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Abstract— We deal with the problem of incorporating the
most recent information in the system which may be crucial to
update the system state, while maintaining resilience to faulty
measurements. For this purpose, we propose and analyze a
consensus protocol biased towards the latest information in
the system. The convergence to consensus of the system is
analyzed and two main approaches are introduced with stability
ranges provided from sufficient conditions. A detailed analysis
of weight-changing that achieves bias towards novelty in the
system is provided. Numerical simulations demonstrate that
final value and convergence rate of the system can be controlled.
Finally, we provide system demonstration in a simple use-case

example.
I. INTRODUCTION

Multi-agent system consists of a set of agents that
interact within a shared environment, where each agent
typically has only partial knowledge of that environment.
To accomplish a task, agents share their information
and form a global view of the world [1]. One of the
commonly used concepts to merge distributed information
is consensus [2], an inherently distributed method that
allows agents to agree upon a certain value in the system.
One of the simplest consensus types is the average
consensus [2], where the agents’ values converge to the
average of their initial values. Another common type,
where final value can be biased according to some criterion,
is the weighted consensus [2], [3], [4]. Information of other
agents can contribute to the agreed value with a greater
or lesser weight. The criterion on choosing these weights
can be i.e. how much a certain agent is trusted as reliable
[5], the quality of the connection link in a networked
systems [6], the uncertainty of measurements [7], etc.

A common scenario is where the agents are exploring
the environment to locate the target wherefore they need
to make decisions that rely on the history of sensor
readings, which have some uncertainty due to noisy
measurements. One such common decision-making frame-
work is Partially Observable Markov Decision Processes
(POMDPs), where agent builds a belief about the state
of the environment based on the sensor readings. In
a system involving multiple agents, efficiency can be
significantly improved if agents share their knowledge
with their peers. This is where the consensus becomes
useful, allowing agents to share knowledge, agree on a
certain value by filtering the information. The traditional
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average consensus [2] treats all information as equally
important, no matter when and from which agent it
originates. That can be a problem from the point of
view of an agent introducing new information into the
system. Due to the averaging in the consensus, this new
information is considered to be of equal importance as
existing (old) information, which can cause degradation
in the overall belief update of the system. To prevent this
we introduced weight-changing consensus that prioritizes
the recent information entering in the system [8], called
novelty-biased (NB) consensus. In this work we provide
formal analysis of its convergence to consensus and we
also explore two distinct methods to introduce bias: node-
based and edge-based weight-changes [9]. In the node-
based approach, the agent that obtains new information
places less emphasis on the information from other agents.
In the edge-based approach, other agents assign greater
weight to the most recent information introduced into the
system. While our method belongs to the class of weight-
changing consensus techniques commonly discussed in
the literature, we preserve the underlying graph structure
and modify only the gains associated with information
exchange. Therefore, we refer to our approach as gain-
changing consensus. To make this consensus directly
applicable in the real world scenarios, we define it in
discrete-time domain and set the conditions on the time
step maintaining the stability and the bias desired in the
system, under assumption that the communication graph
is bidirectional and connected. To prove the stability we
use Lyapunov based method, which we decided to use to
obtain the conditions to showcase the formal reasoning on
the monotonicity of weighting functions in two different
cases and additionally to easily upgrade the future work
on the convergence rates. The main contributions of the
paper are as follows:

« Formalization of novelty-biased consensus [8] through
the concept of weight-changing consensus,

o Analysis of the convergence to consensus of the
proposed weight-changing algorithm,

e Two different ways of changing the weights that
ensure convergence to consensus and introduce bias
towards the novel information in the system.

The paper is structured as follows. In Section II pre-
liminaries on the graph theory and consensus are given
after which the gain-changing consensus is introduced in
Section IIT and its convergence to final value in Section IV.
Stability analysis of two types of gain-changing consensus
is presented in V. Section VI introduces two gain-changing
functions for novelty-biased consensus. An example of a



simple use-case is presented in VII. We conclude the paper
in Section VIII.

