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Abstract— This article focuses on designing a neural identifier
for non-linear systems using an Integral Sliding Mode (ISM)
approach. A Differential Neural Network (DNN) structure
identifies a non-linear system; meanwhile, the learning laws
for stabilizing the identification error are obtained from the
Lyapunov Stability analysis. An integral sliding surface is
proposed to provide the convergence of the system identifier
weights to the ideals to approximate the non-linear system.
The results for identifying the Van Der Poll Oscillator and the
Inverted Pendulum show better identification error reduction
performance than a traditional DNN.

Index Terms— Differential Neural Networks,System identi-
fier,Integral Sliding Modes

I. INTRODUCTION

Most engineering tasks require the use of parametric and
non-parametric models to achieve a desired goal [1], [2].
Although modeling of the plant or process is desirable,
complex elements and accessible information require a trade-
off between accuracy and practical implementations. There-
fore, a common choice is to use non-parametric models to
approximate the system dynamics [3].

One of the main non-parametric models is the neural
network topology [4]. Neural networks can estimate al-
most any function with an arbitrary accuracy based on the
Stone-Weistrass Theorem to approximate system dynamics
dependent on the number of parameters used [S]. Neural
networks can be divided according to their structure into
static and dynamic, the former working as an input-output
relation used for regression, classification, and approximation
problems for time-independent tasks [6]. On the other hand,
dynamic neural networks are suitable for problems involving
time dependencies, such as approximating signals or state
equations of a plant or process due to their recurrent nature
[7].

Dynamic neural networks can be represented by differ-
ential equations, known as Differential Neural Networks
(DNN) [8]. Analyzing the equilibrium point of a system

*This work was partly supported by the Instituto Politécnico Nacional under
Grant: SIP-20250253. Isaac Chairez thanks the Tecnologico de Monterrey
under the grant associated with the research program Challenge-Based
Research Funding Program 2022 project with ID IJXT070-22TE6000 and
2023 with ID and IJXTO070-23EG60002. Alejandro Guarneros-Sandoval is
sponsored by a Mexican scholarship from the SECIHTI, CVU: 966608

ITecnologico de Monterrey, School of Engineering and Sciences, Zapopan,
Jalisco, Mexico. email: a01337659Q@tec.mx

2Medical Robotics and Biosignals Lab,
Politécnico Nacional, Gustavo A. Madero,
mballesterose@ipn.mx

3Tecnologico de Monterrey,
for Sustainable Manufacturing,
isaac.chairez@tec.mx

Instituto
email:

CIDETEC,
Mexico City.

of Advanced Materials
Jalisco, Mexico.

Institute
Zapopan,

email:

identification error around the origin of dynamic systems
in continuous time is possible. This procedure results in
adaptive laws for the neural network weights. The design and
implementation of DNN rely on the task to be solved and
the system properties. A common approach is to use system
identification to propose control schemes tackling system
uncertainties [8], [9]. However, the identification process
influences subsequent tasks such as control implementation
or prediction. Thus, an important issue is the convergence of
the identifier to the system with certain properties, such as
finite-time convergence.

To assure a finite time convergence, a common approach
is the Sliding Mode (SM) methodology to force a system
into a desired sliding surface employing a control parameter
[10].

ISM is a methodology that aims to eliminate the reaching
phase by considering an integral function related to the
analyzed system, improving the finite-time convergence [11].
The research field associated with the control of systems
using ISM has been investigated for many years. However,
the ISM application for system identification has not been
addressed to the best knowledge of the authors. Therefore,
implementing the ISM to design the input parameter that
modifies DNN weights to ensure that the identification error
reaches a region near a stability point in finite time is the
main contribution of this work.

II. PROBLEM DEFINITION

The main goal is to create a DNN structure based on ISM
to identify a certain class of dynamical systems.

A. Plant description

Consider a class of dynamical systems as follows
i = f(x,u) +£(x,u), x(0) =xo, M

where x € X C R" is the state vector belonging to all the
possible trajectories of the system X = {x € R" | ||x]|?> < x* <
+o0}; Vi € R* U {0}, x* is a positive constant, and xg € X,
is the initial condition. The limit for x is known in advance.
The variable ¥ € U%?™ is the control action belonging to
an admissible set U%¥™ = {u € R™||ju® < u*}; Vi €
R* U {0}, and u* € R*. The vector field f : X x U™ —
R"™ represents the evolution of the unperturbed non-linear
dynamical system. The piecewise continuous and integrable
term & : X x U9 x R* — R’ represents perturbation effects
on nominal dynamics from the internal uncertainties due to
the imprecise modeling and from any integrable exogenous



disturbances and is assumed to be continuous and bounded in
its nature.

