS, but face challenges
in scaling due to high variance gradient estimates. [7]. In this
work, we propose an AIS algorithm for sequential problems
with continuous state spaces and long horizons that overcomes
these limitations by optimizing a flexible state-dependent
proposal distribution using Markov score ascent to estimate
lower-variance objective gradients.

III. BACKGROUND

In this section, we provide necessary background on
safety validation for sequential autonomous systems, failure
probability estimation, and importance sampling.

A. Safety Validation for Sequential Systems

Consider a system under test that takes actions a in an
environment after receiving observations o of its state s.
We assume states may transition stochastically according
to a transition model p(s′ | s, a) and state observations
may depend on imperfect sensors modeled as p(o | s). The
system under test may also act stochastically depending on
the observation with policy π(a | o).

In safety validation, we search for failure events by
controlling sources of randomness in the state transitions,
observations, and system under test. We use disturbances,
denoted by x, to control sources of randomness. We assume



disturbances are continuous values in the space X ⊆ RDx

where Dx ∈ N is the dimension of the disturbance space.
Given a state st and disturbance xt at time t, we can simulate
the next timestep t + 1 according to ot ∼ p(· | st, xt),
at ∼ π(· | ot, xt), and st+1 ∼ p(· | st, at, xt). Different
components of the disturbance xt may be applied to the
observation, system under test, and transition. Given a set of
disturbances up to horizon T , we can simulate the system
under test with disturbances to compute a system trajectory
τ = (s1, a1, o1, x1, . . . , sT , aT , oT , xT ).

We assume that disturbances are sampled according to a
distribution that may depend on the current system state d(x |
s). The disturbance distribution reflects how likely different
disturbances are to occur in the real operating environment
and is typically designed using real-world data or expert
knowledge. This formulation could also consider disturbances
that depend on observations and actions, but we focus only
on state-dependent disturbances for simplicity. Using the
disturbance distribution, we can define a distribution over
system trajectories

p(τ) = p(s1)

T∏
t=1

p(st+1, ot, at | st, xt)d(xt | st) (1)

where p(s1) is the initial state distribution and

p(st+1, ot, at | st, xt) = p(st+1 | st, at, xt)
p(ot | st, xt)π(at | ot, xt)

We denote this the nominal trajectory distribution since it
represents the anticipated trajectory distribution in operation.

We evaluate the safety of system trajectories using an
evaluation function f(τ) ∈ R. When f(τ) exceeds a failure
threshold γ, we say that the trajectory is a failure event, with
higher values indicating greater proximity to failure. We can
express the distribution over all failure trajectories as the
conditional distribution

p(τ | f(τ) ≥ γ) =
p(τ)1{f(τ) ≥ γ}∫
p(τ ′)1{f(τ ′) ≥ γ}dτ ′

(2)

where 1{·} is the indicator function and the denominator
integrates over all trajectories. The denominator is the total
probability of failure, which we denote as µ. Due to the
high dimensionality of trajectories and the complexity of
autonomous systems, exact computation of this quantity is
intractable. Instead, we rely on black-box evaluations of the
system to estimate this probability.

B. Failure Probability Estimation

Failure probability estimation is the problem of estimating
the denominator of Eq. (2), or the expected value:

µ = Ep(τ) [1{f(τ) ≥ γ}] (3)

A simple approach to estimate µ is using Monte Carlo (MC)
sampling, which uses N independent samples from p(τ) to
compute the empirical estimate

µ̂MC =
1

N

N∑
i=1

1{f(τi) ≥ γ} (4)

For very rare failures (e.g. µ ≈ 10−9), standard Monte Carlo
may require billions of samples, making direct estimation
infeasible for complex systems.

C. Importance Sampling

Importance sampling can reduce the variance of failure
probability estimates by focusing samples on regions of
interest. IS draws samples from a proposal distribution q(τ),
and computes an estimate

µ̂IS =
1

N

N∑
i=1

w(τi)1{f(τi) ≥ γ} (5)

where the samples are weighted according to their impor-
tance weight w(τ) = p(τ)/q(τ). The minimum variance
importance sampling distribution is the failure distribution
itself, meaning that samples are only drawn from the failure
region with likelihood proportional to p(τ). The estimator is
unbiased if q(τ) > 0 whenever 1{f(τi) ≥ γ}p(τ) > 0.