II. PRELIMINARIES

Consider a set of n agents whose communication and
information flow are represented by an undirected graph
G = (V,€&), where the set of nodes V = {1,2,--- ,n}
represents agents and the set of edges € C V x V =
{ei;},4,j € V corresponds to communication links be-
tween agents. The neighbourhood of agent i is a set of all
the agents that have a communication link with an agent
i, Ni = {j : e;; € £}. Graph is mathematically described
by its adjacency (A) matrix. A = {a;;},A € R"*", a
square binary matrix where a;; > 0, if e;; € £, otherwise
a;; = 0. For undirected graphs, e;; € £ & ej; € £, A is
symmetric. Sum of a row ¢ in matrix A represents the
in-degree (d;) of an agent ¢, which forms a diagonal degree
matrix D = diag([di,ds, - - ,dy]), where D € R"*". The
difference of degree and adjacency matrix is the Laplacian
matrix of a graph (L =D — A), with the property of zero
row sums. A graph is said to be connected if there is a
path between every pair of its vertices.

A. Consensus Protocol

In consensus protocol agents communicate their state
x;(k) over the previously described graph G and calculate
new state value z;(k + 1) based on the received states

(‘rj(k)a] EM) as:
wilk 1) = wilk) + 8o 3 aog ) = (k) (1)

JEN;

This is the discrete time average consensus protocol where
ts is the sampling time. To introduce a bias in the system
the weight parameter w;; € R>( is defined. That kind of
a system can be represented with three weighted matrices:
weighted adjacency matrix A,,, weighted degree matrix
D., and weighted Laplacian matrix L,,. Weighted degree
matrix, D,, is defined as:

D, = diag([di1,- - ,dnnl), dii = Y _ wij, (2)
JEN;
where w;; presents edge weight. Weighted adjacency
matrix A, has elements: w;; = a;j7;;, where a;; is the
element of the constant binary adjacency matrix A and
vij > 0 is the element of the gain matrix, which is based
on how the agent ¢ should treat the information from the
agent j without changing the underlying graph structure.
General gain matrix (I') is defined as:
Y11 M2 Yin
I\ — . . . (3)
"Ynl ’YnQ 'Vnn

The element of the weighted Laplacian matrix L,, =
D, — A, is presented as:
, i jand j €N,
’ 1= .7

2 jen; i Vs

The weighted consensus thus can be written as:

wilk+ 1) = ai(k) + 10 Y wigey (k) — @i(k). ()
JEN;
Lemma II.1. [10] Consider a connected, bidirectional
graph G = (V, &), with Laplacian matriz L, (4). This
Laplacian matriz has:
e at least one eigenvalue equal to 0
e all other eigenvalues with non-negative real parts,
which makes it a positive semi-definite matrix
o zero-row sum, i.e. L, 1,, = 0, meaning that the right
eigenvector associated with eigenvalue 0 (right-zero
eigenvector) is a column vector of ones 1,
o left eigenvector associated with eigenvalue 0 (left-zero
eigenvector) is p,, € R™, where (pLL, = 0,)

The significance of the left-zero eigenvector is crucial
because the final consensus value depends on it.

Lemma II.2. [11] Consider a connected, bidirectional
graph G = (V, &), with Laplacian matriz L, (4) with
left-zero eigenvector py,. Final consensus value is then:

T
x _ Puw X0
T = 6
o T1, (6)
where xg € R™ is the vector of initial conditions of the
state vector x(k) € R™.

The pertaining synchronization error §(k) is defined as:

T
8(k) = x(k) — 2*1, = x(k) — pr’l‘O 1,
L T Pw n (7)
npu}
Puw’ 1n Pe(k),

= (I—

where pLxo = pLx(k) = const.

ITI. GAIN CHANGING CONSENSUS

If the system changes in time and the relationships
between agents are changing, this can be described with
weights varying over time w;;(k). We deal with a special
case of general weight changing consensus, one where
the topology is not directly considered switching (a;;
do not change over time), but only changes of elements
of the gain matrix assumed; gain-changing consensus.
Hence, adjacency, degree, gain and Laplacian matrices
of the graph are all time dependant and can be written
respectively: A, (k), Dy (k), T'(k), Ly (k).

