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Abstract—In the paper we study continuous time controlled
Markov processes using discrete time controlled Markov pro-
cesses. We consider long run functionals: average reward per
unit time or long run risk sensitive functional. We also investigate
stability of continuous time functionals with respect to pointwise
convergence of Markov controls.

I. INTRODUCTION

Assume that state space F is Polish with Borel o-field &,
although in particular examples we shall consider £ = R? or
a bounded convex subset of R%. We have also a compact set
of control parameters U and a family ¢/ of Borel measurable
mappings v : E +— U called later Markov controls. On a
probability space (2, F, (F}), P), for each u € U we are
given a continuous time controlled Markov process (X}*) with
transition operator P (z, dy) for z € E and control u(X}*) at
generic time ¢. We consider a natural pointwise convergence
topology on U, which means that u,, € U converges to u € U
whenever u, (z) — u(x) as n — oo for each z € E. Then we
consider discrete time approximations (Xt(h)’“) of (X}*) which
is a discrete Markov process XT(L};L " at generic moments nh
such that X" = X[(gi:, where [£] is the integer part of £
and XTS};L)’H has transition operator P(h)”(xv(ﬁl)‘u)(Xy;L)’u, ).
This means that while process (X}*) is controlled at each
time ¢ using w(X;"), its discrete time approximation XfL';L)’”
is controlled at moments nh using u(XT(L};L)u) To be more
precise consider our main example.

Example 1. Assume for v € U we have the following
equation in R?

t t
X =1 +/ (XY, u(XY))ds +/ o(XHdWy, (1)
0 0

where (W) is a Brownian motion, |b(x,a)—b(y, a)|+||o(x)—
o(y)| < Kgle —yl| fora € U, |2],]y| < R, |b(z,a)]* +
lo(@)[]> < K1+ [z*) and 7o (x)o" ()€ > 2 |¢]* for
¢ € R, |z| < R and any R > 0. By Theorem 2.2.12 of
[1] for each w € U there is a unique strong solution to the
equation (1). Our discrete approximation with discretization
step h is defined as

(h) (h) (DR )
X(n+’1)h = th T /} b(Xg L)7u7 U(th ' ))dS +
nn
(n+1)h
/ o (XM yaw, )
nh
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forn = 1,2... and X(()h)’u = x. Since we have a unique
strong solution on each time interval [nh, (n + 1)h] we have
well defined process (Xt(h)’u). In what follows we shall
consider a general case introducing a number of assumptions
which are mainly satisfied by the model considered in this
example.

In the paper we want to maximize the following functionals:
average reward per unit time

1 t
Jz(u) = liminf = E¥ {/ c(X&u(Xé‘))ds} , 3
t—oo t 0
for a bounded measurable function ¢ : ExU — R, continuous
with respect to the second (control) parameter,
and its discrete time approximation

n—1
1 .
JI(u) = lim inf — E* {§ :hc(Xff)’“,u(Xf;Z)’“))} , 4

n—oo nh :
=0

long run risk sensitive with risk factor o < 0

11 ¢ xu "
I (u) = liminf —= In EY {eo‘ Jo X3 uXg ))ds} )

t—oo «t

and its discrete time approximation

I;)"h(u) — liminf 11 In EY {eah i C(Xf:LL)’uvu(Xf;Z)’u))} ]
n—oo anh

(6)
Risk sensitive functionals are important since they measure
not only expected value of the reward but also other moments
of the reward including variance with weight «, which his
considered as a measure of risk (see [15], [19], [20]). We
want to show that under suitable assumptions J% (u) — J, (u)
and 19" (u) — I%(u) as h — 0. Then we consider stability of
continuous time functionals i.e. we using discrete approxima-
tion show that whenever u,, — u then also J,(u,) — J,(u)
and I%(uy) — IS (u) as n — oo.