For the class of system representation in (1), the following
assumptions are made:

Assumption 1: The function f : X x U%4™ — R™ is locally
Lipschitz continuous w.r.t. x with Lipschitz constant L, i.e.,

176 u) = F® )P < Lyl X7, @)

where x(1, x@) e X,
Assumption 2: The term & : X x U™ — R” belongs to
the set 299" defined by

B = {fn) e RMsup ()l < €73 ()
t>
B. Integral Sliding Mode Differential Neural Network
(SMDNN)

Based on the results from the approximation theory pro-
posed originally in [5], the dynamics in (1) can have the
following DNN identifier realization:

dx N
dd—f = h(x, 2. ulW;) |
W; .
7 = @i(Wi,x,)ﬁ, u) . (4)
i=1,2,3,

where £ € R" is the state of the identifier, £(.): X X R" X
Uedm _, R" is the function parameterized with a set of
weight matrices W;, W; € R™*’%, for the neuron numbers 7,
rp and r3. A learning law as given in the second equation
of (4) is proposed to determine adaptively the elements of
the weight matrix in a non-parametric manner. The adaptive
learning law ®;(.) is designed such that the identification
error e; = x — X converges to the origin and is a practical,
stable equilibrium point of the identification error space, i.e.,
to design an SMDNN identifier for (1). In this work, based
on a specific structure introduced in [8], we propose a novel
structure for the identifier function A(.) with discontinuous
elements depending on the identification error.

C. SMDNN Approximation Model

For the design of the identifier, we consider the approxi-
mation of the term f(x,u) in (1) using ANN approximation
properties [5]. Such approximation can be represented by

Fx,u) = fnCe,u) + Fx,u) . (5)
The term fn(x, u) in (5) has the following structure

SN, u) = (A+Wioi(x))x + Wao(x)
+(B + W303(x))u , (6)

where f(x,u) is the approximation error, A € R™" is
a Hurwitz matrix, the matrix W; € R™" approximates
nonlinear system state affine elements. The matrix W, € R"*"2
allows the estimation of nonlinear elements. The matrix
B € R™™ corresponds to the lineal control affine element,
while W3 € R™3 approximates non linear control affine
elements.

Equation (6) represents the SMDNN like structure. The
activation functions oy: X — R o5: X — R and
3. X — R3*™ have the elements as shown below

1
Olyn = — —di’j, Ci,jGR,di’jER,
(i.j) T x
1+e i

i=1,...,rs j=1,...,m

1 _
oy = - —di;
1+eCix 7)
cieRY, d;eRii=1,...,r;
1 o
T3y =7 —dij; Cij €R" dij eR;
1+e Sid”
i=1,...,r3 j=1,...,m.

Notice that the smooth structure of sigmoidal functional
allows claiming that o (-), 0»(-) and o3(-) fulfill the sector
condition [8],

2 2
llog(xa) = i xp)lI” < Loy Ixa —xp1l175 x4, xp € R"

)
lov(MIP < LY Lo Ly, €RY: i=1,....3.

Other activation functions can be used as long as they satisfy
the aforementioned sector condition.

Assumption 3: The approximation error is represented by
a monotonically decreasing function f with respect to the
number of elements in the SMDNN approximation weights
and the activation function parameters as

“f(x9 u)“2 < fO; fO € R+; (9)
Vx €X; VueUsdm
Taking into account the error function properties express in
(9), and by the approximation capabilities demonstrated in
[12], considering the kind of systems given by the right-hand
side of equation (1), there exist a Hurwitz matrix A € R™*"
and input matrix B € R and weight matrices, W, € R"*"1,
W, € R™"2 and W3 € R™3 such that, for a given €;,i =
{0, 1, 2}, the following inequality is valid

fo < e +ext +eut, (10)

with the approximation structure given in (6), and the re-
spective sigmoidal functions (7) with rj,r, and 3 number
of elements.

