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Abstract—This paper presents a novel Fractional Order
Lyapunov-based Indirect Adaptive Backstepping Control strat-
egy for the precise trajectory tracking of a DELTA robot. The
proposed approach integrates fractional calculus with Lyapunov
stability theory to enhance the robustness and adaptability of the
controller in the presence of system uncertainties and external
disturbances. Unlike conventional backstepping controllers, the
indirect adaptive mechanism estimates unknown system param-
eters online, improving control performance without requir-
ing precise dynamic modeling. In robotic systems, accurately
capturing the inherent viscoelasticity, actuator dynamics, and
noninteger-order behaviors requires fractional-order modeling,
which provides a more realistic and flexible representation of
system dynamics. The necessity of fractional calculus in robotics
motivates the design of the proposed controller, ensuring better
adaptability and robustness. The effectiveness of the control
strategy is validated through simulation results, demonstrating
its feasibility and improved performance in robotic applications.

Index Terms—{redFractional-order modeling, Indirect adap-
tive control , Lyapunov theory , Backstepping approach, DELTA
robot , Robustness to uncertainties.

I. INTRODUCTION

Fractional calculus, which generalizes integer-order differ-
entiation and integration to non-integer orders, has become
increasingly important in control theory due to its ability
to more accurately model complex dynamical systems [30].
Fractional-order systems (FOS) [22], [23] have demonstrated
improved robustness and stability compared to classical con-
trollers, making them suitable for systems with uncertainties
and nonlinear behavior [1], [2].

Parallel robots, such as the {redDELTA robot, are widely
employed in industrial applications for their high-speed ca-
pabilities, precision, and rigidity. However, their nonlinear
dynamics, coupled kinematics, and parameter sensitivity pose
significant control challenges [3], [4]. Conventional control
methods, including PID, LQR, SMC, and optimization H
[2] have been widely applied [5], but often face limitations.
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Advanced strategies like adaptive and robust control have been
proposed to enhance performance [6].

Recent studies have explored various control strategies for
parallel robots [7], [8], [10], with fractional-order controllers
emerging as promising tools. These controllers exploit the
memory and hereditary characteristics of fractional derivatives
to improve response and robustness [11]. Lyapunov-based
stability analysis further supports their potential to ensure
uniform stability in nonlinear systems [12].

This paper investigates the application of fractional-
order backstepping control. {redDELTA parallel robots [26],
renowned for their high-speed and high-precision capabilities,
present complex nonlinear dynamics that pose significant chal-
lenges for control. Backstepping control has been effectively
employed to address these challenges by decomposing the
control problem into a series of sub-problems. This method
facilitates the design of virtual control inputs that ensure
the stability of each subsystem, ultimately leading to the
stabilization of the entire system. This approach has proven
beneficial in enhancing the trajectory tracking performance
of {redDELTA robots, particularly in applications requiring
precise end-effector positioning and rapid response times.

Building upon the foundational principles of backstepping,
Adaptive Fractional-Order Backstepping Control (AFOBC)
[20], [7] integrates fractional calculus and adaptive control
strategies to further improve the robustness and accuracy
of {redDELTA robot control systems. The incorporation of
fractional-order dynamics allows for a more accurate rep-
resentation of the system’s memory and hereditary proper-
ties [31], which are often observed in mechanical systems
like {redDELTA robots. Adaptive mechanisms within this
framework enable real-time estimation and compensation for
uncertainties and external disturbances, ensuring consistent
performance even under varying operating conditions.

This paper is structured into 6 sections; Section 2 presents
a dynamical modeling of {redDELTA robot, the third section



states the problem formulation. Section 4 d describes the
design of the proposed AFOBC strategy. Section 5 discusses
the simulation setup and results, highlighting the performance
improvements achieved. Finally, Section 6 concludes the paper
and suggests directions for future research.

II. MODELING OF DELTA ROBOT MANIPULATOR

According to [13], [14] the dynamic model of the DELTA
robot can be derived by the following equation:

M(0:)0; + C(0;,0:)0; + G(6;) + A(t) = u; (1)

where:

o {red M(6;) is the inertia 3 x 3 matrix, representing the
robot’s resistance to acceleration.

« {red C(6;,6;) is the Coriolis and centrifugal force 3 x 3
matrix, accounting for velocity-dependent forces.

o {red G(6;) a vector of of dimension 3 X 1 representing
the gravitational forces acting on the system.

o {red u; is the torque applied at the joints, it is the control
signal of dimension 3 x 1.

o {red 6; represents the joint position of the actuators,
fori=1,2,3

o The term A(¢) denotes uncertainties due to external
disturbances, resistive torques, and payload effects acting
on the system.

