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Abstract— This research addresses the regulator problem in a
boundary control system that is generated by Sturm-Liouville
dynamics. The primary purpose is to ensure the tracking of
a desired reference trajectory while compensating for distur-
bances originating from a distributed parameter exosystem. At
the start, a stabilizing state feedback regulator is constructed
by employing a series representation based on the eigenvectors
of the Sturm-Liouville generator, guiding the system output to
align with the reference trajectory. Following this, a dynamic
error-feedback regulator is formulated, utilizing the tracking
error as the control input. In addition, the closed-loop system
achieves exponential stability, with the tracking error converg-
ing to zero over time.
Index Terms— Regulator problems, Sturm-Liouville system,
Sylvester equation, infinite-dimensional systems.

I. INTRODUCTION

The behavior of many physical systems—such as those
involving vibrations, diffusion processes, heat transfer, fluid
flow, wave propagation, and chemical reactions with axial
dispersion—is frequently governed by Sturm-Liouville (SL)
operators (see, for instance, [27], [25]). These operators
are essential in modeling how such systems evolve over
time and under varying conditions. A substantial body of
theoretical research on SL operators and their properties is
available in the literature (see [24], [7], [29], [27], [25]).
Notably, SL operators are central to spectral theory, which
examines the eigenvalues and eigenfunctions associated with
differential equations. The eigenfunctions of these operators
generally form an orthogonal set with respect to a defined
inner product. This orthogonality is a key feature that al-
lows complex problems to be broken down into simpler
components. Using this property facilitates the representation
and analysis of solutions to boundary value problems in
terms of eigenfunctions. In this study, a spectral strategy is
implemented to address the regulation problem for a Sturm-
Liouville boundary control system (SLBCS) subjected to
disturbances, as modeled by the following partial differential
equation (PDEs).

zt(t, ξ) =
1

ρ(ξ)

(
(p(ξ)zξ(t, ξ))ξ + q(ξ)z

)
+f(ξ)υ(t, ξ)

y(t) =

∫ β

α

ρ(ξ)c(ξ)z(t, ξ)dξ

(1)
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subject to the following boundary and initial constraints α1zξ(t, α) + α2z(t, α) = ν(t)
β1zξ(t, β) + β2z(t, β) = 0

z(0, ξ) = z0(ξ)
(2)

where z represents the system’s state, ν represent the in-
put and υ represents disturbance signals. The constants
α1, α2, β1 and β2 are real numbers such that (α1, α2) ̸=
(0, 0) and (β1, β2) ̸= (0, 0) and ρ, p,

dp

dξ
, q and f are real-

valued functions with ρ > and p > 0.
Control of PDEs presents unique challenges that differ
fundamentally from those encountered in the control of
ordinary differential equations (ODEs). A key factor behind
these challenges is the infinite-dimensional nature of PDEs,
which adds significant complexity to the analysis and design
of control strategies. Unlike ordinary differential equations
(ODEs), which model systems with a finite number of state
variables evolving over time and are therefore confined
to finite-dimensional spaces, partial differential equations
(PDEs) govern the dynamics of systems whose states vary
continuously over both time and space. This spatial dis-
tribution of state variables across an infinite-dimensional
domain introduces additional layers of complexity in mod-
eling, analysis, and control design, making the control of
PDE-governed systems inherently more intricate than that of
their ODE counterparts. To address the distributed charac-
teristics of PDE systems, an infinite-dimensional state-space
framework is essential. This approach models the system
within an abstract space, treating it as a differential equation
operating in an infinite-dimensional setting [12], [6], [5].
By doing so, the framework enables the analysis of PDE
systems with methods analogous to those used for ODEs,
with the additional complexity introduced by their infinite-
dimensional nature. Effectively employing this approach
requires advanced mathematical tools, particularly functional
analysis and operator theory. Several methodologies are
employed in the control of PDEs, each addressing different
aspects of the control problem. Optimal control techniques
([6], [22]) focus on finding control laws that optimize a
performance criterion while satisfying system constraints.
Sliding mode control ([19]) offers robustness against distur-
bances and model uncertainties by designing control laws
that drive the system’s trajectory to a predefined sliding
surface. Robust control ([10], [11]) aims to ensure system
performance and stability despite uncertainties and variations
in system parameters. Model predictive control ([15], [20])
involves solving an optimization problem at each time step