The key challenge of importance sampling is designing
a good proposal distribution. The variance of the estimator
increases roughly exponentially with the problem dimension,
but it can be reduced by a well-designed proposal distribution.
However, modeling DxT -dimensional trajectory distributions
using previous IS approaches can be extremely difficult.

IV. METHODS

Next, we introduce our method for failure probability
estimation in sequential systems. We propose a sequential
state-based IS proposal, discuss proposal optimization, and
detail our algorithm.

A. Sequential Proposal Distribution

To address the challenges of fitting a complex, high-
dimensional proposal distribution, we decompose the problem
using a proposal applied at each timestep. Since the system
behavior and disturbance distribution may depend on the
system state, we condition the distribution on the current state.
These proposals take the form qθ(x | s) with parameters θ.
We can draw samples from qθ(τ) by sampling an initial state
s1 ∼ p(s1) and simulating each timestep xt ∼ qθ(· | st),
ot ∼ p(· | st, xt), at ∼ π(· | ot, xt), and st+1 ∼ p(· |
st, at, xt). System trajectories sampled using the proposal
qθ(x | s) have the density:

qθ(τ) = p(s1)

T∏
t=1

p(st+1, ot, at | st, xt)qθ(xt | st) (6)

In computing the importance weight as the ratio of Eq. (1) to
Eq. (6), all terms cancel except the disturbance distribution
and the proposal. The importance weight reduces to:

w(τ) =

T∏
t=1

d(xt | st)
qθ(xt | st)

(7)

This formulation reduces the problem of learning a proposal
over full disturbance trajectories to learning a proposal over
a single timestep given the current state. However, obtaining
a reliable IS estimate of the failure probability still requires
careful design of this proposal.
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Fig. 2: Illustration of p̃(τ). The approximate failure distribution
(red) approaches the true failure distribution as β decreases.

B. Proposal Optimization

The optimal importance sampling distribution is known to
be proportional to the true distribution over failure trajectories.
Therefore, we propose to learn the proposal parameters by
minimizing the forward KL divergence between the proposal
and the failure distribution:

θ∗ = argmin
θ

DKL (p (τ | f(τ) ≥ γ) || qθ (τ)) (8)

Minimizing the forward KL divergence is desirable for
importance sampling because its mass covering properties
help ensure the IS estimator remains unbiased [19]. This
objective is equivalent up to a constant of proportionality to
minimizing the cross-entropy:

min
θ

L(θ) = min
θ

Ep(τ |f(τ)≥γ) [− log qθ(τ)] (9)

However, this formulation creates a chicken-and-egg problem,
since our goal is to approximate p(τ | f(τ) ≥ γ) with
qθ(τ), but the cross-entropy involves an expectation over
p(τ | f(τ) ≥ γ). A common approach optimizes an IS
estimate of the expectation. Unfortunately, the variance of the
IS estimate increases rapidly with problem dimension, making
optimization very difficult especially when the proposal is
far from the target.

Building on previous work in variational Bayesian infer-
ence, we optimize the objective in Eq. (9) using Markov
score ascent methods [8], [9]. Markov score ascent methods
can achieve much lower variance estimates of the objective.
The key idea of Markov score ascent methods is to estimate
the cross-entropy using samples from an MCMC kernel that
is ergodic with respect to the target distribution. The kernel
is chosen to directly use the approximation of the target
distribution qθ(τ). With repeated application of the kernel,
the samples will be approximately distributed according to
the target. Given N trajectories approximately distributed
according to the target, we may compute a Monte Carlo
estimate of the objective:

L(θ) ≈ 1

N

N∑
n=1

− log qθ(τn) (10)

Expanding the objective and removing terms that do not

depend on θ, the loss can be computed as

L(θ) ≈ 1

N

N∑
n=1

T∑
t=1

− log qθ(xt,n | st,n) (11)

where subscript t, n denotes timestep t in trajectory n.
This estimated cross-entropy objective is optimized using
stochastic gradient descent.

