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Abstract—In this paper, we propose an approach to stabilize
unstable internal dynamics occurring from the feedback lin-
earization of a kinematic vehicle model. Since the input affine
model formulated has no full relative degree, a diffeomorphic
transformation is performed to reduce the internal dynamics
to an integration of the steering speed of the vehicle. We then
introduce a Lyapunov candidate to ensure asymptotic stability.
Incorporating this Lyapunov function, the resulting input-output
linearized system is stabilized with a model predictive control
(MPC) scheme. The new internal dynamics is posed as equality
constraints in the feedback linearized MPC framework. Numer-
ical results demonstrate that the proposed approach provides a
satisfactory control performance and takes a significant lower
computation time in comparison to a nonlinear MPC based on
the original model.

Index Terms—model predictive control, feedback linearization,
Lyapunov stability, vehicle guidance, kinematic model

I. INTRODUCTION

Nonlinear model predictive control (NMPC) offers im-
proved performance for complex nonlinear systems. The im-
portance of MPC in various applications is constantly in-
creasing, for example, it becomes a well-known applicable
method in different disciplines in the automotive sector [1].
However, NMPC faces computational challenges due to its
requirement of numerical computation for solving nonlinear
model equations and calculating gradients. Recent approaches
provide numerical solutions through either collocation on finite
elements [2] and [3] or direct multiple shooting methods [4].
Such discretizations often result in large-scale optimization
problems within the NMPC framework. To address this issue,
the method of combined multiple shooting and collocation
[5] was developed to reduce the necessary number of time
intervals while providing a high numerical accuracy. Although
this method reduces the size of the underlying optimization
problem, it still retains its nonlinear nature. In this study,
we follow another approach, namely perform a feedback
linearization to formulate a linear-quadratic and hence convex
optimal control problem (OCP), which is used for the direct
computation of the optimal control sequence for a linear MPC.
The proposed method yields a trivial model structure that
allows for a lean and simple implementation.

However, especially in robot kinematics or vehicle guidance
applications, an issue remains: there will almost certainly be
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an unstable internal dynamics, if the system has no full relative
degree. The aim of this study is to address this issue and ensure
stability of the resulting linear MPC.

A. Feedback Linearization

Feedback linearization is a control strategy used to trans-
form a nonlinear system into an equivalent linear one through a
specific feedback mechanism. The primary goal is to design a
control law that compensates the system’s nonlinear behavior,
allowing a standard linear controller design.

In this study, we consider a nonlinear system expressed as
an input affine form

ẋ(t) = f(x) +G(x)u (1a)

where x is the state vector, u is the control vector, and f
and G are nonlinear function vector and matrix, respectively.
The output mapping is given as

y(t) = h(x). (1b)

Feedback linearization aims to transform the system so that
the relationship between the input and the output becomes
linear. For this purpose, a transformation on the control input

u = A(x) + κ(x)v (2)

is to be found such that a new (virtual) input vector v can be
expressed as a linear control input [6].

This method can be applied to both single-input single-
output (SISO) and multiple-input multiple-output (MIMO)
systems. Its applicability mainly depends on the system’s
(vectorial) relative degree. Systems that provide a full relative
degree can be reformulated via an input-state linearization. It
transforms the entire state space of the system into one with
fully linear dynamics. For non-full relative degree systems,
the input-output linearization provides a linear formulation
between the outputs y and the virtual inputs v without
necessarily transforming all state variables. This casually leads
to internal dynamics whose stability properties need to be
analyzed.

B. Predictive Control

Predictive controllers can be applied to tackle instable
internal dynamics or to take constraints into account. In [7]
a cascaded control scheme for a pendubot is used, where the
input-output feedback linearization forms the inner loop while
a nonlinear predictive control is adopted for the outer loop.



This allows the control of the fast and unstable mode in the
inner loop, while the outer loop handles the slower internal
dynamics.

Deng et. al. [8] directly apply feedback linearization and
model predictive control to a class of constrained problems.
They found that the transformation of the input constraints lead
to state dependent constraints. To preserve linearity within the
MPC they approximate the states using a neural network.