to predict and control the future behavior of the system
based on a model. Backstepping control ([8]) is a design
methodology that systematically stabilizes PDE systems by
transforming them into simpler forms. Observer design ([1],
[2], [21]) involves creating estimators to infer unmeasured
states from available measurements, which is crucial for
feedback control. Disturbances in dynamical systems refer
to external factors or variations that influence the system’s
behavior and performance over time. These disturbances can
manifest as sudden shocks, random noise, fluctuations in
input parameters, or changes in environmental conditions.
Such disruptions can compromise the stability and reliability
of a system, making it critical to analyze their effects and
devise strategies to mitigate them. This is particularly signif-
icant in areas like control theory, engineering, and physics,
where maintaining the stability and robustness of systems
is vital for their efficient operation. To address disturbances
and sustain optimal performance under varying conditions,
researchers use various control strategies, including feedback
control, filtering techniques, and adaptive algorithms. One
prominent approach to managing disturbances is to solve
the servomechanism, or regulator, problem. This consists of
constructing a feedback regulator that can track a desired
output while rejecting disturbances and ensuring the stability
of the closed-loop system. The servomechanism problem
typically includes an exosystem that generates the reference
trajectory and disturbances, both of which the regulator must
handle effectively (see [13], [17]). Within this framework,
there are two primary variants of the regulator problem.
The state feedback regulator relies on full access to the
trajectories of both the system and the exosystem, offering
a straightforward design process but limited practicality due
to the difficulty of acquiring complete trajectory information
in real-world applications. Alternatively, the error-feedback
regulator employs the tracking error, defined as the difference
between the desired and actual output, as the control basis.
This approach is more practical, focusing on minimizing
the tracking error rather than requiring complete trajectory
data. In the context of ordinary differential equation (ODE)
systems, regulation problems have been extensively studied,
with significant progress achieved using the internal model
principle (IMP). The IMP provides a robust framework for
designing controllers that address both desired outputs and
disturbances by embedding models of the exosystem within
the control structure (see [13], [16], [17]). This principle
has been pivotal in the advancement of feedback control
theory and its applications in managing disturbances across
a wide range of systems. Significant progress has been made
in extending output regulation results to infinite-dimensional
systems. For instance, [9] expands the geometric framework
to include linear distributed parameter systems with bounded
input and output operators, addressing scenarios where ref-
erence signals and disturbances are generated by a finite-
dimensional exosystem. The study provides clear criteria for
solving regulator equations, relying on the eigenvalues of the
exosystem and the system’s transfer function. Subsequent
research, such as in [23], expanded these results to the

unbounded case, driven by interest in systems where control
and/or observation operators are unbounded. Regulation for
infinite-dimensional exosystems is studied in [18], showing
that a feedback controller incorporating an internal model can
regulate signals from the exosystem while achieving strong
or weak stabilization of the closed-loop system. Likewise,
[4] investigates output regulation for a reverse flow reac-
tor modeled by a hyperbolic PDE system, employing the
operator Riccati equation to design stabilizing feedback and
output injection gains. Finally, the spectral approach has been
employed to address the regulation problem for a catalytic
cracking process, as detailed in [3].
This study focuses on exploring the use of existing research
related to the regulator problem, with a special emphasis on
applying the spectral approach to control the Sturm-Liouville
boundary control system (SLBCS) as described by equations
(1)-(2). The focus is on leveraging the spectral approach,
a well-established method recognized for its effectiveness
in addressing complex control challenges, to enhance the
regulation of the SLBCS.

II. STATE-SPACE DESCRIPTION

The Sturm-Liouville boundary control system (SLBCS),
along with its associated output function, can be expressed as
a linear system operating within the framework of a Hilbert
space. L2(α, β) ż(t) = Az(t) + Fυ(t), z(0) = z0

Bz(t) = ν(t)
y(t) = Cx(t)

(3)

where the operator A is defined for every function g ∈
L2(α, β) such that g and

dg

dξ
are absolutely continuous and

d2g

dξ2
∈ L2(α, β) and satisfies β1

dg

dξ
(b) + β2g(b) = 0.