The paper generalizes and extends [16], where only discrete
time was considered. Usually we have a continuous time
model which we control using discrete time inputs. In the
paper we want to justify such procedure. Practically we use
piecewise constant controls in discrete time moments, which
we expect to be good, feasible approximation of real world
model. Notice that such models can not be approximated
using weak convergence technics considered in [12]. Average
reward per unit time problem is considered in full generality
considering Lyapunov function V, which allows us to have
unbounded reward function ¢ and consequently we obtain a
number of results in norms weighted by V. The studies of



long run risk sensitive functionals are practically restricted to
compact state spaces for which we consider nondegenerate
diffusions, possibly with jumps, in regular bounded sets.

II. AVERAGE REWARD PER UNIT TIME PROBLEM
We shall need the following assumption:

(ER) for each u € U process (X}') is aperiodic and ergodic
in the sense that it has a unique invariant measure p".

In what follows we shall consider discrete time approxima-
tions with h = 27", and to simplify notations we shall denote

process X, (h )’u by X (72”)7? We assume that

(ERA) for each m € N and the process (X (m),u

o ) is aperiodic
and ergodic.
Furthermore we assume that

(UEd) for each uw € U there is p € (0,1) and function V :
E — [1,00) such that for x,x’ € E and m € N

/E V(y)|P{™ " (2, dy) P (@ dy)| < p V() + V().

)

Above introduced V is called sometimes a Lyapunov
function. Using V we consider the norm [/f|ly :=
SUP,c g “J;(( 2| for Borel measurable functions f and define
the space Egv as the space of Borel measurable functions
f with finite norm ||f||y. Similarly in the space of finite
signed measures M (FE ) we consider the norm |[v|y :=
supreny | fllv<il [ f(@)v(dz)|.

The condition (7) was introduced by Kartashov (see [11]
and also [10]) and has the following important consequences
Lemma 1. If there is ©* € E such that Pﬁm)’uV(aE*) < 00
then under (UEd) there is a unique invariant measure iy, for

the Markov process (X,(,m)’“) and

HPT(Lm),u(x, ) — Mfﬂ()”v < pn[1+P1(m)7uV(SU*) + pV(iE*)
V() - 1—p

]
3
Proof. It follows from Theorem 7.3.14 of [10].
O
Assume

Py (1)

(FPV) we have sup,, sup,c p ~*5

< oo foreachr € E

We immediately have
Corollary 1. If sup,, Pl(m)’“V(x*) < oo for some x* € E
then the bound in (8) is uniform with respect to m and
consequently we have (FPV). Assuming furthermore (ERd) we
have that i, (+) is a unique invariant measure for the process

(m),u
(XnQ*m)'

Denote by P(FE) the set of probability measures on F and
let Py(E) :={v e P(E): ||v|lv < oo}. In what follows we
shall need the following technical Lemma
Lemma 2. Assume that for v,,v € Py(E) we have |v, —
vllv = 0 and for fn, f € By with || f.|v bounded we have
fu(x) — f(x) = 0 for each x € E. Then v, (fn) — v(f).

Proof. Without loss of generality we may assume that
[|fnllv < 1. Then also ||f||v <1 and we have

i (fn) = V()] < |wn(fn) = v(f)l + 0(fn) = v(H)I <
IIVn—V||v+|V((9n—9)V)| — 0 ©

as n — oo, with g, = f Log= i and where the last conver-

gence follows from the dommated convergence theorem.
O
Assume

(Conv) for each w € U and © € E we have ||P1(m)’u(glc7 ) -
Pi(z,)|lv = 0 as m — oo.

We have
Proposition 1. Under (Conv) and (FPV) for each n € N and
x € E we have

| P () — PE(x, )|y — 0 (10)

as m — Q.