Fig. 1. DELTA Robot

III. PROBLEM FORMULATION
A. Preliminaries

Fractional order calculus extends the concept of integer-
order differentiation and integration to non-integer (fractional)
orders, allowing for more precise modeling of dynamic sys-
tems with memory and hereditary properties [30] [16].

The integro-differential operator aDt* where a and ¢ are
the limits of the operation is defined as:

d‘%, R(a) > 0,
aDt™ = { 1, R(a) =0, )
[Hdr)=*, R(a) <0,

where « is the order of the operation, generally o € R.

Several mathematical definitions exist for fractional-order
integration and differentiation. These definitions do not always
lead to identical results but are equivalent for a wide range of
functions, let us consider the Caputo definition given by [17]:

L[ )
e J, e

where n — 1 < @ < n, n € N, and T'(-) is the Gamma
function.

Dy f(t) =

3)

Definition 1 ( [23], [22]): Let g : [0,b) — D be a
continuous function. If g is strictly increasing and satisfies
g(0) = 0, then g is said to belong to class-K.

The following lemma is important for constructing Lya-
punov functions in order to analyze the stability of non linear
fractional-order systems.

Lemma 1 ( [23], [22]): Assume that the origin is an
equilibrium point of the following fractional-order nonlinear
system:

oD x(t) = f(t, 2(t), u(t)) €

where f : D — R"™ is a Lipschitz continuous function.
If there exists a Lyapunov function V' (¢,z(t)) and class-K
functions g; (i = 1,2, 3) such that

grllz@®)) < V(¢ z(t) < g2(llz(B)])), (5)
oDFV (¢, x(t) < —gs(llz(®)[]), (6)
then the system in (4) is asymptotically stable, i.e.,

lim;_, o0 () = 0.
Lemma 2 ( [22], [24]): If e(t) is a smooth function, then

ECD;X (e"(t)e(t)) < €T (t)oDe(t), VteD. (1)

B. Fractional Order state space model for delta robot

Fractional order modeling is essential to accurately capture
the dynamic behavior of the Delta robot [30], as it accounts
for the effects of memory and nonlocal properties inherent
in robotic systems. Unlike integer-order models, fractional
derivatives provide enhanced flexibility in representing system
dynamics [18], [19]. This section proposes a fractional-order
state-space representation of the Delta robot, offering a more
precise framework for control design [31].

The state vector for the fractional-order model is defined
as:
X = [91 02 93 DO‘01 D°‘02 D“Gg]T (8)

x1:[01 (92 93]T

(€))
] T

Xo = [D“Gl DO‘02 D“Gg (10)



The input vector is:

Y

Hence, the fractional-order state-space representation of the
{redDELTA robot is given by:

u:[ul u9 ’U,3]T

L2

D% = | M(a1) "1 (u - (a1, @2)ws — Glan) + A(t))l
(

2)
Where;

« The non-integer order o the non integer-order to capture
the intrinsic fractional dynamics of robots.

IV. ADAPTIVE BACKSTEPPING CONTROL LAW DESIGN

A. Backstepping control concept

We first define the tracking error vector:

€i(t) Zl‘i(t) —xi,.(t),i: 1,2 (13)
The estimation error is given by,
At) = A(t) — A(t) (14)
Assuming the slow dynamics of uncertainties ,
DA(t) =0 (15)

B. Adaptive FO Backstepping Control Law

Theorem 1. Consider the plant described by Eq. (12), with
order 0 < o < 1, a positive gain X > 0, and a symmetric
positive definite matrix I' > 0. Under the respectively virtual,
adaptation, and global following control laws:

Uy = —Aep(t) + D%, (16)
DA@W) =T M Tey (17)
u= M (D%, —e; — Ae2) + CD%1 + G — AZt) (18)

All the trajectories in the closed-loop adaptive fractional
order system are globally stable and converge to the desired
dynamics., i.e., lim_, o e;(t) = 0.

C. Proof

Let consider the following lyapunov candidate function:

Valt,er(8)) = gea()ea(t) (19)

According to Lemma 2, which provides an upper bound on
the fractional derivative of a quadratic form, we have:

DV; < e (t)T D% (1) (20)

To ensure that D*V; < 0, we design the virtual control
such that:

e1(t)T DY (t) <0 1)

This leads to:

e1() DY (t) = e1 ()T - (D21 — D%zy,)  (22)

Then we propose to choose the following virtual control
signal to stabilize the position error ,

uy = —Xey(t) + D21, (23)

where A > 0 is a positive control gain.

To further analyze stability, we define the following compos-
ite Lyapunov function {red following backstepping approach:

Vo= Vit pea(®)ealt) + JAWTAW @4

where I' is a symmetric positive definite matrix.