Ag =
1

ρ(ξ)

(
d

dξ

(
p(ξ)

dg

dξ
(ξ)

)
+ q(ξ)g(ξ)

)
(4)

Denote by D(A) the domain of definition of A. The input
operator B : L2(α, β) → R is given by

h 7→ Bg =

[
α1

d·
dξ

+ α2I

]
|ξ=α

h (5)

The operator F : L2(α, β) → L2(α, β) is given by F =
f(ξ) ·I and the operator C : L2(α, β) 7→ R is given by Cx =
⟨c, x⟩ρ. As stated in [14], the operator A, defined in (4),
exhibits the following key properties: (i) It is a Riesz spectral
operator and generator of a C0-semigroup on the space
L2(α, β), and (ii) Its eigenvalues {λn}n≥1are simple, real
and countable. Furthermore, the associated set of normalized
eigenfunctions θn : n ≥ 1 constitutes an orthonormal basis
regarding the inner product ⟨·, ·⟩ρ., i.e.

⟨θn, θm⟩ρ =

∫ β

α

ρ(ξ)θn(ξ)θm(ξ)dξ = 0, for n ̸= m

In the subsequent analysis, for any function g ∈ L2(α, β),
we define gn := ⟨g, θn⟩ρ. Denote by H = R ⊕ L2(a, b)



the Cartesian product of L2(α, β) and R with the inner
product and norm regarding the weight function ρ for all
g = (ν1, g)

T ,h = (ν2, h)
T ∈ H.

⟨g,h⟩H = ν1ν2 + ⟨g, h⟩ρ and ∥g∥H =
√
ν21 + ∥g∥2ρ

By applying the established procedure detailed in [12, Sec-
tion 3.3], it can be shown that when B0 = d(ξ) · I such that
d ∈ D(A) and satisfies the following condition

α1d
′(α) + α2d(α) = 1 (6)

then the SLBCS (3) can be transformed into the following
state-space description on H:{

ẋ(t) = Ax(t) +Bu(t) + Fυ(t) x(0) = x0

y(t) = Cx(t)
(7)

where the new trajectories are

x(t) :=

[
ν(t)

z(t)−B0ν(t)

]
and u(t) = ν̇(t) (8)

and the new generators are

A =

[
0 0
hI A0

]
, B =

[
I

−dI

]
,

F =

[
0
F

]
and C = [CB0 C] .

such that A0 : D(A0) → L2(α, β) is defined as the
restriction of A to the kernel of B, with its domain given
by D(A0) = D(A) ∩Ker(B). Additionally, the function h
is expressed by

h(ξ) =
1

ρ(ξ)

(
(p(ξ)d′(ξ))

′
+ q(ξ)d(ξ)

)
= Ad(ξ) (9)

It can be demonstrated, using integration by parts, that the
operator A0 is self-adjoint (A∗

0 = A0). Furthermore, observe
that the adjoints operators of B0 and C are:

B∗
0z = ⟨d, z⟩ρ ∀z ∈ H and C∗y = cy, ∀y ∈ R.

which implies that ∀ν, y ∈ R, ∀z ∈ L2(α, β)

B∗
[

ν
z

]
= ν − ⟨d, z⟩ρ and C∗y =

[
⟨d, c⟩ρy

cy

]
.

Observe that the spectrum of the operator A is σ(A) =
σ(A) ∪ {0} and the corresponding eigenvectors are:

Φ0 =

(
1
−d

)
∈ H, and Φn =

(
0
θn

)
∈ H, n ≥ 1

(10)
and the eigenvectors of A∗ are:

Ψ0 =

(
1
0

)
∈ H and Ψn =

(
λ−1
n hn

θn

)
∈ H, n ≥ 1

(11)
Furthermore, the bio-orthogonality property can be easily
validated, i.e, ⟨Φn,Ψm⟩H = δnm.