In this work, we construct an MCMC kernel by performing
a single step of Independent Metropolis-Hastings (IMH) [26].
Given an initial trajectory τ , we can generate a new sample
from IMH by first sampling a proposal trajectory τ ′ ∼ qθ(·).
IMH either accepts the new trajectory τ ′ according to the
Metropolis-Hastings acceptance probability a:

a(τ, τ ′) = min

(
1,
p(τ ′ | f(τ ′) ≥ γ)qθ(τ)

p(τ | f(τ) ≥ γ)qθ(τ ′)

)
(12)

Otherwise, IMH rejects the proposal and τ remains the same.
One challenge in applying IMH to sample from the true

failure distribution is that the failure distribution applies zero
density to safe trajectories. Since failures are rare, many
sampled trajectories may be safe. In turn, the acceptance
probabilities will be zero, making it difficult for the MCMC
step to move trajectories closer to the failure distribution.

C. Approximating the Failure Distribution

To address the issue of low acceptance rates, we use a
smooth approximation of the discontinuous failure distribu-
tion. Specifically, we approximate the indicator in the target
by Pβ(f(τ) − γ) where Pβ is the cumulative distribution
function of a logistic distribution with zero mean and scale β.
This approximation replaces the discontinuous indicator with
a smooth sigmoid curve from zero to one. The approximate
failure distribution p̃(τ) has unnormalized density

p̃(τ) ∝ p(τ)Pβ(f(τ)− γ) (13)

which relaxes the failure distribution, enabling stable sampling
during optimization. This approximation is visualized in Fig. 2
for a few values of β.

Using the approximate posterior, our objective becomes:

L(θ) = Ep̃(τ) [− log qθ(τ)] (14)

We can now apply IMH to generate samples for Markov
score ascent by computing the acceptance probability as
min(1, w̃(τ ′)/w̃(τ)) where w̃(τ) = p̃(τ)/qθ(τ). Note that
we can still compute the acceptance probability using w̃(τ)
without knowing the normalizing constant of the approximate
failure distribution, because the constants in the numerator
and denominator in the ratio of Eq. (12) cancel.

D. Algorithm Details

The complete algorithm, which we call State-dependent
Proposal Adaptive Importance Sampling (SPAIS), is shown in
Algorithm 1. The algorithm maintains a set of N trajectories
that will be updated using the IMH kernel and a buffer
to store evaluations f(τ) and the corresponding IS weight
of samples from qθ(τ). At each iteration, the algorithm
samples N new proposal trajectories τ ′. These samples are
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Fig. 3: The environments used in failure probability estimation experiments.

Algorithm 1 State-dependent Proposal Adaptive Importance
Sampling (SPAIS)

Require: nominal distribution p(τ), evaluation function f(τ), proposal
qθ1 (x | s), failure threshold γ, no. particles N , no. iterations Niter

1: function SPAIS(p(τ), f(τ), qθ1 (x | s), γ,N,Niter)
2: τn ∼ qθ1 (τ) for n ∈ 1 : N ▷ Sample initial trajectories
3: D ← {f(τn), p(τn)/qθ1 (τn)}Nn=1 ▷ Initialize IS buffer
4: w̃n ← p(τn)Pβ(f(τn)− γ)/qθ1 (τn) for n ∈ 1 : N
5: for k ∈ 1 : Niter do
6: τ ′n ∼ qθk (τ) for n ∈ 1 : N ▷ Sample trajectories
7: D ← D ∪ {f(τ ′n), p(τ ′n)/qθk (τ ′n)}Nn=1 ▷ Update IS buffer
8: w̃′

n ← p(τ ′n)Pβ(f(τ
′
n)− γ)/qθk (τ ′n) for n ∈ 1 : N

9: w̃n ← p(τn)Pβ(f(τn)− γ)/qθk (τn) for n ∈ 1 : N
10: τn ← MHACCEPT(w̃′

n, w̃n) for n ∈ 1 : N
11: L(θ)←∑N

n=1

∑T
t=1− log qθ(xt,n | st,n) ▷ Eq. (11)

12: θk+1 ← SGD(L, θk) ▷ Stochastic gradient descent on L
13: return µ̂← IMPORTANCESAMPLINGESTIMATE(D, γ) ▷ Eq. (5)

first added to the IS buffer. Next, they are used to update the
trajectory set. Each proposed trajectory is accepted or rejected
according to the MH acceptance probability. At each iteration,
our algorithm performs N simulations of the system under
test, and requires 2N evaluations of the proposal. However,
the cost of evaluating the proposal is typically insignificant
compared to that of simulation. At the end of each iteration,
we update the proposal by fitting the proposal to the updated
set of trajectories using stochastic gradient descent. After
a fixed number of iterations, the algorithm returns an IS
estimate of the failure probability using Eq. (5).

