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Abstract— In this article, we use methods from fixed point
theory to examine a Lambda policy iteration with a random-
ization algorithm mappings that satisfy the Kannan contraction
condition. As shown by examples, this type of mapping extends
beyond the scope of the strong contractions considered so far. In
particular, we analyze the properties of reinforcement learning
methods designed for feedback control, framing our investiga-
tion within fixed point theory. Under broad assumptions, we
establish sufficient criteria for convergence in policy spaces of
infinite dimensions.

I. INTRODUCTION

Bellman’s pioneering work [1] established dynamic pro-
gramming as a powerful method for solving complex deci-
sion problems through temporal decomposition into simpler
subproblems. Subsequent research [2]–[5] has demonstrated
its effectiveness across various control applications, partic-
ularly in optimal feedback control. Reinforcement Learning
(RL) methods, notably the Value Iteration and Policy Itera-
tion approaches systematically presented in [6], form a key
subclass of these iterative techniques.

In their foundational work, [7] demonstrated that TD(λ)
can be effectively incorporated into policy iteration, thereby
introducing the λ-PIR scheme. Subsequently, [8] established
profound connections between TD(λ) and proximal algo-
rithms, revealing their synergy in convex optimization.

Building on these insights, [9] successfully extended λ-
PIR to infinite policy spaces through abstract dynamic
programming, not only proving convergence under mild
conditions but also identifying crucial stability operators.

More recently, [10] provided a rigorous analysis of RL-
based feedback control via fixed-point theory, offering con-
vergence guarantees for challenging infinite-dimensional pol-
icy spaces under general assumptions.

Prior approaches (e.g., [8]) rely on Banach contractions,
limiting applicability to smooth operators. Recent work [9]
extends this to infinite dimensions but retains continuity
assumptions. Our method generalizes these frameworks by
developing a λ-policy iteration scheme for Kannan contrac-
tions, which does not require the continuity.

Fixed point theory serves as a powerful framework with
broad applications in areas such as topology, nonlinear anal-
ysis, optimal control, and machine learning. A cornerstone
result in this field is the Banach Contraction Principle, which
asserts that if (X, d) is a complete metric space and T : X →
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X is a mapping satisfying

d(Tx, Ty) ≤ γd(x, y), (1)

for some γ ∈ (0, 1) and all x, y ∈ X , then T possesses a
unique fixed point x∗. Moreover, the sequence {xn} defined
iteratively by xn+1 = T (xn) converges to x∗ for any
initial point x0 ∈ X . Variants and extensions of the Banach
contraction principle have been extensively studied in diverse
mathematical contexts. In particular, Kannan [11] introduced
an entirely distinct type of contraction leading to a unique
fixed point for the corresponding operator.

Kannan contractions generalize traditional Banach con-
tractions by considering distances to mapped points rather
than just between points. This relaxed condition proves
particularly valuable for Markov Decision Process operators
where standard contraction properties may fail, especially in
λ-policy iteration scenarios.

Our theoretical framework expands upon the work in [9]
by establishing that similar convergence properties hold for
weakly contractive mappings. This broader class of systems
encompasses and extends previously studied models in the
literature.

An operator T : X → X satisfies the Kannan contraction
property when there exists γ ∈ [0, 1

2 ) such that:

d(Tx, Ty) ≤ γ (d(x, Tx) + d(y, Ty)) , ∀x, y ∈ X. (2)

A related but distinct contraction concept was introduced
by Chatterjea [12], characterized by:

d(Tx, Ty) ≤ γ (d(x, Ty) + d(y, Tx)) , γ ∈ [0, 1
2 ), x, y ∈ X.

(3)
These extended contraction principles serve as the math-

ematical foundation for our current results.
This article employs fixed point theory to analyze a

randomized Lambda policy iteration algorithm for weakly
contractive mappings. By leveraging Kannan-type operators,
we ensure the existence and uniqueness of fixed points
as guaranteed by the corresponding theorem while also
proving operator convergence. Notably, this approach retains
practical applicability, even in cases involving discontinuous
mappings.

This work makes three key advances: (1) a λ-policy
iteration framework for Kannan contractions that relaxes
continuity requirements of prior work [9]; (2) convergence
guarantees for discontinuous operators (Section IV) enabling
applications to non-smooth environments; and (3) empirical
validation in stochastic settings (Section VI-A) with exten-
sions to deep RL (Section VI-B).