The primary advantage of such approaches lies in the
significant simplification of the MPC formulation achieved
by feedback linearization to form a linear model. This not
only simplifies the design process but also can provide guaran-
tees for stability and convergence. Additionally, reducing the
computational burden of NMPC within the underlying OCP
presents a critical benefit for real-time applications.

C. Contributions

Our study focuses on the stabilization of unstable internal
dynamics which appears when applying feedback linearization
to a kinematic vehicle model. Using a closed-loop formulation,
we achieve a simultaneous consideration of both internal and
external dynamics. We ensure the system’s asymptotic stability
using a Lyapunov function, while the resulting strictly convex
formulation of the underlying OCP guarantees convergence
of the optimization algorithm. Therefore, this approach leads
to reducing computational complexity while maintaining the
benefits of nonlinear prediction of the system behavior for
model predictive control.

Potentially, our closed-loop approach allows consideration
of input constraints and its applicability to a broader class of
systems with challenging dynamic properties.

II. FEEDBACK LINEARIZATION

A kinematic bicycle model in the input affine form (1) reads

f(x) =


x5 cos (x3 + β(x4))
x5 sin(x3 + β(x4))

x5 tan(x4) cos(β(x4))L2

0
0

 , (3a)

G(x) =

[
g1
g2

]T
=

[
0 0 0 0 1
0 0 0 1 0

]T
, (3b)

h(x) =
[
x1 x2

]T
, (3c)

with

β(x4) = arctan(L1 tan(x4)). (3d)

Fig. 1 shows the principle of the kinematic bicycle model.
Table I lists the symbols with their physical meaning. In
addition, in (3a) L1 = lr

lf+lr
and L2 = 1

lf+lr
, respectively.

We linearize this model using the transformation z = T (x)
where

T (x) =


x1

x5 cos(x3 + β(x4))
x2

x5 sin(x3 + β(x4))
x4

 . (4)
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Fig. 1. Principle of the kinematic bicycle model

TABLE I
PHYSICAL MEANING OF SYMBOLS

Symbol Physical meaning
x1 x-position
x2 y-position
x3 Yaw angle ψ
x4 Steering angle δf
x5 Velocity v
O center of gravity (COG)
lf Distance between COG and front axis
lr Distance between COG and rear axis
u1 Acceleration
u2 Steering speed

The first four entries in T (x) in (4) are determined by the
model dynamics (3a). The outputs yield a vectorial relative
degree ρ =

[
2 2

]T
. Since we consider a fifth order system

there will appear an internal dynamics of order one. Hence,
we define z =

[
zξ,1, zξ,2, zξ,3, zξ,4 zη,5

]T
, where the

index ξ indicates the assignment of the states to the external
dynamics and η the assignment to the internal dynamics
accordingly. The fifth entry of (4) is selected as x4 to ensure
it being a diffeomorphism.

Proof. A diffeomorphism T (x) must satisfy the following two
conditions:

(i) T (x) must be bijective (one-to-one and onto);
(ii) T (x) and its inverse T−1(z) must be continuously dif-

ferentiable.

The bijectivity is ensured when x can be recovered uniquely
from z. In our transformation, we have x1 = zξ,1, x2 =
zξ,3 and x4 = zη,5. The velocity x5 and the yaw angle x3 can
be recovered as follows

x5 =
√

z2ξ,2 + z2ξ,4,

x3 = atan2(zξ,4, zξ,2)− β(zη,5).

The differentiability of condition (ii) can be shown by evalu-



ating the Jacobian of (4)

∂T

∂x
=


1 0 0 0 0

0 0 −a1 −a1
∂β
∂x4

a2
0 1 0 0 0

0 0 −a2 −a2
∂β
∂x4

a1
0 0 0 1 0

 (5)

where a1 = x5 sin(x3 + β) and a2 = x5 cos(x3 + β). The
Jacobian has a full rank and is continuous for all x, except
when the velocity x5 = 0 or the steering angle x4 = ±π

2 ,
which would leave tan(x4) undefined. The determinant of the
Jacobian

det

(
∂T

∂x

)
= x5 (6)

is non-zero for ∀x5 ̸= 0. Thus, the transformation is locally
invertible for any non-zero velocity.