Proof. We use induction. For n = 1 (10) is satisfied by (Conv).
Assume that we have (10) for n. Then by (FPV) we have that
there is K > 0 such that

P, f)]

sup sup

reBvliflv<izes  V(x)
P (4, V)
sup ————— < K < o0 (11)
zeE V(l’)
and therefore
sup  [PU M@, f) — Py, f)] <

fe€Bv,|fllv<l

sup
f€Bv,|Ifllv<i

Py, dy))| + | /E (Pmu(y, f) -

P2y, )P (. dy)]] < K||PI™ (2

P, v + / | Py, )
E

and by induction hypothesis and dominated convergence we
have that (10) for n + 1 follows.

[| [P ) )~
(12)

’.) —
Py, )llv Py (x, dy)

|

Using Proposition 1 to (UEd) and then Lemma 1 we
immediately obtain

Corollary 2. Under (UEd), (FPV), (ER) and (Conv) we have

/EV(y)IPf‘(x,dy) = P’ dy)| < p[V(x) + V()] (13)

and
PV () + pV (z*)

I—-p

15 () = C)llv < p"V(@)[1 + ]
(14)
where p* is a unique invariant measure for (X}").
We can now rewrite the functional (4) with h = 27™ in the

form



1 n—1
T (u )—hnrr_1>1£an“{;Cm(Xi(m)’u,u))}, (15)
where
Cn(a, { Z 27 (X (X ))}. (16)
with a continuous time analog
C(z,u) :== E} {/01 c(X;‘,u(X;‘))ds} (17

‘We shall assume that

(CCon) C,,,C € By and for each © € E we have that
|Cmlv is bounded and |C,(x,u) — C(z,u)| = 0 for x € E
and v € U, as m — oo.

Notice that in this section we allow c¢ to be unbounded, we
require only that ¢ € By as in (CCon). We have
Theorem 1. Under (Conv), (FPV), (CCon), (ER) and (ERd)
we have that

[k — 1l — 0, (18)
T (u / Con (i, w) " (d) =
| et ut@nuan » [ ceupias) -
| et utantd) = 1. (19)

as m — oQ.
Proof. (18) follows from (8), (10) and Corollary 2. By Lemma
2 and (Ccon) we have that /ﬂ,‘n(Cm) —> p*(C). Now from
(ERd) we have that u?ﬁn(C’ = [y u( ),um(da:) while
from (ER) we have that p*(C) = [ c¢(x, u(x)pu" (dzx), which
completes the proof.
]

To study continuity of the cost functional J! () with respect

to u € U we shall need the following assumption

(uCont) when u, — u € U we have for x € E that

HPQ(m Un x)(:v, )= PQ(T,?L’H(I)(QU, v — 0 as n — .

By analogy to Proposition 1 and also Proposition 2 of [16]
we have by induction
Lemma 3. Under (uCont) for u, — u € U and any k € N
we have

|| Plmen @) gy =0, (20

o P (@) |y

k2—m

as n — oo.
Our main result can be formulated as follows
Theorem 2. Under (uCont), (UEd) and (FPV) we have that

ity — pimllv — 0 (1)

as n — oo. Additionally under (CCon), (ER) and (ERd) we
have that

Jo (un) = Jo(u) (22)

as n — oo. Moreover

Jo(ty) = Jp(u) (23)

as n — oo.

Proof. To prove (21) we use (18), Lemma 1 and then
Lemma 3. Convergence (22) follows from (21) and Theorem
1. Convergence (23) can be shown from Lemma 3, Lemma 1
and Corollary 2.

O

III. RISK SENSITIVE CONTROL
We shall assume that
(uUE) for each u € U there is A, € (0, 1) such that we have

SUD e SUD, e SUPpes P (3, B) — "™ (2!, B) =
A, <L

It is clear that under (uUE) Markov process (X,Sm)’u) has a
unique invariant measure f,, (see [8]). Furthermore addition-
ally under (Conv) with V' =1 we have that

sup sup P}(z,B) — P{'(2’,B) < A, < 1. (24)

z,x'€E BEE

Then process (X) has a unique invariant measure p*.
We also assume that

(uEquiv) for each u € U there is k € N such that we have

(m),u
that Sup,,,c N SUpP, ;¢ SUPpeg % = K, < o0.
Under (Conv) and (uEquiv) we have that
P} (z, B)
SUp SUp —, 7 <K, < . (25)
z,x'€E BEE P (xlv B)

Example 2. Assume that diffusion process (X}) defined in
Example 1 is reflected in a bounded regular domain. Then
following Theorem 2.1 of [13] (see also [4]) we can show
property (24). Since transition densities are bounded away
from zero we also have that (25) is satisfied.