The chapter is organized as follows. The next section
formulates the iterative feedback control problem with key
definitions and assumptions. Sections III–IV present funda-
mental fixed-point results and our main contributions. The
λ-policy iteration scheme for Kannan operators is developed
in V, while VI demonstrates its convergence in a gridworld
example. Conclusions and future work appear in VII.

A. Notations

• B(X): Banach space of value functions with weighted

norm ∥V ∥ν = sup
x∈X

|V (x)|
ν(x)

• Fλ
µ : λ-policy evaluation operator.

• γ ∈ [0, 1
2 ): Kannan contraction modulus.

• Key distinctions:
• Banach: ∥TV − TV ′∥ ≤ γ∥V − V ′∥
• Kannan: ∥TV − TV ′∥ ≤ γ(∥V − TV ∥+ ∥V ′ − TV ′∥)

II. PRELIMINARIES

Let X denote the state space and U the control space.
For each state x ∈ X , we define the set of admissible
controls as U(x) ⊆ U . A control policy is a function
µ : X → U satisfying µ(x) ∈ U(x) for every x ∈ X ,
with M representing the space of all such policies.

We work within the following function spaces:
• υ(X): The space of real-valued functions V : X → R
• υ(X): The space of extended real-valued functions V :

X → R, where R = R ∪ {−∞,+∞}
The fundamental operator of our study takes the form:

H : X × U × υ(X) → R

This operator generates two important mappings:
1) For a fixed policy µ ∈ M , we define Fµ : υ(X) →

υ(X) by:

FµV (x) = H(x, µ(x), V ), ∀x ∈ X.

2) The optimality operator F : υ(X) → υ(X) is given
by:

FV (x) = inf
µ∈M

FµV (x) = inf
u∈U(x)

H(x, u, V )

To establish appropriate function spaces, we introduce a
weight function ν : X → R+ and define the normed space:

B(X) = {V : X → R | ∥V ∥ν < ∞} ,

where the weighted supremum norm is:

∥V ∥ν = sup
x∈X

|V (x)|
ν(x)

.

Remark 1: The weight function ν serves to normalize the
function values across the state space, ensuring that B(X)
forms a proper normed space even when X is unbounded or
when V exhibits growth behavior, provided that inf

x∈X
ν(x) >

0.
Lemma 1: The space B(X) equipped with the norm ∥·∥ν

is a Banach space.

Proof: The space B(X) is complete as it is closed
under uniform convergence with respect to ∥ · ∥ν . For any
Cauchy sequence {Vk} ⊂ B(X) converging to V in this
norm, we have pointwise convergence Vk(x) → V (x) for
all x ∈ X .

Our analysis relies on the following fundamental assump-
tion.

Assumption 1: The operators Fµ and F preserve bound-
edness: FµV ∈ B(X) and FV ∈ B(X) for all V ∈ B(X)
and µ ∈ M .

Definition 1: An operator Fµ : B(X) → B(X) is called
Kannan if there exists γ ∈ [0, 1

2 ) satisfying:

∥FµV − FµV
′∥ ≤ γ(∥V − FµV ∥+ ∥V ′ − FµV

′∥) (4)

for all V, V ′ ∈ B(X).
Kannan operators play a pivotal role in fixed point theory

due to their distinctive properties. Unlike Banach contrac-
tions which require continuity, Kannan operators may be
discontinuous. Their significance was established by Sub-
rahmanyam [13], who showed that the existence of fixed
points for all Kannan operators on a space X completely
characterizes its metric completeness - a property not shared
by Banach contractions [14].

Assumption 2: The optimal operator F satisfies Definition
1’s Kannan condition.

Example 1 (Discontinuous Operator): Consider E =
{V ∈ B(X) : 0 ≤ V (x) ≤ 1} with ν = 1, and define:

FV (x) =

{
V (x)
4 if V (x) ∈ [0, 1

2 )
V (x)
5 if V (x) ∈ [ 12 , 1]

This operator fails to be continuous at V (x) = 1
2 and violates

Banach’s condition, yet satisfies (4) with γ = 4
9 .

Example 2 (Real-valued Case): On X = R with standard
metric, consider:

T (x) =

{
0 x ≤ 2

− 1
2 x > 2

T is discontinuous but meets (4) with γ = 1/5.
Kannan’s contraction mapping is useful in problems like

discounted pathfinding and threshold-based inventory, where
cost structures are discontinuous or piecewise-defined. In
these cases, crossing certain thresholds leads to sudden
changes in costs, creating discontinuities in the dynamic
programming problem. Kannan’s mapping helps manage
these discontinuities, ensuring convergence of methods like
value iteration, even when the Banach contraction condition
is not met.