The gain-changing consensus thus can be written as:

wi(k+1) = wi(k) +ts Y aiyig (k) (2 (k) — z:(k)), (8)
JEN;
or in matrix form:
x(k+1) = (I t,Ly (k))x(k), (9)

where I € R™*™ is the identity matrix and x(k) € R".
General convergence conditions of (9) are known [3] and
are here fulfilled. However, we want to obtain conditions
on gain matrix (I'(k)), graph topology (A) and time step



(ts) to ensure the convergence of the proposed method,
which can be achieved by analyzing the synchronization
error dynamics (k).

Definition IIL.1. [12] Consider a connected, bidirectional
graph G = (V,€&), with Laplacian matriz L, (k) (4).
Synchronization error (k) is defined as :

Lay, (k)
— = )x(k
where m,(k) 1is a projection wvector such that

limg—eom™w(k) is the left-zero  eigenvector  of
limp— oL (k) and my, (k)T x(k) = const.

5(k)=(1— (10)

The stability follows using Lyapunov arguments sum-
marized here for convenience.

Lemma ITL.1. [13] Consider a system (9) and assume that

the graph associated with L., is connected and bidirectional.

Define a Lyapunov function V(k,8) for the system as:
V(k,8) = 8(k)"P(k)d(k), (11)

where P (k) is a positive definite matriz. The following
conditions must hold for the delta-origin to be stable:

(k 8)=0,6=0
8)>0,¥ 840 (12)
AV( &) =V(k+1,8(k+1)) — V(k,&) < 0,7k

IV. MAIN RESULTS

In this section we state the conditions guaranteeing the
convergence of the proposed novelty-biased protocol to
consensus using Lyapunov methods.

Theorem IV.1. Consider a connected, bidirectional graph
G = (V,&), with Laplacian matriz L, (k) defined as in
(4), its left-zero eigenvector pw (k) and consensus protocol
(9). If the elements of the left-zero eigenvector pw (k) are
monotonically decreasing (i.e. pw(k + 1) — pw(k) =2 0)
and the upper bound on the ts is defined by:

Zu AiuYiu (k)pwq‘, (k)

5 k)P )+ & pu, Rz B~ (1)
f1(k)
fa(k) =l
f1(k) =ai;(ij (k) pw, (k) + vji (k)pw; (k)
fQ(k) —a2] k k Zazu’)’zu (14)
+ P)/jz pw] Z aju'Y]u

- pru

Vi,j € V, then the system reaches consensus asymptoti-
cally.

auz’)’uz k)auj'yuj (k)>

Proof. Using the Lyapunov function (11) from Lemma
II1.1, with P (k) a positive diagonal matrix whose elements
are elements of the left-zero eigenvector of Ly, (k — 1)

P(k) = diag(pw(k — 1)) > 0. (15)
The first two conditions in Lemma III.1 hold. To evaluate
the third condition we can rewrite AV using (9):

AV =6(k+ 1)TP(k+1)8(k + 1) — 8(k)"P (k)5 (k)
=— (k)" Q(k)d(k),
(16)
where Q(k) = P(k) — P(k + 1) + t5(Lu (k) "P(k + 1) +

P(k + 1)Ly (k) — tsLy(B)TP(k + 1)Ly, (k) = P(k) —
P(k + 1) + t;N(k). For system (9) to converge to a
consensus, Q(k) needs to be positive definite, however
it can also be positive semi-definite, with consensus
subspace as its null space, because the definition of
d(k) effectively makes it positive-definite [14]. If the
elements of the pw(k) are monotonically decreasing,
then P(k) — P(k + 1) > 0. Matrix N(k) is symmetric,
because it consists of symmetric positive semi-definite part
(L (k)TP(k+1) + P(k + 1)L, (k)) [15] and symmetric
negative semi-definite term (—tsL, (k)T P(k + 1)L, (k)).
With the choice of P(k + 1) to have elements of the left-
zero eigenvector of Ly, (k) on the diagonal, matrix N(k)
has all row sums equal to zero, as well as its column sums.
The elements of the matrix are then:

N = Z aiu'ﬂu(k)pwi (k) - ts(z aiu’}/?u(k)pwq (k)

(17)
+ pr'u aw’Ym (k))
nij = ts(aijvij (k)puw, (k Z @i Yiu(k
+ aji')/ﬂ pw Z a]u’)/ju ( )
18

- pr“

- (az‘ﬂij(k)Pwi (k) + aijvji(k)puw, (k).