As a result, the diffeomorphism conditions are fulfilled if
the vehicle is moving and the steering wheels are not at a
90-degree angle, which is given during normal operations of
the vehicle. However, these singularities should be taken into
account carefully in the practical implementation.

Given the outputs from (3c) we can calculate the entries of
the decoupling matrix

D(x) =

[
Lg1Lfh1 Lg2Lfh1

Lg1Lfh2 Lg2Lfh2

]
using the Lie-derivatives for y1:

Lfh1 = x5 cos (x3 + β) , (7a)

L2
fh1 = −x5 sin (x3 + β) ẋ3, (7b)

Lg1Lfh1 = cos (x3 + β) , (7c)

Lg2Lfh1 = −x5 sin (x3 + β)
∂β

∂x4
(7d)

and for y2:

Lfh2 = x5 sin (x3 + β) , (8a)

L2
fh2 = x5 cos (x3 + β) ẋ3 (8b)

Lg1Lfh2 = sin (x3 + β) , (8c)

Lg2Lfh2 = x5 cos (x3 + β)
∂β

∂x4
, (8d)

where

∂β

∂x4
=

L1

(
1 + tan2(x4)

)
1 + L2

1 tan
2(x4)

(8e)

Consequently,

D(x) =

[
cos (x3 + β) −x5 sin (x3 + β) ∂β

∂x4

sin (x3 + β) x5 cos (x3 + β) ∂β
∂x4

]
(9)

can be used to formulate the linear control law

u = D(x)−1

[
v1 − L2

fh1

v2 − L2
fh2

]
. (10)

The external dynamics of the feedback linearized system has
the following state-space form

żξ,1
żξ,2
żξ,3
żξ,4

 =


0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0



zξ,1
zξ,2
zξ,3
zξ,4

+


0 0
1 0
0 0
0 1

[
v1
v2

]
(11a)

and the corresponding outputs

yz = h(T−1(z)) =
[
zξ,1 zξ,3

]T
, (11b)

which are identical with (3c). The internal dynamics is ex-
pressed as

żη,5 = u2. (12)

The input vector of the original systems u can be retrieved
through (10) using the inverse transformation

T−1(z) =


zξ,1
zξ,3

atan2(zξ,4, zξ,2)− β(zη,5)
zη,5√

z2ξ,2 + z2ξ,4

 . (13)

To facilitate readability we use from now on zη := zη,5.

III. STABILIZING INTERNAL DYNAMICS

It is easily recognized that the internal dynamics (12)
is not inherently stable, since it is an integrator fed with
the input u2. However, stable internal dynamics must be
guaranteed since the control sequence generated by the MPC
theoretically would only account for external dynamics. Our
idea is to ensure a stable behavior within an MPC formulation
that considers both internal and external dynamics. For this
purpose, we formulate the discrete-time representation of the
external dynamics

zk+1
ξ =


1 Ts 0 0
0 1 0 0
0 0 1 Ts

0 0 0 1


︸ ︷︷ ︸

A

zk
ξ +


T 2
s

2 0
Ts 0

0
T 2
s

2
0 Ts


︸ ︷︷ ︸

B

vk (14a)

and the internal dynamics

zk+1
η = zkη + Tsu2(z

k
ξ , z

k
η ,v

k) (14b)

where Ts is the sampling time and u2(·) the nonlinear steering
dynamics expressed as

u2 =
−
(
1 + L1

2 tan2(zk
η )
)
cos2(zk

η )

L1

(
(zkξ,2)

2 + (zkξ,4)
2
) (

vk1z
k
ξ,4 − vk2z

k
ξ,2

)
.