III. STATE-FEEDBACK REGULATOR DESIGN

This section investigates the state-feedback regulator prob-
lem, a crucial step in addressing the error-feedback regu-
lator problem. It involves designing a controller that takes
advantage of the full state information of the system to
meet specified performance goals. Its primary role is to
drive the system’s behavior, ensuring that it reacts effectively
to disturbances. We assume that both the disturbance and
reference signals are ge by

υ̇(t) = Sυ(t), υ(0) = υ0 ∈ L2(α, β) (12)

such that S : D(S) ⊂ L2(α, β) → L2(α, β) is an operator
expressed as:

Sυ =

∞∑
n=1

sn⟨υ, θn⟩ρθn =

∞∑
n=1

snυnθn (13)

where sn ∈ iR, lim
n→∞

Im(sn) = ±∞ and sn ̸=
sk, for n ̸= k. The domain of S is D(S) = {υ ∈

L2(α, β) |
∞∑

n=1

|sn|2|υn|2 < ∞}. The targeted output is

given by

yr(t) = Qυ(t) := ⟨q, υ⟩ρ =

∫ β

α

ρ(ξ)q(ξ)υ(ξ, t)dξ

with q is a continuous on [α, β]. Here, we want to design a
state and disturbance feedback regulator of the form u(t) =
Kx(t) + Lυ(t), where the operators K and L are bounded.
These operators are designed such that (i) A+BK generates
an exponentially stable trajectory and (ii) the error e(t) =
y(t)− yr(t) converges asymptotically to zero. Let us begin
by concentrating on the design of a stabilizing feedback
K. Building on [12, Theorem 5.1.3], the following result
demonstrates that a stabilizing feedback can be achieved by
solving a set of infinite algebraic Riccati equations.
Theorem 1: A stabilizing feedback operator K of the SL
augmented system described by (7) is expressed as follows

Kx =

∞∑
m=0

Km⟨x,Ψm⟩H

:=

∞∑
m=0

(
−Γ0m +

∞∑
n=1

ϵnΓnm

)
⟨x,Ψm⟩H

(14)

where ϵn = ln − λ−1
n gn and such that Γnm = Γmn satisfy

the set of algebraic equations below for all n,m ≥ 0

(λn + λm)Γnm +Nnm − 2

∞∑
k,l=0

ΓnkΓmlBkl = 0, (15)

and Nnm represent the components of a given positive defi-
nite operator N on the basis {Φn}, i.e Nnm = ⟨NΦn,Φm⟩H.
Moreover, a stabilizing boundary control law of the system
(3) in the absence of disturbances can be expanded using the
following series

ν(t) =

∞∑
m=1

e−Λt

∫ t

0

eΛτKmzm(τ)dτ (16)



where Λ = −Ko +

∞∑
m=1

ϵmKm.

Proof: The idea is to use the associated Lyapunov
equation together with the spectral approach to get (15).
Moreover, expansion (16) can be obtained by rewriting (14)
in terms of the original variables.

To obtain a specific stabilizing feedback, we can introduce
further constraints on the design operator N to streamline
Equation (15). For example, specifying a particular structure
for N can simplify the process of solving the algebraic
Riccati equation, making it easier to identify a stabilizing
feedback that is efficient and practical.
Corollary 1: Suppose that the design operator N is selected
such that Nnm = 0, for n ̸= m. Then, a stabilizing feedback
operator K of system (7) is expressed by (14) such that the
constants Km are explicitly given for all m ≥ 1

K0 = −N00

2
and Km =

λm +
√
λ2
m + 2Nmmϵ2m
2ϵm

.

(17)
Moreover, a stabilizing boundary control law of the system
(3) in the absence of disturbances is given by (16) where Λ
is explicitly given by

Λ =

(
N00

2
+

∞∑
n=1

λn +
√

λ2
n + 2Nnnϵ2n
2

)
. (18)

We now delve into the problem by considering the presence
of disturbances; more specifically, we want to design a
disturbance-feedback controller L. This operator plays a piv-
otal role in mitigating the impact of disturbances by adapting
the feedback control mechanism appropriately. To define and
determine the structure of the disturbance-feedback operator
L, we leverage a key lemma that establishes the theoretical
groundwork. This lemma enables the derivation of L by
solving a Sylvester operator equation. The proof of the
lemma adopts a methodology analogous to that used for
Lemma 1 in [4].
Lemma 1: Let us consider the augmented SL system
given by (7). Provided that there are two operators X ∈
L(L2(α, β),H) and T ∈ L(L2(α, β),R) that satisfy the
following constrained Sylvester equation

AX −XS +BT + F = 0 (19)

CX −Q = 0 (20)

then the input u(t) = Kx(t) + Lυ(t), where K is specified
by equation (14) and L = T − KX , ensures that the error
e(t) asymptotically approaches zero.
To take advantage of the generator spectrum A in ad-
dressing the Sylvester equation (19), the lemma below is
indispensable. This lemma establishes that, under specific
conditions, the solution to the constrained Sylvester equation
can be expanded as a series involving the eigenvalues and
eigenvectors of A. The proof employs an approach analogous
to that outlined in [18, Lemma 6], providing a systematic
framework for deriving the solution.