We parameterize qθ(x | s) as a multivariate Gaussian

qθ(x | s) = N (x | µθ(s),Σθ(s))

where µθ(·) and Σθ(·) are both neural networks with two
hidden layers of size 64 and 32 respectively. We find using
any small value of β in the range [10−4, 10−2] gives good
performance. We use β = 10−2 for all evaluations. For each
problem, we normalize the state space features and pretrain
qθ(x | s) to match d(x | s).

V. EXPERIMENTS

In this section, we describe our experiments to evaluate
the proposed approach. We describe baseline estimation
methods, evaluation metrics, and introduce four example
safety validation problems.

A. Evaluation Metrics and Baselines

We evaluate the bias and variance of the estimated
probability of failure using the relative error ϵrel and absolute

Problem µ Ds Dx T

Pendulum 1.96 × 10−5 2 1 20
Crosswalk 5.90 × 10−5 8 5 100
Collision Avoidance 2.23 × 10−5 12 1 40
F-16 GCAS 6.59 × 10−5 13 6 200

TABLE I: Failure probability µ, state size Ds, disturbance size Dx,
and horizon T for each problem.

relative error ϵabs, respectively:

ϵrel = (µ̂− µ)/µ, ϵabs = |µ̂− µ|/µ

We obtain an estimate of the ground truth failure probability
µ using 107 Monte Carlo samples. We give each method a
budget of 50000 simulations. Metrics are averaged over 10
trials to arrive at estimates of the empirical bias and variance.

We compare the method against three baseline methods.
The simplest baseline is Monte Carlo estimation. We also
compare against a variant of the cross-entropy method (CEM)
that optimizes a state-independent proposal distribution ap-
plied at each timestep. Finally, we evaluate against PG-AIS,
which learns a reinforcement learning policy for IS [7].

B. Validation Problems

We demonstrate SPAIS on four systems illustrated in Fig. 3.
Each problem’s properties are reported in Table I.

Inverted pendulum: We evaluate an underactuated in-
verted pendulum system with a nonlinear rule-based control
policy. The system is subjected to additive torque distur-
bances over 20 timesteps. We define failure to occur when
the magnitude of the pendulum’s angle from the vertical
exceeds π/4 rad. This problem has two distinct failure modes
corresponding to leftward and rightward falls.

Crosswalk: In the second experiment we evaluate an
autonomous vehicle (AV) approaching a pedestrian at a
crosswalk inspired by Koren et al. [27]. The AV uses
the Intelligent Driver Model [28] for longitudinal control,
maintaining safe distances from obstacles. We adversarially
control the pedestrian’s 2D acceleration, perceived position
and speed as detected by the AV. Failures occur when the
AV collides with the pedestrian.

Aircraft collision avoidance: The third experiment eval-
uates an aircraft collision avoidance system based on the
AVOIDDS dataset and simulator [29]. The system detects
nearby intruding aircraft and recommends pilot maneuvers
(e.g. climb or descend) to avoid midair collisions with



TABLE II: Relative and absolute error for each method across all four validation problems.