According to Lemma 2, the fractional derivative of V5
satisfies:

DV, < eI D%y + el D%y + A(t)TTD*A(t)  (25)
According to (14) :
DYA(t) = —D*A(t) (26)

We aim to design the control input u to make D*V, < 0.
From the previous results:

el D% = el (=Xey + e2) (27)
Substituting into the expression for DV5,, we obtain:
DV, < —Ale||® + ek (er + D%3) — A(t)T D*A(t) (28)

The derivative D®es can be computed as:

D%y = M(z1) " (u—Cxy — G+ A(t)) — D*u,  (29)
The proposed control law is then:
u= M (D%, —e; — Aes) + Czy + G — A(2) (30)

Substituting this into the expression for D*V,, we get:

DVy < —Alle = Alles || +e§ M~ A(t) = A() 'TDA(t)

(31

To eliminate the disturbance term, according to [9] we
define the adaptation law as:

DA@W) =T M Te, (32)
Thus, the final expression becomes:
D*Vy < —Alleq||* = Alle2||* < 0 (33)

This ensures the exponential stability of the closed-loop
system, in accordance with Lemma 1 and Lemma 2 using
the extended Lyapunov stability theorem.
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Fig. 2. Closed loop control scheme

V. SIMULATIONS AND DISCUSSIONS

To validate the effectiveness of the proposed fractional-
order backstepping control strategy, simulations {red ( For
a = 0.8, the model is designed to closely approximate
the dynamics of an equivalent integer-order system, while
effectively capturing the intrinsic fractional characteristics of
the real system without introducing significant disruption to its
behavior. .) are performed in MATLAB/Simulink. The DELTA
robot’s end-effector is tasked with a sinusoidal trajectories on
its joints angular position.This trajectory is carefully designed
to ensure smooth motion, along with continuous velocity and
acceleration profiles, which are crucial for precise tracking and
stability analysis.

The Table bellow summarizes the parameters of the robot ,
According to [15].

TABLE I
DELTA ROBOT PARAMETERS
Parameter [ Notation [ Value [ TUnit
The Arm La 240 mm
The Forearm Ly 480 mm
Diameter of the Nacelle Dy 30 mm
Motor’s Inertia Im 1.8-10~ 4 Kg.m2
Diameter of the Base Dy 180 mm
Mass of the Nacelle Mn 0.3815 Kg
Mass of the Forearm mp 0.2209 Kg

By observing the joint position curve in Fig. 6, we notice
a perfect tracking of the reference. The FO Backstepping
controller delivered excellent performance with a significantly
low rise time (about 0.005 s), highlighting the stability of the
closed-loop system. Furthermore, the controller demonstrates
a high level of performance generally required for robotic
applications.

The tracking performance of the system can also be eval-
vated by analyzing the curves along the 3d space trajectory,
in Fig.6. As observed, all the end-effector response exhibits
excellent tracking of the reference trajectory, demonstrating
the effectiveness of the control strategies implemented.
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analyze the performances of the control law, the root
square error (RMSE) of the trajectories for both con-
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trollers is summarized in Table II.

(34)

TABLE II
RMSE VALUES

Controller
FO Backstepping

RMSE (x-axis)
1.8 x 10~ %

RMSE (y-axis)
3.2 x 10~ 10

RMSE (z-axis)
6.4x 10~°

The RMSE values highlight the tracking accuracy of the
control law along the X, y, and z axes, highlighting that the
control objective is achieved.
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Fig. 7. Induced Control Signal

The figures 7, 8, and 9 illustrate the torque evolution over
time for the FO Backstepping controller. Initially, a significant
torque overshoot is observed during the transient phase due
to the influence of the fractional dynamics on rise time and
performance. {red However, it is rapidly stabilized around 0.05
( worst case )in the steady state.

{redImplementing fractional derivatives in real-time is chal-
lenging due to their non-local nature, requiring memory of
past states and complex approximations like Oustaloup filters.
This increases computational load, making high-speed control
on embedded systems resource-intensive.
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VI. CONCLUSION

In this paper, we proposed a robust control strategy for
a {redDELTA robot using a Fractional-Order (FO) Adaptive
Backstepping approach. The study began with a detailed
modeling of the {redDELTA robot, followed by an introduc-
tion to fractional-order calculus and its benefits in modeling
and control applications. An adaptive backstepping control
law was developed to enhance the system’s performance,
ensuring accurate trajectory tracking and improved stability.
Extensive simulations demonstrated that the FO Backstepping
controller achieves perfect tracking accuracy, with the position
curves along the x and z axes showing excellent reference
tracking.{red The RMSE values confirm the enhanced preci-
sion of the proposed method. Furthermore, torque evolution
analysis revealed that the FO Backstepping approach provides
smoother control actions, effectively reducing undesired oscil-
lations and contributing to overall system robustness.
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