Definition 2: (Chatterjae’s mapping) A self map Fµ

of B(X) is called Chatterjae’s mapping if there exist
γ ∈ [0, 1/2) such that:

∥FµV − FµV
′
∥ ≤ γ(∥V − FµV

′
∥+ ∥V

′
− FµV ∥). (5)

This inequality holds for all V, V
′ ∈ B(X).



III. AUXILIARY RESULTS

This section develops key preliminary results essential for
establishing our main theorem (see [15].)

Theorem 1 (Fixed Point Existence): For Kannan-type op-
erators F, Fµ : B(X) → B(X), there exist unique fixed
points V ∗ and Vµ satisfying:

FV ∗ = V ∗,

FµVµ = Vµ.
Lemma 2 (Iterative Convergence): The sequences gener-

ated by both operators exhibit norm convergence:
1) For any initial V0 ∈ B(X), the iterates Vk+1 = FµVk

converge to Vµ

2) For any initial V0 ∈ B(X), the iterates Vk+1 = FVk

converge to V ∗

We will require the following properties to hold.
Assumption 3 (Monotonicity): For any two value func-

tions V, V ′ ∈ B(X) satisfying V (x) ≤ V ′(x) for all x ∈ X ,
the operator H preserves this ordering:

H(x, u, V ) ≤ H(x, u, V ′), ∀x ∈ X,∀u ∈ U(x).

Here, the inequality holds pointwise across the state space.
Assumption 4 (Attainability): For every value function

V ∈ B(X), the infimum in the Bellman operator is achiev-
able, i.e., there exists a policy µ ∈ M such that:

FµV = FV.

A. Advantages and Limitations
Our method handles discontinuous rewards and converges

under weaker conditions than Banach contractions, but with
slower convergence rates. It also requires careful tuning of
the parameter λ for optimal performance, adding a layer of
complexity to implementation.

IV. MAIN RESULTS

Proposition 1: Let the Kannan’s contraction assumption
hold with σ ∈ [0, 1

2 ), then
(a). For any V = V0 ∈ B(X):

∥V ∗ − V ∥ ≤ 1− σ

1− 2σ
∥FV − V ∥. (6)

(b). For any V ∈ B(X) and µ ∈ M :

∥Vµ − V ∥ ≤ 1− σ

1− 2σ
∥FµV − V ∥. (7)

Proof Let us consider Vk = FVk−1, as we have :

∥FVk−FVk−1∥ ≤ σ(∥FVk−FVk−1∥+∥FVk−2−FVk−1∥).

Then,

∥FVk − FVk−1∥ ≤ σ

1− σ
∥FVk−1 − FVk−2∥.

Considering the sequence {FVn}n∈N generated by iterated
application of F , the triangle inequality yields:

∥FVk − V ∥ ≤
k∑

n=1

∥FVn − FVn−1∥

≤
k∑

n=1

(
σ

1− σ

)n−1

∥FV − V ∥.

Taking the limit as k → +∞ and using lemma 2, we get :

∥V ∗ − V ∥ ≤ 1− σ

1− 2σ
∥FV − V ∥.

Remark 2: The error bound in Proposition 1 implies a
linear convergence rate for the sequence {Vk}. Specifically,
for σ ∈ [0, 1

2 ), the contraction factor ρ = 1−σ
1−2σ governs the

rate at which ∥Vk−V ∗∥ → 0. This extends classical Banach
contraction results while accommodating discontinuous op-
erators, as demonstrated in Example 1.

Remark 3: From Proposition 1, if we take V = V ∗, it
follows that for any ϵ > 0, there exists µϵ ∈ M such that

∥Vµϵ − V ∗∥ ≤ ϵ.

This can be achieved by choosing µϵ(x) to minimize
H(x, u, V ∗) over U(x) within an error of

1− 2σ

1− σ
ϵν(x)

for all x ∈ X . Indeed, we have:

∥Vµϵ
− V ∗∥ ≤ 1− σ

1− 2σ
∥Fµϵ

V ∗ − V ∗∥

=
1− σ

1− 2σ
∥Fµϵ

V ∗ − FV ∗∥ ≤ ϵ.

Thus

|Fµϵ(x)V
∗(x)− FV ∗(x)| ≤ 1− 2σ

1− σ
ϵν(x).