D. SMDNN Identifier

Taking into consideration that the DNN structure (6) is
a valid approximation of the systems considered in this
manuscript (1), it is feasible to propose the following dif-
ferential equation to define the suggested DNN identifier:

dx A N

B e W (Bx 4 oo (£
o = AR+ 101 (£)x + Wao (%) (11
+(B + W303(%))u + KSign(S),

where £ € R" are the states of the system identifier, Wi, i=
{1, 2, 3}, are the weights that approximate to the best fitted W;.
The approximation error between the best-fit weights and the
approximate is defined as W; = W; —W;, and e = x — £ is the



identification error. K € R™ " is a constant positive definite
matrix selected in order to tackle the error approximation with
the following equation

fO < ﬂmin{K}'

X — X; is formed as

12)

The vector-valued function Sign :

Sign(e) = [sign(en)]ize(1, . where
1, ifz>0

sign(z) =< [-1,1] ifz=0 (13)
-1, ifz<0

and z € R. The variable S refers to the sliding surface to be
designed to achieve the finite time convergence. The structure
given above combines pseudolinear approximation techniques
such as in [13] and the use of SM to tackle uncertainties such
as [14].

Consider the learning laws for (4) as

dw, s
dtl - k IS(Z:I:] (DO'Lie + V(Tl,i)—r'xl' +XTO-]T('X))9

A S1S((Doye + Vo) + 0T (2), (14)

Vs T IS( S0 (Do + Vo ) Tty +uT 03 (£)),

where v ;, Vo, and v, ; are the upper bound of the derivative
errors. Dy, ;, Do, and D, ; are the derivative approximation
from the Mean Value Theorem (MVT) and kl‘l, kz_ 1 and
k3 I e R™" positive definite symmetric matrices. Therefore,
the sliding surface is designed as

tf R R
S=e—ey— / (Ae + Wio(x)x — Wio (2)x
fo (15)
+Wao (x) = Waora (R) + W30 (x)u — Wa03 ()ﬁ)u)d‘r,
where ¢ is the initial identification error.
By the MVT, it is possible to approximate the difference of a

function with a difference in their arguments as the derivative
of the function multiplied by the difference of its inputs, i.e.,

Wioi (x)x = Wio ()x = W, (Do e+ Ve )Xis
Wao(x) = Waoa (£) =

Wios (X)u — Wao3 (R)u = Ws (Do e+ Ve u.
(16)

Then, the sliding surface in (15), based on (16), can be express
as the following

Wz(Dgze+v(,—2);

tf R n
S=e—eo—/ (Ae+W|Z(DUIYie+vm’i)xi
fo i=1 (17)

+Wa (Doye +Ve,) + W3 X1 (D oy e + v(,&i)u,-)d‘r.
The derivative of the sliding function is computed as
S =Ae +Wjo (x)x - Wm'l ()?)x + WzO‘Q(x)
~Waos (%) + Waom3 (x)u — W03 (£)u
—KSign(S) + f(x,u)
—(Ae +W 2 (Do e+ Ve )X
+W2(D0-2e +Ve,)
+Ws3 i (Doye+ vaa,i)u,-),

(18)

adding the terms +W, 0 (£)x, W50 (%) and £W3073(X)u into
(18) allows the representation of the sliding surface derivative
as
S =Ae+ Wi (x,%)x + Wio (£)x
+W, 0 (x, XA) + Wzo'z (XA)
+W33 (x, £)u + W03 (£)u — KSign(S) + f(x,u)
—(Ae + W (Do e+ Ve )Xi

WD gy + V) + Ws iy (Do g+ Very Jti )

19)

Applying the MVT for the elements W5 (x, £)x, Wa67 (x, X)
and W303(x, £)u, we can derive
S=Ae+W YL (Do e+ Ve )X
+W101(2)x + Wa (D oye + ver,) + Waoa(£)
W3 30 (Dyy e+ v0-3,i~)ul~ + Wiz (R)u
—KSign(S) + f(x,u)
—(Ae + W i (Do e+ Ve )Xi

+W2(D(rze +Ve,) + W 2 (Doy e+ v(,li)ui).

(20)

Eliminating similar terms, and with the definition of W, =
W; — W;, the sliding surface derivative results in
S=w Zl ](D‘T1 e+ Vo, Nxi + Wio (R)x
+W2(Daze +Vo,) + Waom (%)
+W3 Y (Doy e+ Vo Ju; + Wso3 (£)u;
—KSign(S) + f(x,u).

