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Abstract—This article deals with the consensus principle
in a network of identical linear agents with strictly Metzler
dynamics, when the considered communication topology is
represented by an undirected graph. To guarantee the func-
tionality of the observer-type consensus protocol, the design
problem is parameterized using a structure of linear matrix
inequalities, which reflects the principle of diagonal stabilization
and singular decomposition of the Laplacian of the network
topology graph. Design is clearly illustrated with an example.

I. INTRODUCTION

Cooperative systems control has received considerable
attention due to its applications in many industries, [1],
[2], [3], [4] and multiagent systems have become interesting
areas in intelligent resource management and agent-oriented
technologies [5], [6], [7] with a specific focus on consensus,
coordination and synchronization problems. Some of these
industries belong to the class of positive systems, [8], [9],
[10] and, restricting themselves to the Metzler structure of
the dynamics matrices of their models, are often referred to
as Metzler systems, [11].

For practical reasons, full consensus protocols in multi-
agent networks are replaced by protocols using distributed
state estimation via observers, [12], [13], [14], where con-
vergence of consensus algorithms requires only a weak form
of connectivity of the communication graph, [15], [16], [17].

This paper deals with the solution of the consensus
problem in linear strictly Metzler agents. Assuming that
N is the number of agents described by the same linear
Metzler model, the main results are the parameter design
conditions that ensure the stability of the protocol and reflect
the constraints imposed on positive systems. The design
conditions are formulated using the linear matrix inequalities
(LMlIs), and the main design constraints are considered to be
diagonal stability and the parametric constraints.

The basic preliminaries are presented in Section II and
the consensus problem is solved in Section III. The LMIs
for parameters design are formulated in Section IV. Section
V shows the applicability of the method with an example,
and section VI summarizes the results.

Throughout the paper X < 0 conveys that a real matrix
X is symmetric and negative definite, notations ™ (X7T)
identifies the transpose of the vector (matrix), I,, indicates
the n-th order unit matrix, diag[ - | enters up a block diagonal
matrix, ® denotes the Kronecker product of matrices, R"
denotes the n-dimensional Euclidean space, R} ™" (R"}"™)
refers to the set of real nonnegative (Metzler) matrices.
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II. BASIC PRELIMINARIES

Let G(V, €, .A) be an undirected graph of order N, where
V={1,...,N} is the set of nodes, E={(4,7): %,j € V}
is the set of edges and A = {a;;} € RV is a weighted
adjacency matrix, [18], [19]. The adjacency elements satisfy
the conditions a;; = 0, ;; > 0 if and only if (4, j) € €. If
the graph is undirected, o;; = «;; and A is symmetric.

The Laplacian matrix £ to the graph G is defined as £ =
{l”} € IRNXN, lz’j = —Q4j, ) 7£ ] and l“ = Zj#z Qj.

For an undirected graph, both the adjacency matrix and
the Laplacian matrix are symmetric, and the row and column
sums of the Laplacian matrix are all zero, which means that
for an undirected graph, the Laplacian matrix is singular and
diagonally dominant, [20], [21].

The Kronecker product ® of matrices X ={z,, ,, } € R*™
and Y € R"¥*" is the operation

1Y - 1Y
XQY = e )
Tp1Y  TnmY
and for matrices X,Y,Z , W of appropriated dimensions
and a scalar a satisfies the basic properties, [22],
(XZ) ) YoW)=XYQYW
XY+2)=XQY+X®Z
(Xoz2)"=x"oz"
aX =a® X
Consider multiagent systems with a set of N internally

positive and linear strictly Metzler agents, described for ¢ =
1,..., N by the realizations on the parameters (A, B, C) as

q;(t) = Aq;(t) + Bu;(t), wy,;(t)=Cgq;(t) (3)
where the vectors q,(t) € R, y,(t) € R are positive for
q(0) > 0, matrices B € R}*", C € RI'*" are nonnegative

and A € M™%" is a strictly Metzler matrix, whilst the
elements A = {a;;}}';,_; must satisfy the constraints

ai; > 0,i#j, Vi,j € (1,n) 4)

In order to perform the analysis of the system, basic
constraints must be reflected, i.e., since (3) is only diago-
nally stabilized, [23], the design conditions based on LMIs
must be formulated using diagonal positive definite matrix
variables, and the parametric constraints (4) must be adapted
to diagonal LMI structures.