Lemma 2: Let D ∈ L(L2(α, β),H). Then the Sylvester
equation

AX −XS +D = 0, XD(S) ⊂ D(A) (21)

admits the unique solution

X =

∞∑
n=1

⟨·, θn⟩ρR(sn, A)Dθn ∈ L(L2(α, β),H) (22)

if and only if

sup
∥z∥≤1

( ∞∑
n=1

|⟨R(sn, A)Dθn, z⟩ρ|2
)1/2

< ∞. (23)

where R(sn, A) := (snI −A)−1.

Next, we explore the Sylvester equations (19) and (20) in
the context of the Sturm-Liouville (SL) system described
by equation (7). To thoroughly analyze these equations and
assess their significance for the SL system, it is essential
to establish a set of foundational assumptions. These as-
sumptions will streamline the mathematical formulation and
ensure the existence and uniqueness of solutions, laying the
groundwork for a rigorous examination of the problem.
(A1) D := BT + F satisfies inequality (23), i.e

sup
∥z∥≤1

( ∞∑
n=1

|⟨R(sn, A)(BT + F )θn, z⟩ρ|2
)1/2

< ∞

(A2) The operator T : L2(α, β) → R has the form Tυ =
⟨γ, υ⟩ρ ∀υ ∈ L2(α, β), where γ ∈ L∞(α, β) is chosen
such that the sequence γn := ⟨γ, θn⟩ρ satisfies the following
condition ∀n ≥ 1

∞∑
m=1

Xnm⟨c, θm⟩ρ = ⟨q, θn⟩ρ (24)

Now, the core idea is to express the disturbance-feedback
operator L as a series expansion of {θn}n≥1, using the
spectral properties of the system. This approach ensures
targeted disturbance compensation, maintaining stability by
focusing on the most sensitive system modes, while utilizing
the orthogonality and completeness of the eigenvectors for
robust regulator performance.
Theorem 2: Consider the SLBCS described by (3) assum-
ing the presence of disturbances arising from the exosystem
(12). Suppose that assumptions (A1) and (A2) satisfied.
Provided that K is given by (14) and L is given for all
υ ∈ L2(α, β) by

Lυ =

∞∑
n=1

Ln⟨υ, θn⟩ρ (25)

where Ln are given explicitly for n ≥ 1 by

Ln = γn

(
1 +

N00

2sn

)
+

∞∑
m=1

λm +
√
λ2
m + 2Nmmϵ2m

2(sn − λm)

[
γn − fnm

ϵm

]
(26)



where fnm = ⟨fθn, θm⟩ρ. Then the state feedback controller
drives the tracking error asymptotically toward zero.

u(t) = Kx(t) + Lυ(t). (27)

Now, it becomes possible to determine the original stabi-
lizing boundary input ν as feedback of the state z and the
disturbance υ. To accomplish this, we will formulate and
solve a linear differential equation.
Corollary 2: Consider the SLBCS described by (3) assum-
ing the presence of disturbances arising from the exosystem
(12). Suppose that (A1) and (A2) hold. Then the stablizing
boundary input

ν(t) = eΛt

∫ t

0

e−Λt

( ∞∑
n=1

Knzn(t) +

∞∑
n=1

Lnυn(t)

)
dt

(28)
guides the error e(t) towards zero.

IV. ERROR-FEEDBACK REGULATOR

In many practical situations, obtaining full access to the state
and disturbance information—something that is essential for
executing the state-feedback regulator described in equation
(27)—is often not feasible. The limitations could be due
to various factors such as the difficulty in measuring all
relevant states, the presence of unobservable disturbances,
or constraints in data acquisition and processing. As a result,
there is a necessity to address the servomechanism problem.
This problem incorporates devising a control strategy that
can operate effectively even when full information about the
state and disturbances is unavailable. The goal is to develop
a dynamical controller that performs well in more practical
scenarios and utilizes the tracking error as an input. The
controller is taking the form{

φ̇(t) = Âφ(t) + B̂e(t)
u(t) = Hφ(t)

(29)

provided that the operator A =

(
A B̂H

B̂C Â

)
generates an exponentially stable trajectory and the
error e(t) = y(t)− yr(t) asymptotically converges to zero.