Proposing the Lyapunov function as

21

ki < ko - ks =~
V=58TS+ SIWE+ Sl + Il (22)

dw;  dW;
dt —  dt”’

its derivative, taking into account
expressed as

V=STS - kie{W Gh dWl } = kote{ W] D2y

W 2 dt
—kﬁr{wg dy

Substituting the sliding surface derivative

(23)

Vv=_sT (VV1 i (Do e+ v )X
+Wio ()?))x +Wa(Dgye +v,) + Waon (%)
W3 27 (D oy e+ Vo, i
+Waos (R)u + F(x, u) - KSign(S)) — k{7 My
—kotr{ W] Doy _ pyer (7 Dy,
Grouping similar terms

V<sT ( Flx,u) - KSign(S))
—kytr{W[ %— [150)}
—kztr{WT(dWZ ~ k;'8(©2)}
—kste{W] dW* — k3'S(@3)}
0, =x" 1(Dg-]le+v(,“) xi+xTo[ (%)

0, =(Dye+vy,) + o, T(®)
O3 =27 (Doy,e+vey,) Ui +ulo3(%)).

(24)

(25)

Then, taking into account the learning laws of the weights in
(14), we obtain

V<sT ( Flxu) - KSign(S)), (26)



then we can find the upper bound as the minimum eigenvalue

of the matrix K, and separate the terms, such as
V < =Anin{K}IS| + ST f (x,u), 27)

Using the Cauchy-Schwarz inequality, we can obtain the
following upper bound

V < =S| (AmindK} = fo) »

selecting the gain K such that fo < A,,;n{K}, the Lyapunov
function converges asymptotically to the origin.

(28)

III. REsuLTS

To show the identification error convergence exhibited
by the ISM identifier 11, this work compares the proposed
approach against a traditional DNN [8] in two numerical ex-
amples, the Van Der Poll oscillator and the inverted pendulum
[15], [16]. An essential remark for both numerical examples is
the derivative approximation errors, i.e., Vo ;» Vo, and vy,
are considered to be insignificant and set to zero.

A. Van Der Poll Oscillator

The Van Der Poll Oscillator dynamic is characterized by the
following dynamics

X1 =x2+Mm

. 29
x2=—x1+x2(1—x%)+n2+u (29)

where [x; x2]7 € R” are related to the system states, and
u € R™ is the input to the system. The control is set as u =
0.1sin(¢); the external disturbances 77; and 7, are computed
as a combination of sine functions

n1 = —0.01sin(0.17) + 0.05 sin(4¢)
+0.01 sin(100¢)
n2 = 0.1sin(107) + 0.05 sin(0.17) — 0.5 sin(50¢).

(30)

The weight matrices Wy, W, and W3 have r| = 2, r, = 3
and r3 = 4 neurons. Based on the universal approximation of
neural networks with stochastic parameters [17], the sigmoidal
parameters have a uniform distribution between —2.5 and 2.5
with MATLAB fixed seed on 2. The initial weights use a
uniform distribution between -2.5 and 2.5. The remaining
learning constants were set as

k1=k2=k3=10*]n; K=20;
0 10 0 €1V
A= [—10 —10]’ B= H

The traditional DNN [8] used to compare the proposed
SMDNN has the following structure and corresponding learn-
ing laws

%= Apk + Wy102(%) + Wipos (£)u;
Wnl € Rnqu; WnZ € Ranz;
Wi = kn1 Preos ()T Wia = knoPreu 03(2)7

(32)

where 0 : R" — R? and o3 : R" — R92*™ are sigmoidal
activation functions with the same structure than (7). For the
numerical example, g; = 5 and g, = 6. The activation function
parameters are selected with a uniform distribution between

[-0.5,0.5] with the MATLAB fixed seed of 3. The learning
laws parameters were selected as

kni =kpp =100 1,,; P, =1,
-5 0 (33)
Ap = [0 —5.5]'

The identification process of both traditional DNN and
SMDNN for x; shows a similar convergence to the system
dynamics in less than 2 seconds (Figure 1). On the other hand,
the identification of x; is initially faster with the traditional
DNN as it is practically the same as the system state (Figure
2), where the proposed method has an initial separation
from the system dynamics. Nevertheless, the zoom in both
Figures exhibits a closer convergence of the SMDNN to
both system dynamics; meanwhile, the traditional DNN has
a small divergence between 4 and 5 seconds for x, dynamics.