For the ith system (3), the structure of the observer is

yei(t) = quz(t)
where gq.;(t) € RY, y.(t) € R} and J € R}™ is
nonnegative.

X®Y € R™>Xmv (1)

2

a;; <0,



IIT. CONSENSUS PROBLEM

The goal is to design a consensus protocol u;(t) of a multi-
agent system using the estimated values of the agents’ state
vectors, where the following form of consensus protocol is
proposed

wi(t) = K Y aij(qu(t) — g.(t) (6)
jEN,

where \V; is the neighborhood of the i-th agent, K € R’,*" is
the protocol gain matrix and «;; represent the neighborhood
elements of the adjacency matrix A = [av;;]};—; € RV*N.

Connecting the defined models (5) and (3) using the
settings

ei(t) = q;(t) — q.;(t) (7
leads to the dynamic error equations
éi(t) = Aq;(t) + Bu;(t)—
— Aq,(t) — Bui(t) = JC(q;(t) — q.i(t))  (8)
=(A—-JC)et)

and based on the Kronecker product property, the entire
structure have the form

e(t)= Iy ® Ac)e(t) )

where
e(t) = [ef(t) - ef(t)]" e RN (10)
A, =A—JC (1n

If the synchronizing state error vector is defined as
1
8i(t) = q,(t) = - > _aq;() =a:(H) —aqt)  (12)
j=1

where

13)

then dynamics of the synchronization error vector is
di(t) = q;(t) — g;(1)

= A(q;(t)—g,;(1))+ BKZaij(qei(t)_ q.;(t)—
jEN)

1 N
- N Z Z BKazj(qe'L<t) - qey(t))
JEN, i=1
= A8i(t) + BK ) aij(qu(t) — q.(t))
JEN,

(14)
where the last row relation follows from the property of
symmetry of undirected topology graph «;; = «;;, which
implies that

N
% > > BKaij(q.(t) — q.;(t) =0 (15

jEN> =1

Since the following holds

= ij(qu(t) — g (1)
j€N>
= auiai(t) — eilt) — (q;(t) — e;(t)))
JEN,
=3 aij (ai(t) — qt) — q;(t) +Gt) — es(t) + (1))
j€N>
=) i (8i(t) — 8;(t) — ei(t) + e;(t)))
JEN,
(16)
then

3;(t) = Ad;(t)+
+BK Y ai; (8:(t) — 6;(t) — ei(t) + e;(t))) (17

jEN)
and for the obtained network dynamics this gives equiva-

lently

5(t) = Iy ® A)5(t) + (L ® BK)(8(t) —e(t))  (18)

where

5(t)=[67(t) - oK) €M (19)

Using the property of the Kronecker product, the extended
dynamics has the form

- ) ] o

or, written compactly,

2(t) = A°2(t) 1)
where

o [IN®A+LXBK —LRBK ~|a(t)
A [ ; Lob },z@)[e(ﬂ] 22)

Remark 1: Since L of an undirected graph is symmetric
positive semi-definite, singular value decomposition of £
takes the form, [24],

M'CLM =S (23)
where
M:[m1m2~-~mN]7 S:diag[sl...sN_lo] 24)

and with the singular value set written in an descending order
as defined in S

s1282-->sy-12>0 (25)
the orthonormal vectors my, h = 1,..., N, span the matrix
M such that

M™™M =MM™*=1Iy, M~ =M"T (26)
L=MSM" 27)

The following theorem is proposed for the application of
such a set of singular values to guarantee the functionality
and stability of the observer-type consensus protocol.



Theorem 1: If for the error (21) of the positive multiagent
system (3) and its Laplacian matrix £ (23) there exists
with respect to all j = 1,...,N — 1 positive definite
diagonal matrices P, P4 € R™*"™ such that following LMI
constraints are feasible

(28)

—_ =511 *

= | o PBK @ " (29)

Oy =0y =P, (A—JC)+ (AT — "IN P, <0 (30)

Sv=P A+ AP, <0 (31)

where

Ejll = Pl(A+SjBK) + (AT+5]‘KTBT>P1 (32)

then the consensus problem for (3) is solvable under the
consensus protocol (6).
Hereafter, * is a symmetric entry in a symmetric matrix.
Proof: In order to respect the principle of diagonal
stabilization for the error system (21), the Lyapunov function
candidate is constructed

v(z(t)) = 2T (t)P°z(t) > 0 (33)
where for Py, Py € R"*"
P° =diag[In®@ Py INn® P3] =0 (34)
P, =dia ceo Pin| =0
1 . g [pn P ] (35)
Py = dlag [pgl - an] >0