The importance of monotonicity and Kannan contractive
is demonstrated by showing that V ∗ the fixed point of F is
the infimum over µ ∈ M of Vµ the unique fixed point of
Fµ

Proposition 2: Under the monotonicity and Kannan con-
traction assumptions, the optimal value function satisfies:

V ∗(x) = inf
µ∈M

Vµ(x), ∀x ∈ X.

Proof: We prove the equality by establishing both
bounding inequalities.

Part 1: V ∗(x) ≤ infµ∈M Vµ(x)
For arbitrary µ ∈ M , the fixed point property FV ∗ = V ∗

combined with monotonicity yields:

V ∗ = FV ∗ ≤ FµV
∗.

Iterative application of Fµ under monotonicity gives:

V ∗ ≤ F k
µV

∗, k ≥ 1.

Taking k → ∞ and assuming convergence establishes:

V ∗ ≤ Vµ, ∀µ ∈ M.

Part 2: V ∗(x) ≥ infµ∈M Vµ(x)
By Remark 3, for any ϵ > 0 there exists µϵ ∈ M

satisfying:
Vµϵ ≤ V ∗ + ϵ.

This implies:

inf
µ∈M

Vµ(x) ≤ V ∗(x) + ϵ.



The result follows by taking ϵ → 0.
The two inequalities combine to give the claimed equality.

V. λ-POLICY ITERATION WITH RANDOMIZATION

Building on prior work [9], [10], [16], we extend the λ-PIR
algorithm under weaker assumptions. Our key contribution
proves fixed-point existence without requiring F ’s continuity,
advancing beyond current state-of-the-art. Now, we are ready
to put these general results at work in order to solve the
problem stated in section II. Given some λ ∈ [0, 1), consider
the mappings Fλ

µ ∈ B(X) defined pointwisely by:

Fλ
µ V (x) = (1− λ)

∞∑
l=0

λl(F l
µ)V (x). (8)

Given Vk ∈ B(X), the next iterate Vk+1 is computed
deterministically by alternating between the operators Fµ and
Fλ
µ . For instance, one may define:

FµVk = FVk (9)

Vk+1 =

{
FµVk if k ≡ 0 (mod 2),
Fλ
µ Vk if k ≡ 1 (mod 2),

(10)

where the sequence of updates follows a fixed pattern. This
approach ensures convergence without requiring stochastic
updates, while preserving all theoretical guarantees.

The operator Fλ
µ is termed well-posed when it is well-

defined on B(X), stable under input perturbations, and pre-
serves the fixed points of Fµ. These properties are explicitly
established in Theorem 2.

Theorem 2: Let Fµ : B(X) → B(X) be a Kannan
contraction with constant k ∈ [0, 1

2 ). Then the λ-modified
operator Fλ

µ possesses these fundamental properties:

1) Fλ
µ is well defined.

2) Fλ
µ is well posed.

3) Fλ
µ is Kannan’s contraction with ρ =

∞∑
l=1

(1 −

λ)λl(
k

1− k
)l.

Proof Consider the sequence {ϕk}∞k=1 constructed as:

ϕk =

k∑
l=1

αl(F
l
µV )(x), where αl = (1− λ)λl

From lemma 2, we have that F l
µV (x) → Vµ(x) ∈ R

(∀ϵ > 0, |Fλ
µ Vµ(x) − Vµ(x)| < ϵ), and, thus, {F l

µV (x)}∞l=1

is bounded.

Let us cinsider V ̸= Vµ, we get the following:

|Fλ
µ V (x)− Vµ(x)| =

∣∣∣∣∣
∞∑
l=0

αlF
l
µV (x)− Vµ(x)

∣∣∣∣∣
=

∣∣∣∣∣
∞∑
l=1

αlF
l
µV (x))−

∞∑
l=1

αlF
l
µVµ(x)

∣∣∣∣∣
≤

∞∑
l=0

αl|F l
µV (x)− F l

µVµ(x)|

≤
∞∑
l=0

αlϵ ≤ ϵ.