Let B(E) be the set of bounded Borel measurable functions
on F with supremum norm. For ¢ € B(FE) define so called
span norm ||g||sp = sup,cp g(x) — infyecp g(z'). For u € U
and f,g € B(E), and a € (—00,400) \ {0} define

wim(y) =
1 In EY < exp i
! v pars

+ag(X{m)’")}} .

We have
Theorem 3. Under (uUE) for oo # 0 the operator U™ jg
a local contraction in the span norm in the space B(E) for
u € U, ie. there is a function 7, : (0,00) — [0,1), which
does not depend on m, such that whenever for g1, 92 € B(FE)
we have ||g1|lsp < M and ||g2||sp < M then

H\IJ(m)’u’agl - \P(m)’uﬂgQHszJ < Yo (M)lg1 — g2l sp-

D (X M)

22 m ) 12— m

(26)

27)



Furthermore additionally under (uEquiv) the k-th iteration of
U)o transforms the space B(E) to the subspace of B(E)
with the span norm less than K,, with K, depending on K,
from (WUE). Consequently W(™)“% qafter k-th iteration is a
global contraction.

Proof. Local contractivity follows from Theorem 3, Corollary
4 and 5 in [18] in a similar way as in section 2 of [20]. We give
here only few hints. Using dual representation of the operator
¥ (see Proposition 1.42 of [9]) we have that for a < 0

‘IJ(m)’u"ag(x) = inleePE(DE [0,1])

om _q

27m C\Zj2—m,U(Zj9—m +
/DE[O}H( S el sz )

1=0

1 m),u
9(=)) v(dz) = ~H(v, P{" (x,)) (28)

and for a > 0

‘I’(m)’u’ag(ﬂﬁ) = SUPvep,(Dg0,1])

2™m—1

2" (zig-m, u(Zi2-m)) +

[ (72

1 m),u
9(21)) v(dz) = ~H(v. PGy " (). (29)

[0,1]

where D0, 1] is the set of all cadlag trajectories on the time
interval [0, 1], while P,(Dg[0,1]) is the set of probability
measures on the set Dg|0, 1] starting from = € E and H
denotes entropy between measures v and P[E)ml)] “(z,-) defined
as follows H(v1,1s) fDE[O,l] hl(duz)dyl when v is
absolutely continuous with respect to v», and is equal to +o00
otherwise. Infimum in (28) or supremum in (29) is attained
by the measure on Dg[0, 1] of the form

2m—1

gg’:;)g“(dz —exp( Z 27" ¢(zi0—m , u(2Zip-m )

t+ag(z ))P[g“g "(m dz)

ool

9—m X(m) u (X(m) u))

2—m i2—m

+ag(X1(m)’")}H = . (30)
Define now the measure on £

VT (B) = [E;; {1B(X1(m)’“)

2™m_1
eXp{ Z 27 e(X S (X )
+ag<X£m>’ >}}}
om_1
{exp{ > o e i)
+ag(xﬁm>7“)}}}fl 31)