The corresponding time derivative of v(z(t)) along the
solutions (33) is

o(z(t) = 2V (t)P°z(t) + 27T

and using the composed vector defined in (22) then

5T @] |6 T o p o]

+[87(t) e™(1)] {IN%?P ! INQ%P2:| Eg] (37)

(P°2(t) <0 (36)

)
)
<0
which implies
8 ()(In ® P1)o(t) + 8T (1) Iny © P1)d(t)+
+e (t)(In ® Pa)e(t) + €' (1) (In ® Py)é(t)
<0

(38)

Using expressions (9), (18) give the possibility to rewrite
(38) as
§"(t) Iy ® P1A+ L ® P1BK)§(t)+
+6T(t) Iy ® P1A+ L® PyBK) 8(t)+
+el(t)(InoPrAc)e(t) +e (1) (In@ Py Ac)) e(t)— (39)
—eT(t)(LePBK)"(t) — 6" (t) (Lo P1BK )e(t)

0

A

The relations (26), (27) allow to write
LR(
+8™(¢

t(MM*® PLA+ MSM™ @ P BK)J(t)+
(
=0t
(

)

Y MM*® PLA+ MSM™ @ PyBK)T4(t)
YNNI, @ PtA+S® PiBK)NJ(t)+

+0"(t) N I, ® P1A+ S ® P1BK)"N4(t)

(40)

' (t)(MSM™ @ PyBK )e(t)+
+eT(t)(MSM" @ PiBK)"4(t)
=6't)N(S ® P\BK)Ne(t)+
+eTt)N'(S ® P\BK)"N4(t)

(41)

T(MM™ @ PyA,)e(t)+
YMM™ @ PyA.) e(t)
)NT( n ® P2 ) (t)+
)

® PyA.)"Ne(t)

(
+el(t
T(t
+eT(t) N1,

(42)
=e

where

N=M"®Iy (43)
and by defining the following vector variable transformations

N§(t) =
Ne(t) =

(M @ Iyn)d(t) =

(MT @ Iy)e(t) = e(t) 9

(39) can be rewritten as

¢"t) Iy ® P1A+ S @ PyBK)((t)+

+¢"(t) Iy ® P1A+ S ® P1BK)"((t)+
+el(t)(In@ Py A Je(t) +e () (In@ P A,)) Te(t)—
—T(t)(S®P1BK)e(t) — e (1) (So P BK) (1)
<0

(45)

Thus, in view of (24) and (45), it yields that

=2

-1

¢} (t)(P1(A+s;BK) + (A+s;BK)"P1){;(t)—

Z <.
[0

— (C;r(t)SjP1BK€j(t)+
1

e} (t)s; K'B™P1(;(t)+

<.
I

-

+) ej(t)(P2Ac+ A Po)e(t)

j=1
<0
(46)
Connecting the variable vector components then (46) gives
the stability condition as

N—
Z;f )E5€,(t) +ex ()Onen(t) + N () ENE () <0

(47)
using (29)—(32) and the proof is completed. |



IV. PARAMETER DESIGN

The following results emerge from a summary of the ways
to design positive observer parameters.

Lemma 1: [25] If the elements of the matrix A =
{aij}i'j=1 € R™%" are implemented in the rhombic form

—a11
a21 —@22
A@ = an1 Gp2 - —0nn (48)
a2 -+ Qip
L an—1,n |

then the diagonals of (48) defined in the relation to h =
0,...,n—1as

Ag(v,v) =diag [-a11 - —an,] <0
Ag(v+h,v) = [a14h,1°  Cnn—h @1 n—h+1 " Chp] = 0
(49)
prescribe the parametric constraints (4) and with
cf
C=|:|, C,=diag [CE] = diag [Cm c;m] (50)
Cn
J=[j1+ dm], T = diag 5] = diag [jx1- - jrn] (51

the observer system matrix A, = A — JC € M™{" is
parameterized as

A =31 (460 +1,0) Zthck) (52)
h=0
where .
L= {I‘Zl (1)} . Jwn = L' g L" (53)

and L € R™*™ is the circulant form of a permutation matrix,
[26].