Under the conditions stated in Theorem IV.1, matrix
N(k) is a Laplacian of a symmetric connected graph and
by that it is positive semidefinite, which makes the matrix
Q(k) positive semidefinite. The stability of the d-origin
is thereby guaranteed. O

) Qi Vi k)auj Yuj (k)

V. GAIN MATRIX ADJUSTMENT

Consider a multi-agent system that has reached con-
sensus on some value. After the agent i obtains a new
information at the time step k,,, it changes state z;(k) to
new value. This new value can be a result of an underlying
algorithm (e.g. POMDP) based on this measurement or it
may directly become this new measurement. It is defined
by the use-case. To deviate from average consensus in a
multi-agent system, at the time of the new measurement
by an agent, one or more agents need to change their gain
matrix. Using Theorem IV.1, we introduce bias towards
the most recent information in two ways:

1) Node-based weight-changes: Agent ¢ with the most
recent information at the time k steers the final
consensus value towards its measurement without



any additional communication. This is achieved by
changing the row of the gain matrix as: v;;(k) =
9i(k),Vj € V, where g(k) = [g1(k), g2(k),- - , gn(k)].
The agent ¢ treats all neighbours’ information equally.
2) Edge-based weight-changes: Agent ¢ communicates
that it has the newest measurement, and its neigh-
bours steer the final consensus value towards the
value from agent ¢. This is achieved by changing the
column of the gain matrix as: v;;(k) = g;(k),Vi € V,
where g(k) = [g1(k), g2(k), - - - , gn(E)]. All neighbour-
ing agents treat the information from agent ¢ equally.

A. Node-based weight-changes
For v;;(k) = gi(k), the system (8) can be written as:

ik +1) = wi(k) + togi(k) D ayj(w;(k) — zi(k)) (19)
JEN;

Matrix L, of this system is:

Nilgi(k)  —a1291(k) —a1n91(k)

Lw(k) = :
(Nolgn (k)
(20)
The L,, matrix is not symmetric, i.e. w;; # wj;, but the
property of zero row sum remains. However the property
of zero column sum is not preserved, which makes the left-
zero eigenvector: Ly, (k): pL(k)Ly (k) = 0,, — pw(k) =
[1/91(k),1/g2(k), 1/ g3(k), -, 1/gn(R)]"
Theorem V.1. Consider a connected, bidirectional graph
G = (V,€), with Laplacian matriz L,,(k) defined as in
(20) and the consensus protocol (9). If the gains g;(k) are
monotonically increasing functions:

*anlgn(k) *anQQn(k)

9i(k +1) — gi(k) = 0, (21)

and the time step ts satisfies the bounds:

2|V
> 1., 92
PIAEES SRRk @2)
2aij > ¢
aij|Nilgi(k) + aijg; (R)IN; = >0 gu(k) =77 (23)
wEN; NN

Vi,j € V, then consensus is reached asymptotically.

Proof. 1t directly follows from the fact that we choose
P(k) to have the elements of the left-zero eigenvector of
Laplacian (20),L,,(k — 1). The matrix P(k) is:

P(k) = diag([1/g1(k — 1), 1/ga(k — 1), , 1/ga(k— 1)),
(24)

where g;(k) is node (locally) changed gain parameter from
(19). From Theorem IV.1, left-zero eigenvector needs to
be monotonically decreasing, i.e. 1/g;(k—1)—1/g;(k) <0,
implying that gains need to be monotonically increasing;:
9i(k+1)—gi(k) = 0. If v;; (k) = gi(k) and pu,, (k) = 1/g:(k)
are substituted in (13) and (14), we obtain (22) and (23).
O

B. Edge-based weight-changes
For v;;(k) = g,(k), the system (8) can be written as:

wilk+1) = zi(k) +t Y aijg;(k)(z;(k) —i(k)), (25)
JEN;

Matrix L, of this system is:

Y uen; Gu(k)  —aizga(k) —a1,9n (k)

Ly (k) =

—an1g1(k)  —an2g2(k) > uen, Julk)

(26)
Similar to (20), this L, (k) matrix is not symmetric,
ie. w;j # wj;, but the property of zero row sum
remains. Also the property of zero column sum is not
preserved, which makes the left-zero eigenvector depend
on elements of the L, (k): pL (k)L (k) = 0,, — pw =

[g91(K), g2(K), -+, gn(K)]T.