Pendulum Crosswalk Collision Avoidance F-16 GCAS
Method ϵrel ϵabs ϵrel ϵabs ϵrel ϵabs ϵrel ϵabs

MC −0.39 ± 0.99 0.81 ± 0.65 0.15 ± 0.36 0.28 ± 0.27 0.30 ± 0.55 0.54 ± 0.26 0.39 ± 0.88 0.74 ± 0.70
CEM −0.54 ± 0.05 0.53 ± 0.05 −0.22 ± 0.11 0.22 ± 0.11 −0.18 ± 0.50 0.26 ± 0.43 0.63 ± 1.75 1.13 ± 1.09
PG-AIS −0.41 ± 0.28 0.47 ± 0.16 −0.26 ± 0.55 0.41 ± 0.44 −0.91 ± 0.10 0.91 ± 0.10 −0.91 ± 0.45 0.94 ± 0.58
SPAIS −0.04 ± 0.06 0.06 ± 0.03 −0.02 ± 0.13 0.09 ± 0.09 −0.05 ± 0.27 0.18 ± 0.21 0.06 ± 0.10 0.09 ± 0.07
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Fig. 4: Visited states and applied disturbances by CEM (above) and SPAIS (below) after training.

the ownship. We evaluate the collision avoidance policy in
scenarios with perfect perception of a single intruding aircraft.
The intruder’s initial state is randomly sampled according to
the AVOIDDS encounter model. We adversarially control the
intruder’s vertical rate to cause midair collisions.

F-16 ground collision avoidance: Finally, we consider
a model of the ground collision avoidance system (GCAS)
for the F-16 aircraft adapted from Heidlauf et al. [30]. The
GCAS detects impending ground collisions and executes a
series of maneuvers to prevent collision. We add disturbances
to observations of orientation and angular velocity over 200
timesteps. The aircraft starts at an altitude of 578 ft, pitched
down 27 deg, and is rolled 22 deg. The controller first rolls
the wings level and then pitches up to avoid collision.

VI. RESULTS

The relative and absolute error for each method across
all problems are reported in Table II. The proposed SPAIS
algorithm achieves lower relative and absolute error on all
four validation problems. The MC estimator generally has
low bias, but high variance. The PG-AIS baseline method
tends to have large variance, indicating that it struggles to
represent the failure distribution. CEM exhibits a bias, which
may be due to mode collapse where the proposal does not
cover all failure modes or due to the proposal being spread
very wide leading to large importance weights.

We visualize sampled system trajectories from the CEM
and SPAIS proposals for each problem in Fig. 4. Each plot
shows system trajectories in state space with points colored
according to a mean disturbance sampled from the proposal.

Inverted pendulum: In Fig. 4(a), we plot the pendulum an-
gle ψ against angular rate ψ̇, and color the points according to
the torque disturbance. SPAIS generally adds positive torque
disturbances for positive angles, and vice versa. In contrast,
the CEM proposal only samples negative disturbances and
thus only samples from one of the two failure modes.

Crosswalk: CEM and SPAIS proposals for the crosswalk
problem are shown in Fig. 4(b). This figure shows the 2D
position of the pedestrian with points colored according to the
controlled pedestrian x-axis acceleration. Both proposals steer
the pedestrian into the street and towards the oncoming AV.
The SPAIS proposal is more structured around an important
failure mode. The trajectories are more consistent, and use
some deceleration to keep the pedestrian in front of the AV
for longer. In contrast, the CEM proposal is more spread out,
potentially contributing to its larger bias.

Collision avoidance: Figure 4(c) shows the proposals for
the aircraft collision avoidance problem, plotting normalized
vertical separation ∆z against horizontal distance ∆x of
the ownship and intruder. The CEM proposal exhibits mode
collapse, favoring intruder trajectories below the ownship. The
SPAIS proposal symmetrically samples trajectories above and
below the ownship, contributing to reduced estimation bias.

F-16 GCAS: Figure 4(d) shows F-16 GCAS trajectories
of altitude h against roll angle ϕ with points colored by
the observed roll angle disturbance. SPAIS increases the
error in the observed roll angle just before the controller
begins to pull up, causing a delay in the maneuver and
more ground collisions. The mean CEM disturbance is small,
suggesting that the proposal must be wide to capture the
failure trajectories discovered by SPAIS.

VII. CONCLUSION

Accurately estimating failure probabilities is a critical step
in developing autonomous systems in safety-critical domains.
We propose a method for failure probability estimation that
takes advantage of the sequential nature of autonomous
systems to construct flexible IS proposals that are optimized
using Markov score ascent. Using a relatively small number
of samples, our results show that SPAIS achieves under 10%
empirical bias with at least two times lower empirical variance
than baselines. Future work will investigate using more
flexible state-based proposals to further improve estimation.
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