For g1,92 € B(F) and x1,z9 € E and « < 0 using (28)-
(29) we obtain

T gy (y) — WO gy (2y) — W0 gy (25) +
WOmwe g, (25) < [lgr — g2llsp sUP (11 — 12)(B)  (32)
Be&
where vy = VJ(CTLZ;Q and vy = ug(ggnzy’ql In the case of

a > 0 we replace g; with go in definitions of 17 and
vy. Assume now that for x,,z), € E, g1 p,02,, such that
lginllsp < M and ||g2nllsp < M in the place of x1, o,
g1,92 and m, € N in the place of m, B, € & we
have v1(B,) — 1 and v3(B,) — 0. Then in the case of
a < 0 we obtain v5(B,) > P (2., By)elelm=M
and 14 (BS) > Pl(m"‘)’u(xl n, BE)e~llellsr=M " which implies
that P (25, By) — 0 and P{™"(xy,,, BS) — 0,
as n — oo contradicting (WUE). In the case of @ > 0
we have a similar contradiction. This completes the proof
of local contractivity of ¥(™)%< with a Lipschitz constant
~Ya(M). Global contraction then follows from Remark 4 and
Proposition 6 in [17]. Namely, under (uEquiv) we have

Jwmy gy, < kil + K, (33)

This means that k-th iteration of the operator W("):%:%g no
matter what g € B(E) was chosen has a uniformly bounded
span norm. The proof of Theorem 3 is therefore completed.
O
Basing on Theorem 3 we obtain the solutions to certain
versions of the Poisson equations
Corollary 3. Under assumptions of Theorem 3 for u € U there
is a constant \'™%% and a function w(™)"* € B(E) such
that for x € E we have

eaw(m),u,a(r) _
2mM—1

EY {exp {a Z 27" (c (X,L(;n);n ; (Xl(;n)7n ))—
=0

)\(nL),u,a) +aw(7n),u,a(Xl(m)1u)}} (34)
Moreover Hw(m)’“*"‘HSP < K,, where K, depends on K,
from (uEquiv) and the function -,,.
Proof. By Theorem 1 there is a fixed point w("™)" of the
operator W(M)we je || Wm)uwag (m)uae _qy(m)wa) - —
0. Therefore there is a constant A(™)%® gsuch that
Plm)swaqy(m)swa gy \(m)wa — q(m)we which completes
the proof.

|
Corollary 4. If ") and a function w™-"* ¢ B(E)
such that ||w(™-“||, < K, are solutions to the equation
(34) then for any k € N we have

(m),u,a
Pty (z) —
k2™ —1

{exp{ Z 27 (

Almwary aw<m>vu’a(xgm>7“)}}

X(m) u (X(m) u))

2—m ) 12— m

(35)



and consequently

11 k2™ —1
Amhwe _ Z Zin BU S exp{ a 2™
| o 4 exp

ak * 4

=0
Ky
(XG0 (XG0 | <25 (36)
Therefore for any x € E we have
Almhor— 127 (y), 37)

Proof. Iterating equation (34) we obtain (35). Taking into
account that [|w(™)%¢|,, < K, we then obtain (36). Since ¢
is bounded we have that

1 1
hklgggf oo InEY {exp {an ;
(X X} =

11 k2™ —1
hgr_l}gf % In EY {exp {on_m ;

(X5 (X5 b

from which (37) follows.

(38)

Assume now
(eConv) for each u € U measures

MM (B =

2™m—1
{exp {

Z 27
15 (X )}

defined for B € £ converge in variation norm to the measure

MY(B) =

B {exp {a/ol(c(X:,u(X;‘))ds} 1B(Xf)} ,

as m — oQ.

(X (X (e >>}

We then have
Theorem 4. Under (eConv), (uUE) and (uEquiv) for v € U
and there is a constant X and a function w** € B(E)
such that | w**||s, < K and for x € E we have

eawu,a(

w):

B {exp {ozAl(c(Xg,u(X;‘))ds—

AU+ aw (X)) (39)
Proof. Let for g € B(E)
Ug(x) = (40)

g {en{a [ (X u(XE))ds + aure(xp)}}.