Theorem V.2. Consider a connected, bidirectional graph
G = (V,€), with Laplacian matriz L., (k) defined as in
(26) and the consensus protocol (9). If the gains g;(k) are
monotonically decreasing functions:

9i(k+1) — gi(k) <0, (27)
and time step ts satisfies the bounds:
2 >t (28)
gi(k) + Zue/\/’i gu(k) — ’
2ai > ¢
ai; > gu(k) +ai; X gu(k) = > gulk) T
ueN; UGN]‘ UGNiﬁ/\/j
(29)

Vi,j € V, then consensus is reached asymptotically.

Proof. The steps of the proof are the similar to those in
Section V-A. We define the matrix P (k) to have left-zero
eigenvector of the (26) on the diagonal :

P (k) = diag([g1(k — 1), g2(k — 1), -+, gn(k = 1)]), (30)

where g; (k) is gain parameter from (25). From Theorem
IV.1, left-zero eigenvector needs to be monotonically
decreasing, i.e. g;(k — 1) — g;(k) < 0, implying that
the gains need to also be monotonically decreasing.
Substituting v;;(k) = g;(k) and pu, (k) = gi(k) in (13)
and (14), we obtain the expressions in (28) and (29). O

Note that by assigning gains we impact the left-zero
eigenvector which defines final consensus value.

VI. BiAs INTRODUCTION

In this paper, two specific classes of functions are con-
sidered to introduce the bias towards novel information,
with respect to the convergence conditions on both types
of weight-changes considered in the paper, (21) for node-
based and (27) for edge-based.



A. Piecewise constant gains
Let g;(k) be defined as follows:

. c1 ko, <k <k
gz(k)_{ )

(31)
co , otherwise,

where k,, is the time step at which measurement o; is
acquired by the agent i, and k. is the time-step at which
consensus is considered to be reached.

In this case, the value of g;(k) is switching between
two constant positive values. Depending on choice of
c1 and cg, with ¢; # co, one can observe that either
at gain-switching time k,, or k. the function gf (k) will
not satisfy the monotonically increasing or decreasing
condition. However, at the very next step g¢ (k) = g5(k—1),
which satisfies both (21) or (27), meaning that the system
is switching between two stable states, and according to
[16], the overall switching system is also stable.

To introduce bias in node-based weight-changes, after
the agent ¢ obtains new information, it decreases the
influence of the other agents’ values. For gf(k), this
is achieved by ¢; < c2, and the responses for various
permissible combinations of ¢; and ¢; are shown in Figure
1(a). In the edge-based case, after one of the agents
obtains new information, the other agents value the new
information the most by decreasing the influence of the
values from others. In case of ¢g§(k), this is achieved with
c1 > co. The response of such system is shown in Figure
2(a) for different values of ¢; and cs.

B. Piecewise exponential gains
Let g (k) be defined as:

gi (k) =a+ mefc(kfk"i)ts, (32)

where a, m and ¢ > 0 are parameters of the function,
and k,, is the time step at which the agent 4 received its
latest measurement. Exponential function also satisfies
the monotonically increasing/decreasing condition. The
benefit of gf(k) over gf(k) is that it does not require
checking if the consensus is reached. Similar to the g§(k),
at the time of new measurement k,,, the condition of
monotonic function may not be satisfied. At the very
next time step, the monotonic properties of g¢(k) will
be reestablished and the overall system will be stable

since we are again switching between two stable systems.