Theorem 2: [25] Given strictly Metzler matrix A €
IM”*%™ and nonnegative C' € RY"*" then the observer (5) is
stable with strictly Metzler and Hurwitz matrix A, € M"3"
if there exist positive definite diagonal matrices Py, Vi €
R’ such that for h = 1,2,...n—1 can be find any feasible
solution of the following set of LMIs

Py, =0, Vi=0 54
PyAg(v,v) kack <0 (55)
k=1
PyT" Ao (v + h,0)T"" =Y "V, T"C,T"" - 0 (56)

k=1
m
P2A+ATP2—Z Vil Cr=Y  Cilal Vi < 0 (57)
k=1 k=1

where via elementary manipulations
Te=P;' Vi, Gy=Jiln, J=[j1

the strictly positive J € R}*™ is computed.

Im]  (58)

The inequality (28) is bilinear due to the structure (32).
Defining the transformation matrix 7"

T =diag[Q, Q,], Q,=P7" (59)

and pre-multiplying the left side and then multiplying the
right side by T, it follows from this operation on (28) for
j=1...,N—-1

(A+s;BK)Q; + Q,(A" +s;K"B") *
—s;BKQ, Q,0:20Q,
(60)

Applying the duality of the controller and observer design,
[27], the parametrization for the controller design task is
reflected by the following.

Lemma 2: If the elements of the matrix A = {a;;}';_; €
R™%™ are implementad in the dual rhombic form

—aip a12--- Qin
—Qa22° - G2p 021
Ao = o 1)
—OQpnanl* " Ann—1

then the diagonals of (61) defined in the relation to h =
0,...,n—1as

Ag(v,v) = diag [—am- = —an,n] <0
Ag(v,v+h)=diag [661,1+h' ©Qp—hnOn—h+1,1"" 'an,h} ?6%)
redefine the parametric constraints (4) and with
ki
K= , K, = diag [k, ] = diag [kx1 -+ kin] (63)
kT
By, = diag [b),] = diag [bi1 bion | (64)

the nominal closed-loop system matrix A, = A + BK €
IM™*"™ is parameterized as

n—1 m
4. =3 (Ao(v,v+ 1)+ BiKu )L (65)
h=0 k=0
where
K, = L""K,L" (66)

Before reformulating the stability task of the consensus
problem for (3), then (60) is expressed using the Schur’s
complement as

(A+s;BK)Q; + Q(A" +s,K'B")~
~57BKQ,(Q,0:Q7'Q,K"'B"
=(A+s;BK)Q, + Q,(A"+s,K"'B")—
~s2BK©;,K"B"
<0

(67)

So, since the second element in (67) is positive definite,
this implies the inequality
(A+s;BK)Q; +Q,(A"+s,K"B™) <0 (68)

which can be reformulated using the parameterization prin-
ciple, while (31) prescribes that A must be Hurwitz.



Theorem 3: Given a strictly Metzler matrix A € M™%", a
nonnegative B € R’*" and a stable strictly Metzler matrix
A, € M"7" then the consensus for (3) is stable with a
strictly Metzler and Hurwitz matrix A, € M™Y" if there
exist positive definite diagonal matrices Ql,Rk e R}
such that for h=1,...n—1,5=1,...,N — 1 can be find
any feasible solution of the following set of LMIs

Q, -0, R, >0 (69)

Ao (v,0)Q +5; Y BrRi <0
k=1

(70)

T"Ao(v,v+h)T""Q,+s; > T'"B,T""Ry =0 (71)
k=1

AQ, + QA"+ 5, (Bilnl R+ Ryl,I}By) < 0 (72)
k=0
where the strictly positive K € R}*™ is computed as

Ki=RiQi', ki =1, Ky, K= [k - kT]T (73)

The proof can be omitted because it also follows from the
duality principle.
V. ILLUSTRATIVE EXAMPLE

To present new results it is considered that the system is
given with the matrices with their parametrization

—3.380 2.986 5.520 1.9620

A— 0.581 —4.708 1.631 0.3490
1.067 2.146 —8.780 3.3980

0.048 1.401 0.471 —2.7700

Ao (v,v) = diag [-3.380 —4.708 —8.780 —2.770]

Ag(v+1,v) = diag [0.581 2.146 0.471 1.962]
(v42,v) = diag [1.067 1.401 5.520 0.349)]
Ao (v+3,v) = diag [0.048 2.986 1.631 3.398]

o(v,v+1) = diag [2.986 1.631 3.398 0.048]
Ag(v,v+2) = diag [5.520 0.349 1.067 1.401]
Ag(v,v+3) = diag [1.962 0.581 2.146 0.471]