By (32) since W(mwag,(z;) — Whog(
{1,2}, as m — oo, we obtain

= U lsp < va(M)lg1
for ||gi|lsp < M and ||gz2||sp < M with the same v, (M) as

xj) for i,j €

H\Pu’a _g2||sp7 (41)

in (27). Letting now m — oo in (33), taking into account that
a version of (eConv) also holds for time k (instead of 1) we
obtain the bound for iterations of ¥*'*g with g € B(FE), from
which existence of a unique fixed point of W*>* with suitable
bound follows.

]

In analogy to Corollary 4 we obtain

Corollary 5. If \** and a function w** € B(E) such that
|w*®||sp < K, are solutions to the equation (39) then for
any k € N we have

eaw“’“(m) _

k
E} {exp {a(/o (e( X u(XE))ds — X“)
+aw™* (Xy)H

and consequently

(42)

11 F
A" — In B {exp {a/ c(Xg“,u(Xg))ds}} |
o k 0 ’
K,
<2—. 43
<2 (43)
Therefore for any x € E we have
A = T2 (). (44)

Proof. Note that (42) and (43) follow easily from (39) (simi-
larly as in the proof of Corollary 4). To show (44) it sufficies
to notice that by boundedness of ¢ and (43) we have

lim mf —= ln E} {eo‘ s C(X;“v“(X;“))dS}

t—o00 at

lim 1nf -- ln EY {ea Is C(X:’U(X;L))ds} , (45

k—oco ak
where first line we have a limit of positive real ¢ going to oo,
while in the second line over positive integer k£ going to oco.
]
The following Corollary summarizes just obtained results
Corollary 6. Under (eConv), (uUE) and (uEquiv) u € U we
have

1827 (u) = IS (u), (46)

as m — Q.
Proof. Clearly by Corollaries 4 and 5 we have that
1927 (u) = A0™)%e and I (u) = A, Now using (eConv)
to (35) and (36) we obtain that ()% 5 \%a a5 m — o0,
]
Remark 1. Assumption (WUE) plays an important role to study
discrete time risk sensitive Bellman equation. We require it
to be satisfied uniformly with respect to discretization step,
which is important when we let discretization step converging
to 0. Discrete time risk sensitive problems can be also studied



using splitting technics as in the paper [6]. This however
would require a number of additional assumptions. Assump-
tion (uEquiv) can be replaced by requiring small risk |« as
was studied in the papers [7] or [15]. Using assumption (uUE)
we are looking for a bounded solution to (34) (see [5]). We
can use also other technics based on Krein Rutman theorem
(see [19] and [2]) or suitable Lyapunov conditions (see [3])
and work with unbounded solutions. In such case we shall
also require more assumptions.

We now consider stability of functional ;. We have
Theorem 5. Assume (eConv), (WUE), (uEquiv) are satisfied
for each w € U with sup,c;y Ay < 1, sup, ¢y Ky < 00. Then
under (uCont) for U > u,, = u € U as n — oo we have for

each m € N
Is’277n (un) _ )\(m),um@ R Ig,zfm (u) _ /\(m),u,a_ 47

Furthermore, when additionally (eConv) is satisfied uniformly
Sor (up) we have

I (up) = A% = I¥(u) = A7, 48)
as n — oQ.
Proof. We have
I)\un,a _ )\u,a| < |/\un,a _ )\(m),un,(x| +
|)\(m),un,a _ )\(m),u,a‘ + |)\(m),u,o¢ _ )\u,a|. (49)

Now by (36) we obtain

K, 11
|A(m),un70¢_k(m),u,a| < 4825 ]; +aEW((m)aunauaa7k)v

(50)
where
W((m),un,u,a,k) = (51)
k2™ —1
[In E™ < exp q « Z 2—m(C(Xi(2wi)T:lu,,L’
1=0
k2™ —1
U(XZ(QT)T;”LUH))}} —1In E‘,TEL exp § « Z 9—m
=0

(XG0 (XG0

(52)

It is clear that under (uCont) for each m € N and k € N,
W((m), un,u,a, k) converges to 0 as n — oo. Furthermore
SUpP,, ey K, < . Consequently letting first n — oo then
k — oo we obtain that [A\(™)ume — \(m)we| () ag p —
0. Using Corollary 6 and the fact that (eConv) is satisfied
uniformly for (u,,) we obtain (48).