In the node-based case, g¢(k) needs to be monotonically
increasing which implies m < 0, and since gains are
defined to be non-negative, we need to ensure a > m.
The convergence of such consensus system for various
combinations of o and m are shown in Figure 1(b).
Function ¢ (k) in the case of edge-based weight-changes
needs to be monotonically decreasing, which can be
ensured with m > 0. The convergence of such consensus
system for various combinations of o and m are shown in
Figure 2(b). Comparing Figures 1 and 2, we can observe
that changing the parameters of g¢(k) and g¢(k) we can
affect both the final value of the biased consensus and the
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Fig. 1: Node-based consensus: 5 fully connected agents.
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Fig. 2: Edge-based consensus: 5 fully connected agents.

speed of convergence towards the final value, while keeping
the system stable. Our initial analysis of final values and
rate of convergence show significant differences between
both gain-changing approaches (node vs. edge change)
and gain-changing functions which shows the versatility
of the proposed novelty-biased consensus framework.

VII. UsE CASE EXAMPLE

To showcase the deployment of the proposed method,
we use a simple problem called Fire on a grid [17].

The problem is defined on 2 x 2 grid, where two agents
must locate the fire. Fire states represent the location of
the fire on the grid and they form a vector that contains
beliefs of the location of fire. The main goal here is to end
the mission when the fire is found and agents are sure they
have sufficient information about its location. Fire states
are extended by an additional state which is used to track
the progress of information gathering, the state unknown.
Therefore the total belief vector of one agent consists of 5
elements. Agents start the search with a large belief that
the location of the fire is unknown. During the search the
belief over this state should decrease. They take actions of
moving on a grid and action that terminates the search for
the fire, when they are sure of the location of the fire. The
search is successful if the maximum value in belief states
of fire coincides with the correct location of the fire on the
grid. In the Figure 3 we can see the belief evolution, using
novelty-biased consensus and underlying decision-making
framework (POMDP), where the states x(k) € [0, 1](2*?).
The node-based weight-changes in the consensus of the
form (9) with constant gains (¢; = 0.01,¢2 = 1.0) and
ts = 0.1s is employed. The state is described as a vector,
but the consensus is reached component-wise on state
vector of agents. Each time an agent visits the location, it
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Fig. 3: The evolution of the consensus value in the Fire on
a grid problem [17]. Agents make decisions using a POMDP
and node-based consensus. Abrupt changes of x(k) indicate
new measurements followed by belief sharing.

obtains reading from sensors, which can be faulty. After
the sensor reading, it reforms its belief vector based on
the underlying POMDP model, and creates the new belief
distributions of possible locations of the fire. The peaks
represent this new belief, after the measurement from
the sensor. This new belief is then shared with the other
agent throughout the novelty-biased consensus and the
final value is biased towards the more recent belief. We
can see that as they are exploring the environment, the
belief of the unknown location is dropping, and others
are increasing. At k = 770, the agent 2 obtained wrong
measurement, as at k = 883 also did the agent 1. If the
consensus on belief were not included, both of the agents
could have concluded wrong location of the fire. Including
the bias, accelerates final conclusion, without too much
degradation of the new information.

VIII. CONCLUSION

In this paper we presented distributed protocol based
on a consensus algorithm, where agents reach the common
value biased towards the most recent information in the
system. Two main approaches are introduced and their
stability ranges are provided from sufficient conditions.
For each approach, piecewise constant and piecewise
exponential gain-changing functions are proposed and
their parameters are selected to achieve the bias towards
novel information while ensuring stability and convergence
of the consensus protocol. Simulations indicate that the
parameters of these gain-changing functions can be used
to control the final value and the speed of convergence
towards that value. The future work involves deriving
the conditions without the constraint of bidirectional
graphs and exploring other time-varying monotonically
decreasing/increasing functions as well as convergence
rates for proposed gains, where the work in [12] may
provide valuable insights. Additionally the agents with
different sensor qualities will be included, with the gains
adjusted accordingly. Sensor quality not only impacts the
consensus, but the whole model of POMDP. Therefore,
in our ongoing POMDP research we aim to find the
minimum quality of sensors threshold (percentage of
correct measurement) at which the combination of novelty-
biased consensus and POMDP in multi-agent systems
ceases to maintain cooperative behaviour.
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