(15)



For a feedback linearized MPC (FLMPC), we formulate the
underlying discretized OCP as follows

min
V

N−1∑
k=0

(∣∣∣∣yk
z − yk

r

∣∣∣∣2
Q
+
∣∣∣∣vk

∣∣∣∣2
R
+ wη(z

k
η )

2
)
(16a)

subject to (14a) − (15), (16b)

yk = h
(
zkξ,1, z

k
ξ,3

)
, (16c)∣∣zkη ∣∣ ≤ δf,max, ∀ k ∈ [0, 1, . . . , N − 1] (16d)

where the weighting matrices Q ⪰ 0, R ≻ 0 and wη ≥ 0
and the steering angle constraint δf,max < π

2 .
To establish asymptotic stability under the MPC framework,

we use a Lyapunov-based approach to account for both the
linear external and the nonlinear internal dynamics. Following
the ideas of [9], the following proof leverages the system’s
feedback-linearized structure and controllability properties.

Proof. We define the Lyapunov candidate at the i-th time
sample of the MPC as

VN

(
yi
z, z

i
η

)
= min

V i

[
N−1∑
k=0

ℓ
(
yi+k
z , zi+k

η ,vi+k
)]

(17)

using the stage cost

ℓ
(
yk
z , z

k
η ,v

k
)
=

∣∣∣∣yk
z − yk

r

∣∣∣∣2
Q
+
∣∣∣∣vk

∣∣∣∣2
R
+ wη(z

k
η )

2

to penalize the deviations from the reference as well as
minimizing the virtual inputs and the internal state.

The choice of Q ⪰ 0 and wη ≥ 0 ensures VN > 0, ∀yz ̸=
yr and zη ̸= 0. Obviously VN (yr, 0) = 0, which guarantees
positive definiteness of the chosen function.

To ensure a monotonic decrease of VN , let

V ∗ =
[
(v0)∗, (v1)∗, . . . , (vN−1)∗

]
be the optimal input sequence at sampling time i. At i+1, we
construct a candidate sequence by appending a feasible but not
necessarily optimal control sequence to a by-1-shifted control

Ṽ =
[
ṽ0, ṽ1, . . . , ṽN−1

]
=

[
(v1)∗, (v2)∗, . . . , (vN−1)∗, 0

]
,

to obtain

ṼN

(
yi+1
z , zi+1

η

)
= VN

(
yi
z, z

i
η

)
−

N−1∑
k=0

ℓ
(
yi+k
z , zi+k

η , ṽi+k
)
.

By optimality of VN

(
yi+1
z , zi+1

η

)
,

VN

(
yi+1
z , zi+1

η

)
≤ ṼN

(
yi+1
z , zi+1

η

)
holds. Thus

VN

(
yi+1
z , zi+1

η

)
− VN

(
yi
z, z

i
η

)
≤ −

N−1∑
k=0

ℓ
(
yi+k
z , zi+k

η , ṽi+k
)
,

which satisfies the Lyapunov condition:

∆VN ≤ −λmin(Q)
∣∣∣∣yk

z − yr

∣∣∣∣2 − wη

(
zkη

)2
,

where λmin(Q) > 0 is the smallest eigenvalue of Q and
∆VN = VN (yi+1

z , zi+1
η )− VN (yi

z, z
i
η).

Consequently, by the LaSalle Invariance Principle [6], all
trajectories will converge to the largest invariant set where
yz = yr, zη = 0 and thus ∆VN = 0.

Remarks:
(i) The external dynamics (14a) is controllable, since

rank
(
B,AB,A2B,A3B

)
= 4.

(ii) The prediction horizon N needs to be sufficiently long
to ensure the desired controller performance. However,
a finite horizon is applicable since the control sequence
resulting from the MPC leads to a decrease in the
Lyapunov function (see Remark (iv)).