O

IV. CONCLUSIONS

In the paper we justify the use of natural approximation
procedure for continuous time controlled Markov processes
over long time horizon. Namely, instead of using Markov
control u(X}) at each time ¢ we choose control u(X,) at
times nh and consider control fixed in the time intervals

[nh, (n + 1)h). It appears that under reasonable assumptions
we obtain a good approximation of the average reward per unit
time functional as well as long run risk sensitive functional.
This way we obtain a feasible construction of nearly optimal
controls for continuous time controlled Markov processes,
which can be used in various applications.

REFERENCES

[11 V. Anantharam, V.S. Borkar, M.K. Ghosh, Ergodic Control of Diffusion
Processes, Cambridge Univ. Press 2012.

[2] V. Anantharam, V.S. Borkar, A Variational Formula for Risk-Sensitive
Reward, SIAM J. Control Optim., 55 (2017), 961-988.

[3] X. Chen, Q. Wei, Risk-Sensitive Average Markov Decision Processes in
general Spaces, SIAM J. Control Optim., 62 (2024), 2115-2147.

[4] M. G. Garroni and J. L. Menaldi, Second Order Elliptic Integro-
differential Problems, CRC Press, 2002.

[5] G.B. Di Masi, L. Stettner, Risk sensitive control of discrete time Markov
processes with infinite horizon, SIAM J. Control Optim., 38 (2000), 61—
78,

[6] G.B. Di Masi, L. Stettner, Infinite horizon risk sensitive control of
discrete time Markov processes under minorization property, SIAM J.
Control Optim., 46 (2007), 231-252.

[7] G. B. Di Masi L. Stettner, Infinite horizon risk sensitive control of
discrete time Markov processes with small risk, Systems & Control
Letters 40 (2000), 15-20.

[8] J.L. Doob, Stochastic processes. John Wiley & Sons 1953.

[9] P. Dupuis, R.S. Ellis, A Weak Convergence Approach to the Theory of
Large Deviations, Wiley 1997.

[10] O. Hernandez-Lerma, J. B. Lasserre, Further Topics on Discrete-Time
Markov Control Processes, Springer 1999.

[11] N.V. Kartashov, Strongly Stable Markov Chains, VSP Utrecht, The
Netherlands, 1996.

[12] H.J. Kushner, P. Dupuis, Numerical Methods for Stochastic Control
Problems in Continuous Time, Second Ed., Springer 2001.

[13] J. Menaldi and M. Robin, Ergodic control of reflected diffusions with
jumps, Appl. Math. Optim., 35 (1997), pp. 117-137.

[14] S.P. Meyn, R.L. Tweedie, Markov Chains and Stochastic Stability,
Springer 1996.

[15] M. Pitera, L. Stettner, Existence of bounded solutions to multiplicative
Poisson equations under mixing property, ESAIM: COCYV, 30 (2024),
49.

[16] L. Stettner, Stability of long run functionals with respect to stationary
Markov controls, 2024 IEEE 63rd Conference on Decision and Control
(CDC) December 16-19, 2024. MiCo, Milan, Italy, 1832-1837, 979-8-
3503-1632-2/24/$31.00 ©2024 IEEE

[17] L. Stettner, Certainty equivalent control of discrete time Markov pro-
cesses with the average reward functional, Systems & Control Letters
(2023), 105627.

[18] L. Stettner, Long run stochastic control problems with general discount-
ing, Applied Mathematics & Optimization (2024), 89:52.

[19] L. Stettner, Discrete time risk sensitive control problem, Systems &
Control Letters 186 (2024), 105758.

[20] L. Stettner, Risk sensitive portfolio optimization, Math. Methods of
Oper. Res., 50 (1999), 463-474,