Consequently, for every value function V ∈ B(X) and
state x ∈ X , the sequence {ϕl} converges in R. The error
bound satisfies

∑∞
l=0 αlϵ ≤ ϵ since the weights {αl} form

a convex combination (
∑∞

l=0 αl = 1). Here, ϵ > 0 serves as
an arbitrary precision parameter governing the approximation
accuracy. Regarding the well-definedness of Fλ

µ , we observe
that each Fµ satisfies Kannan’s contraction property for all
iterations l ∈ N, which implies:

∥F l
µV − F l

µVµ∥ ≤ k
(
∥F l−1

µ V − F l
µV ∥+ ∥F l−1

µ Vµ − F l
µVµ∥

)
≤ k

1− k

(
∥F l−2

µ V − F l−1
µ V ∥

+ ∥F l−2
µ Vµ − F l−1

µ Vµ∥
)

≤
(

k

1− k

)l (
∥V − FµV ∥+ ∥Vµ − FµVµ∥

)
.

Since FµV > Fλ
µ V and FµVµ > Fλ

µ Vµ, we obtain the
following:

∥F l
µV−F l

µVµ∥ ≤
(

k

1− k

)l (
∥V − Fλ

µ V ∥+ ∥Vµ − Fλ
µ Vµ∥

)
.

and, thus,

|F l
µV (x)− F l

µVµ(x)| ≤
(

k

1− k

)l (
∥V − Fλ

µ V ∥

+ ∥Vµ − Fλ
µ Vµ∥

)
ν(x).

and due to

|Fλ
µ V (x)− Vµ(x)| ≤

∞∑
l=1

αl|F l
µV (x)− F l

µVµ(x)|

Therefore, from we have

|Fλ
µ V (x)− Vµ(x)| ≤

∞∑
l=0

αl

(
k

1− k

)l (
∥V − Fλ

µ V ∥

+ ∥Vµ − Fλ
µ Vµ∥

)
ν(x)

≤ k∥V − Fλ
µ V ∥ν(x)

+ k∥Vµ − Fλ
µ Vµ∥ν(x).

Where k is given as:

k =

∞∑
l=0

αl(
k

1− k
)l



and this entails that

sup
x∈X

{
|Fλ

µ V (x)− Vµ(x)|
ν(x)

}
≤ k

(
∥V − Fλ

µ V ∥

+ ∥Vµ − Fλ
µ Vµ∥

)
.

Thus,

∥Fλ
µ V ∥ ≤ k(∥V − Fλ

µ V ∥+ ∥Vµ − Fλ
µ Vµ∥) + ∥Vµ∥

Due to Vµ ∈ B(X), we have Fλ
µ V ∈ B(X).

Fλ
µ is Kannan’s contraction map with the function

ρ =

∞∑
l=1

(1− λ)λl(
k

1− k
)l.

∥Fλ
µ V − Fλ

µ V
′
∥ ≤

∥∥∥∥∥
∞∑
l=1

(1− λ)λl(F l
µV − F l

µV
′
)

∥∥∥∥∥
≤

∞∑
l=1

(1− λ)λl∥(F l
µV − F l

µV
′
)∥

=

∞∑
l=1

(1− λ)λl∥(F l
µV − F l

µV
′
)∥

≤
∞∑
l=1

(1− λ)λl

(
k

1− k

)l

(∥V − Fλ
µ V ∥

+ ∥V
′
− Fλ

µ V
′
∥)

≤ ρ(∥V − Fλ
µ V ∥+ ∥V

′
− Fλ

µ V
′
∥)

From these considerations, the next Lemma follows im-
mediately.

Lemma 3 (Monotonicity of λ-Policy Operator): For any
operator Fµ : B(X) → B(X) satisfying the Kannan
contraction condition (Definition 1) and the monotonicity
property (Assumption 3), the λ-modified operator preserves
ordering:

V ≤ V ′ =⇒ Fλ
µ V ≤ Fλ

µ V
′ ∀x ∈ X,µ ∈ M

where the inequality holds pointwise across the state space.
Proof: Let V > V ′ in B(X). By the monotonicity of

F l
µ, we have F l

µV (x) > F l
µV

′(x) for all x ∈ X and l ≥ 0.
Thus,

(1− λ)

∞∑
l=0

λlF l
µV (x) > (1− λ)

∞∑
l=0

λlF l
µV

′(x).

Hence, Fλ
µ V (x) > Fλ

µ V
′(x) for all x ∈ X .

A. Convergence of λ-Policy Iteration

The following result establishes convergence of the λ-
policy iteration algorithm under weaker conditions than
typically required.

Theorem 3: Assuming the framework of Assumptions 1–
3 and Definition 1, for any initial value function V0 ∈ B(X)
that dominates its image under F (i.e., FV0 ≤ V0), the
sequence {Vk}∞k=0 generated by (9) and (10) converges in
norm. This convergence result of λ-policy iteration scheme
holds for the whole space B(X).