Figure 3 shows the difference for the identification error

5 .
4
1 = System
0 — SMDNN
_2F — DNN 1
3
4 45 5
0 l\/
2 L L L L
0 2 4 6 8 10

Time (s)

Fig. 1. System identification comparison for x;. The zoom shows a closer
convergence to the system by the proposed SMDNN.
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Fig.2. Systemidentification comparison for x,. The traditional DNN diverges
from the system between seconds 4 and 5.

convergence between the two DNNs. The proposed SMDNN
converges faster to a region near the origin and with fewer
oscillations than the traditional DNN, properties exhibited
by the SM methodologies. Additionally, the traditional DNN
identification error increases at the second 5, meanwhile the
SMDNN remains close to the origin for the rest of the time.
Finally, Figure 4 presents W; dynamics by the SMDNN
learning laws. It is worth remarking on the slow dynamics
presented by the weights as the SMC forces the identifier to
converge to the system trajectories and keep the identification
error near the origin. This behavior allows the sigmoidal
functions to represent the system dynamics in finite time.
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Fig. 3. The square of the identification error shows the characteristic
convergence of the SM methodologies compared to the oscillations of the
traditional DNN
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Fig. 4. W; dynamics, with an almost constant behaviour.

B. Inverted Pendulum

The second numerical example is the inverted pendulum
[15], setting the moment of inertia J = 1kg - m?2, mass of
the inverted pendulum M = % kg, gravitational acceleration
9.8892 length of the inverted pendulum 42 = 1.5m and friction
factor f. = 0.2. The inverted pendulum dynamics obeys the
differential equation

9 1= 92 +v
92 = %u - @ sin(91) - %91
Vv = 5d191 sin(d292),

(34)

where 81 € R and 8, € R are the angle and angular velocity for
the inverted pendulum. The control # € R has an oscillation
as with the Van Der Poll oscillator # = 0.1sin(z), and the
perturbation parameters for v are d; and d, are selected from
a uniform distribution between [—0.5,0.5]. The number of
neurons for both neural networks is r{ = r, = r3 = 2 and
g1 = q» = 3. The matrix A for both networks is selected as

0 5 }

=20 =20 (35

A=Ap = [
The remaining parameters for both DNN, the learning laws
gains and the discontinuous element gain, were the same as
for the Van Der Poll numerical example.

The system trajectory converges to the origin due to the
presence of a periodic control input. Therefore, the identifica-
tion processes for 8, (Figure 5) and 6, (Figure 6) show that
the SMDNN converges faster and closer to the state trajectory
compared to traditional DNN. Compared to the Van Der Poll

oscillator, the traditional DNN shows more divergence from
the system state trajectory, especially in 6;.

2.5 , . . .
0.2
2t s
T = System
15+ USet — SMDNN] 4
—DNN

0, (rad)

Time (s)

Fig. 5. System identification for €. A highlight of the closer convergence to
the system by the proposed method is shown.
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Fig. 6. System identification for &,. The traditional DNN needed more time
for the converging to 6, trajectory.

The identification error stability for the inverted pendulum
shows the finite time convergence to a region near the origin
by the SMDNN. Once the network reaches this region, the
discontinuous elements of the weights maintain it there, as
can be seen in Figure (7). On the other hand, the traditional
DNN presents its characteristic asymptotic convergence with
vanishing oscillation as time increases. Finally, similar to the
Van Der Poll numerical example, the SMDNN weights remain
almost constant with small changes due to system behavior
(Figure 8).
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Fig. 7. Identification error convergence dynamics for both DNN.

IV. ConNcLusiON

A novel DNN structure, the SMDNN is presented in this
work. The system topology was selected to have a state-
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Fig. 8. SMDNN weights W, showing small variations during the simulation.

input affine structure based on successful implementations of
previous works. The learning laws for the SMDNN identifier
were designed using the Lyapunov stability analysis, including
discontinuous elements. The discontinuous elements derive
from the application of an ISM control-like structure, which
enforces the identifier to reach the system trajectory in a
finite time. The SMDNN was compared against a traditional
DNN, simulating the identification process in the Van Der Poll
Oscillator and an inverted pendulum, demonstrating a clear
advantage over the asymptotic convergence in both scenarios.
A remark for improvement of the DNN is the application of
less restrictive discontinuous functions, such as the hyperbolic
tangent, and the inclusion of the derivative approximation
error resulting from the Mean Value theorem. Nevertheless,
the findings enforce the application of the SMDNN to develop
closed-loop controllers in future research work.
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