_10.0200 0.0284 0.0057 0.0057
~10.0094 0.0101 0.0157 0.0085

B, = diag [0.0200 0.0284 0.0057 0.0057]
B, = diag [0.0094 0.0101 0.0157 0.0085]

c_[0o110] Ci=dago110
1000 1] Cy=diag[0001

and for the network with N = 4 the Laplacian matrix and
its singular values are

3-1-1-1
-1 1 0 0
L= -1 0 271’5

-1 0-1 2

= diag [4 3 1 0]

Using SeDuMi Toolbox, [28], it can be obtained the LMI
variable from (54)—(57) as

P, = [0.3597 0.4128 0.2230 0.5832] > 0
V1 = [0.6470 0.2367 0.1851 0.1360] > 0
V', = [0.3571 0.0675 0.3768 0.3233] > 0

Then, from (58),

1.7988 0.9927
0.5734 0.1635
0.8299 1.6898
0.2332 0.5543

J =

and

—3.3800 1.1872 3.7212 0.9693
0.5810 —5.2814 1.0576 0.1855
1.0670 1.3161 —9.6099 1.7082
0.0480 1.1678 0.2378 —3.3243

with the dynamics defined by the eigenvalues set
o(Ac) = {—1.8772 —3.8016 —5.5591 —10.3577}
Solving (69)—(72) then
Q, = [0.7604 0.1839 0.2254 0.1691] > 0
Ry = [0.6470 0.2367 0.1851 0.1360] > 0
Ry = [0.3571 0.0675 0.3768 0.3233] = 0

K- 0.8509 1.2872 0.8210 0.8041
~ 10.4696 0.3671 1.6717 1.9117

and it can be easily calculated that

[—3.2942  3.1028 5.6488
0.6967 —4.5469 1.7921 0.5179
1.1159 2.1983 —8.6562 3.5366
| 0.0833 1.4427 0.5465 —2.6867 |

0(Ac1) = {~0.0134 —3.6578 —5.4660 —10.0467}

[—3.3156  3.0736 5.6166 2.0644]
0.6678 —4.5872 1.7518 0.4757
1.1037 2.1853 —8.6871 3.5019

| 0.0745 1.4323 0.5276 —2.7075|

0(Aw) = {—0.1218 —3.6561 —5.4632 —10.0563}

[-3.3585 3.0152 5.5522 1.9961]
0.6099 —4.6677 1.6713 0.3912
1.0792  2.1591 —8.7490 3.4326

| 0.0568 1.4114 0.4899 —2.7492|

0(Aes) = {—0.3403 —3.6517 —5.4570 —10.0755}

A.=A-JC =

2.0985]

Given Laplacian structure £, a strictly Metzler and Hur-
witz matrix A, and non-negative matrices B and C, the
presented results confirm that the dynamics matrices of the
observer and controller are strictly Metzler and Hurwitz.
It can also be seen that the resulted parameter structure
significantly affect only the dynamics-dominant eigenvalue
of the controller dynamics matrix.



VI. CONCLUDING REMARKS

The main part of the paper was the application of specific
design constraints to a consensus protocol for a multiagent
system based on estimated values of agent state vectors with
strictly Metzler dynamics in a time-invariant communication
topology. A distributed observer structure with communica-
tion network sensor sharing is used to estimate information
about the single agent state, where a is formulated for a set of
identical agents described by positive linear Metzler systems.
Motivated by the consensus capability for communication
constraints, agent dynamics interaction, and undirected graph
properties, consensus is studied to project a stable control
protocol into optimization under parametric constraints in
the LMI structure. By utilizing the SVD representation of
the Laplacian matrix, all participating decision variables
for the consensus design can have a diagonal structure to
reduce design conservatism. The specification in restricting
to Metzler dynamics is accompanied by modified insights
into the basic protocol properties. Using Lyapunov-based ar-
guments, the design conditions are derived in terms of LMIs
to design asymptotic consensus control protocol. Numerical
illustrations are given to demonstrate the applicability of the
presented formulations.

Such a formulation of the principles provides a potential
basis for future research directions focusing on more general
cases of agent systems, such as discrete positive agents and
ostensible positive agents with time delays, and the design
of systems estimating consensus performance based on the
network topology.
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