(iii) The initial steering angle u2(t0) needs to satisfy
|u2(t0)| ≤ δf,max, and the MPC ensures recursive
feasibility

(iv) In (15) the MPC formulation stabilizes the internal
dynamics because the optimal solution of the underlying
OCP leads to (vk1z

k
ξ,4 − vk2z

k
ξ,2) < L1((z

k
ξ,2)

2 + (zkξ,4)
2)

for zη → 0 and v → 0 and we ensure the nonlinear
terms remain bounded i.e., |zη| = |δf | ≤ δf,max < π

2 as
in (16d) and z2ξ,2 + z2ξ,4 ̸= 0 according to (5), (6) and
(13).

(v) The choice of wη will affect the performance as indi-
cated in the Lyapunov condition.

IV. SIMULATION RESULTS

We consider two tracking scenarios to illustrate the proper-
ties of the proposed FLMPC approach and compare with those
of the NMPC based on the original kinematic model (3). The
OCP underlying the NMPC reads

min
u

tf∫
t0

(∥y − yr∥2Q + ∥u∥2R) dt,

s.t. (3a) − (3d)

(18)

where Q =

[
10 0
0 10

]
and R =

[
2.5 0
0 2.5

]
are chosen the

same for both OCP formulations (16) and (18) in order to
imitate a practically relevant tuning and wη = 1 in (16a). The
prediction horizon is set to a length of 10 seconds to ensure a
sufficient long time of prediction. The sampling time Tc = 0.1
second and the prediction horizon is shifted by Tc after each
sample.

The results of a first experiment are shown in Fig. 2 which
compares the transient behavior of the FLMPC with that of
the NMPC. The vehicle is starting with an initial deviation of
∆y = −1 meter from its target trajectory heading along the x-
axis at a speed of 30 kilometer per hour (kph). It is clearly seen
that both approaches lead to satisfactory transitions, where
the NMPC shows a faster reaction. This is mainly due to the
impact of tuning the weighting parameters. Using R in both
objectives leads to a weighting of the steering speed and the
acceleration in the heading direction of the vehicle for the
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Fig. 2. Transient tracking behavior

NMPC (18), whereas for the FLMPC (16) the accelerations
in x- and y-direction are weighted directly. Furthermore, the
additional term wηz

2
η in (16a) aims at minimizing the yaw

rate causing a less aggressive transient behavior. Accordingly,
Fig. 3 shows that the steering angle generated by FLMPC is
significantly smaller than the one generated by NMPC.

The second experiment considered is a moose-test where
the vehicle starts on a given trajectory at the origin of the
coordinate system with an initial velocity of 30 kph heading
along the x-axis. The target trajectory mimics an evasive
maneuver at a velocity of 30 kph as shown in Fig. 4 with
the dashed line. According to the underlying OCPs for both
approaches, no box constraints or general (in-)equalities were
considered except the ones mentioned in section III for the
FLMPC. Fig. 4 shows dissatisfactory tracking behavior by the
NMPC, whereas the FLMPC is able to track the trajectory
using the same configuration. Note that this issue cannot
be resolved by adding a term for the steering angle u2 in
the objective function of the NMPC. However, the NMPC
can be provided with bounded inputs implemented as hard
constraints to work properly. To stabilize the tracking behavior,
we constrain the NMPC input variables as follows[

−7
−0.16

]
≤

[
u1

u2

]
≤

[
6

0.16

]
(19)

which match the range of the steering signals corresponding
to the FLMPC. The result shown in Fig. 5 allows us to
draw the same conclusion as that from Fig. 2. The NMPC is
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slightly more aggressive but both approaches yield satisfactory
tracking behavior.

In terms of computational requirements, the FLMPC allows
a significant reduction of nonlinearities within the underlying
OCP, since there is only one nonlinear state zη left. The
following benchmark considers 10 samples of both the linear
and nonlinear MPC implementations. The experiment runs
both MPC frameworks for about 11 seconds (i.e. physical
time). To gain insight into the computational times of the
underlying OCPs, its measured computing times are presented
in an analogous manner. The measurement refers to (18)
as N-OCP and to (16) as FL-OCP. Both implementations
employ IPOPT [10] for solving the underlying OCP using the
interfaces of InfiniteOpt [11] and JuMP [12].