The dynamical controller (29) functions as a compensator,
utilizing the error as input to generate the estimate of
the system state and disturbance, represented by φ(t) ≃
(x(t), υ(t))T ∈ H ⊕ L2(α, β) := H. The latter is equipped
by the usual inner product and denoted by ⟨·, ·⟩H. The second
equation of (29) embodies the feedback mechanism on the
estimated state and disturbance. In the preceding section, a
stabilizing feedback operator H was derived. Indeed, H =
[K L], provided that the operators K and L are specified
by (14) and (25), respectively. Consider the operators A0 and
C0 given by

Â0 =

(
A F
0 S

)
and Ĉ0 = (C −Q)

where the domain of definition of Â0 is given by D(Â0) =

D(A)⊕D(S). Let G =

(
G1

G2

)
be the output compensa-

tion operator associated with the pair (Ĉ0, Â0). As per [9,
Theorem 4.2], if Â is selected to be

Â =

(
A+BK −G1C F +BL+G1Q

−G2C S +G2Q

)
then the tracking error approaches zero when t approaches
infinity. To complete the controller design (29), it is essential
to identify the stabilizing compensation operator G. It is
easy to notice that σ(Â0) = σ(A) ∪ σ(S) = {ζn : ζ2n =
λn, ζ2n+1 = sn+1, n ≥ 0} with eigenvectors

Ω0 =

(
Φ0

0

)
=

 1
−l
0

 , Ω2n =

(
Φn

0

)
=

 0
θn
0


and Ω2n+1 =

(
(sn+1I −A)−1Fθn+1

θn+1

)

=


0

∞∑
k=1

fn+1,k

sn+1 − λk
θk

θn+1


and σ(Â∗

0) = σ(A∗) ∪ σ(S∗) = {πn : π2n = λn, π2n+1 =
sn+1 = −sn+1, n ≥ 0} with eigenvectors

Θ0 =

(
Ψ0

(λ0I − S∗)−1F ∗Ψ0

)
=

 1
0
0

 ,

Θ2n =

(
Ψn

(λnI − S∗)−1F ∗Ψn

)
=


λ−1
n gn
θn

∞∑
k=1

fn⟨1, θk⟩ρ
λn + sk

θk


and Θ2n+1 =

 0
0

θn+1


The subsequent theorem affirms that deriving the output
compensation operator G is achievable through solving a
series of Riccati equations.
Theorem 3: Let M̂ be a definite positive operator M̂ .
The output compensation operator of the pair (Ĉ0, Â0) is
described for all y ∈ R by

Gy = −ΠĈ∗
0y = −

∞∑
n,m=0

Πnm⟨Ĉ∗
0y,Ωm⟩HΩn (30)

provided that {Πnm}n,m≥0 satisfy

(πn + ρm)Πnm + M̂nm − 2

∞∑
k,l=0

ΠnkΠmlĈkl = 0 (31)

where M̂nm = ⟨M̂Θn,Θm⟩H and Ĉnm = ⟨Ĉ0Θm, Ĉ0Θn⟩H.
Similarly to what has been done for the stabilizing feedback
operator, the output compensation operator can be found
based on some assumptions about the design operator M̂ .
Corollary 3: Consider a definite positive design operator



M̂ such that M̂nm = 0, for n ̸= m. Then an output
compensation operator for Ĉ0, Â0 is expressed for y ∈ R
by

Gy = −
∞∑

n=0

πn +

√
π2
n + 2M̂nnĈnn

2Ĉnn

⟨Ĉ∗
0y,Ωn⟩HΩn (32)

V. CONCLUSIONS

This paper explores the servomechanism problem in the
context of a Sturm-Liouville boundary control system that
is influenced by disturbances from a distributed parameter
exosystem. The core contribution of this study is the appli-
cation of a spectral approach within an infinite-dimensional
setting to develop feedback regulators. These regulators are
formulated in terms of the eigenvalues and eigenvectors
of the Sturm-Liouville (SL) generator, providing a robust
framework for addressing the control problem.
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