Proof: The proof proceeds in three key steps:

Step 1: Initial Policy Selection. Let µ0 ∈ M be the policy
attaining the infimum for V0 (guaranteed by Assumption 4):

Fµ0V0 = FV0 < V0. (11)

This policy serves as the starting point for the iteration.
Step 2: Monotonicity and Boundedness.

• By monotonicity (Assumption 3), repeated application
yields:

F l
µ0V0 ≤ F l−1

µ0 V0 ≤ · · · ≤ FV0, ∀l ∈ N. (12)

• The λ-weighted operator preserves this ordering:

Fλ
µ0V0 = (1− λ)

∞∑
l=0

λlF l
µ0V0 ≤ FV0. (13)

• Thus, the next iterate V1 satisfies:

V ∗ ≤ V1 ≤ FV0. (14)

Step 3: Convergence.
• Iterating the process generates a non-increasing se-

quence {Vk} bounded below by V ∗.
• By Lemma 2 and the Kannan fixed-point property:

lim
k→∞

∥Vk − V ∗∥ = 0. (15)

The relevance of this result concerns the fact that it does
not require the continuity of the class of operators to be
considered. This is a great advantage relative to other results
of this type, since it allows one to enlarge the class of
applications.

Remark 4: Uniform convergence ∥Vk−V ∗∥ → 0 follows
from: (1) F ’s geometric contraction (Theorem 2) yielding
∥Vk+1 − V ∗∥ ≤ ρk∥V0 − V ∗∥; (2) Monotonicity (Assump-
tion 3) ensuring ordered iterates V ∗ ≤ · · · ≤ Vk ≤ V0; and
(3) The Banach space structure (Lemma 1) with weighted
norm ∥V ∥ = supx |V (x)|/ν(x). This framework achieves
uniform convergence without requiring V ∗ continuity.

VI. EXAMPLES

A. Stochastic Grid-World with Discontinuities

Consider a 5× 5 grid with:
• Stochastic transitions: Intended moves succeed with

probability 0.8, with 0.05 slip probability to adjacent
states

• Discontinuous rewards: r(xg) = +10 (goal), r(xobs) =
−∞ (obstacles), and −1 elsewhere

• Weighted norm: ∥V ∥ν = supx
|V (x)|

1+d(x,xg)
where d is

Manhattan distance
The Bellman operator T violates Banach continuity at

obstacles but satisfies:

∥TV − TV ′∥ν ≤ 0.4(∥V − TV ∥ν + ∥V ′ − TV ′∥ν)

validating Theorem 2. Figure 1 shows stable convergence
despite discontinuities.

Figure 2 represents the convergence behavior of three
fixed-point iteration methods by showing the distance to



Fig. 1. Convergence of λ-PIR (λ = 0.7) under Kannan contractions
(κ = 0.4). Shaded regions show 95% confidence intervals over 100 trials.

Fig. 2. Convergence behavior of the contraction methods: Banach Con-
traction (blue dashed line), Kannan Contraction (green solid line), and
Randomized LPI (red dotted line). The plot shows the distance to the fixed
point over iterations, with the Randomized LPI exhibiting variation due to
added noise.

the fixed point over iterations. The Banach Contraction
converges the fastest and most smoothly. The Kannan Con-
traction is slightly slower but stable. The Randomized LPI
method converges with noticeable fluctuations, reflecting its
stochastic nature.

B. Deep RL Integration

Our framework extends to deep reinforcement learning
via spectrally-normalized neural networks implementing the
λ-policy operator Fλ

µ . This preserves contraction properties
while remaining compatible with standard deep RL com-
ponents. Unlike traditional approaches, our method handles
non-smooth operations in deep architectures, providing a the-
oretically grounded foundation for practical implementations
.

VII. CONCLUSION

This work presents a novel theoretical framework for λ-
policy iteration based on generalized fixed-point theorems,
advancing beyond classical Banach contraction approaches.
Our results establish convergence guarantees for discon-
tinuous operators while handling non-smooth dynamics in
reinforcement learning settings. The framework provides
both rigorous mathematical foundations and practical im-
plementation insights, particularly for complex environments
where traditional methods fail. These theoretical advances
open new research directions in provably convergent rein-
forcement learning, with promising extensions to broader
classes of decision-making problems. Future work will focus
on strengthening the connections between these theoretical
guarantees and their practical applications.
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