Table II shows the minimum and maximum time taken to
run both MPC for the 11 seconds of the system and the
computation time of the underlying OCPs, respectively. It
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Fig. 5. Tracking behavior with bounded inputs for NMPC



TABLE II
CPU BENCHMARK

Computation Timea

Scen. Candidate min . . . max mean ±σ
NMPC 10.7 s . . . 11.1 s 10.9 s ± 93.1 ms

Lane- FLMPC 2.0 s . . . 2.3 s 2.1 s ± 85.3 ms
keeping N-OCP 96.7 ms . . . 102.1 ms 99.9 ms ± 977.4 µs

FL-OCP 19.7 ms . . . 24.4 ms 21.7 ms ± 0.7 ms
NMPC 14.9 s . . . 15.5 s 15.1 s ± 184.1 ms

Moose- FLMPC 2.2 s . . . 2.4 s 2.3 s ± 67.5 ms
test N-OCP 140.9 ms . . . 148.6 ms 143.9 ms ± 1.6 ms

FL-OCP 20.9 ms . . . 26.5 ms 23.5 ms ± 1.1 ms
aComputer setup: AMD Ryzen 7 7735U, Windows 11.

shows that, FLMPC takes significantly less CPU time than
NMPC. And the CPU time used for each update in the FL-
OPC is less than the sampling time (0.1 second), making it
applicable for real-time implementation. In the moose-test,
it can be seen that each update in the N-OCP needs about
150 milliseconds. Thus, it cannot be used for the online
implementation.

The last column in II gives an idea about how strong the
computation time differs between samples, given as standard
deviation σ. This shows the influence of the scheduler of the
operating system on the simulation setup. Based on the mean
computation time, we can conclude that the time reduction
achieved by the feedback linearized MPC lies within the
range of 80.8 % to 84.8 %. Furthermore, the results indicate
that the NMPC is sensitive to the type of maneuver, as the
moose-test results in a longer computation time than the first
tracking scenario. On the contrary, the FLMPC demonstrates
a more consistent computation time across both experiments,
i.e. it remains always below the MPC sampling time, thereby
ensuring the real-time capability.

It should be noted that the computation time shown in Table
II is resulted by using the same solver (i.e. IPOPT) to solve
both the N-OPC and the FL-OPC problems. It means that
the advantages of the FLMPC in numerical computing are
not fully utilized. Our next step will be implementing it with
a dedicated QP (quadratic programming) solver, which will
further reduce the computation time.

V. CONCLUSION

This paper presents a feedback input-output linearization
approach while addressing the challenge of unstable internal
dynamics. By employing a Lyapunov function, we demon-
strate that the formulated FLMPC stabilizes the whole system
including the internal dynamics which is an integrator of an
original input. This is achieved by integrating the internal
state as an additional term into the objective function. The
linearization and the stability are ensured when the vehicle is
continuously moving and the steering angle must not reach
the theoretical limit of ± 90 degrees. This, in practice, is
acceptable as long as we consider trajectory tracking tasks
such as lane keeping or evasive maneuvers, while physical
limits, i.e. the maximum steering angle of the vehicle, are
taken into account. The simulation results demonstrate that the

proposed scheme leads to significant improvements in terms of
the computational performance, i.e. real-time implementation
is possible by employing the FLMPC framework.

The derived internal state of the kinematic model allows
to approximate the original state-space by using the proposed
inverse transformation and hence the prediction of the input
constraints inside the FLMPC framework, which would usu-
ally be state-dependent. Thus, further work should investigate
the consideration of input constraints to the FLMPC. Since
the implementation of constraints is not trivial as the transfor-
mation usually depending on the progression of the states of
the original state space within the prediction horizon. Imple-
mentations of different approaches to resolve this issue can be
found in [8], [13], [14]. Our ultimate goal is to incorporate
constraints and implement FLMPC using a dedicated solver,
with the aim of improving its applicability and computation
time.
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