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Abstract. This paper presents a novel method for the
identification of a class of dynamic systems with time-
varying parameters. The targeted class includes uncertain
systems with a one-to-one correspondence between state
equations and unknown parameters. The approach leverages
the swapping lemma and a series of filters to reformulate the
parameter identification problem as a state observer design
problem. Unknown parameters are determined by solving
nonlinear equations using the continuous-time Newton's
method. For clarity, the proposed technique is demonstrated
through two illustrative examples. Simulation results
indicate that the estimated parameters converge to their true
values almost instantaneously, with a tracking error that can
be reduced to an arbitrarily small level.

INTRODUCTION

The identification of time-varying parameter systems
is still an open problem. A general method similar to
that for constant parameter systems has yet to be
determined. In the meantime, solving this problem for
particular classes of systems is an important and
desirable step. A literature review suggests several
approaches for various classes of time-varying
parameters systems.

The approach to the identification of linear time-
varying parameter systems proposed in [1] is similar
to that for linear time-invariant parameter systems.
The adaptation law is designed using the gradient
projection method and involves a projection operator.
The main limitation of the approach is that the
derivatives of the unknown parameters are considered
as disturbances, unlike the method proposed in this
paper. The least squares (LS) method is proposed in
the literature for time-varying parameter systems as
well. In [2] a non-recursive LS method is used for
time-varying parameters. A polynomial
approximation based on Taylor expansion with a
bounded regressor vector is built and used to
approximate the time-varying parameters. In [3] a new
matrix forgetting factor recursive LS algorithm is
proposed for time-varying parameters assuming a
random walk model. Adaptive-like estimation

approaches can also be found in the literature. In [4] a
modified version of the LS algorithm is provided to
estimate time-varying parameters by means of a
polynomial approximation. Most of the works
aforementioned are only able to follow slowly varying
parameters. They can only ensure convergence to a
neighborhood of the true value. A recursive Finite
Time convergent algorithm has been presented in [5].
It is a nonlinear recursive version of the LS algorithm
and is based on the generalized Super-Twisting
Algorithm (STA) [6]. Other methods such as the
extended Kalman filter, modulating functions and
subspaces are also presented in the literature [7]. The
methods presented in this literature review are based
on numerous assumptions on the dynamics of the
unknown time-varying parameters. These assumptions
considerably limit their application to practical
engineering cases.

This paper puts forward an innovative approach for the
identification of a class of dynamic systems with time-
varying parameters. This class is composed of
uncertain systems that have as many state equations as
unknown parameters. The main contribution of the
paper is that the swapping lemma and a series of filters
are used to convert the parameter identification
problem into a state observer design problem. The
unknown parameters are obtained by solving nonlinear
equations using the continuous-time Newton's
method. The proposed method is presented using two
illustrative examples followed by simulation results.

The paper is organised as follows. Section 1 presents
the proposed method using an illustrative example for
time-varying parameter systems whose parameters
appear linearly in their models. Section 3 presents the
method for systems that are nonlinear in their
parameters. Simulation results are presented in
sections 2 and 4. The paper ends with a conclusion.



I. FIRST ILLUSTRATIVE EXAMPLE

This section presents the proposed identification
method using an illustrative example. Consider the
following state space representation of a linear time-
varying parameter second order system.

S (8) = =5, (0) + a(®x(8) + b®u) (1)
=x() = =1, (8) + ()%, (8) + a(®u(t) (2)

The state variables are x; and X, and they are assumed
measurable. The input u(t) is also measurable. a(t) and
b(t) are two unknown time-varying parameters. The
objective is to propose an algorithm to estimate a(t)
and b(t). First, consider (1) and add o, x,(t) on both
sides of the equality sign. The parameter g, is any
known positive real number. The following equation
is obtained.

%xl(t) + 012, (8) = —(1 — o), (6) + a(O)x,(8) +

b(®u(t) ©)

Next, use ﬁ to filter both sides of (3). This results in
S+o1

the following equation.

(D) = ~(1 = 01) o~ ] + 5 [axy] + o~ [bu]
(4)
Where the notation ﬁ [y] indicates that the signal y
1

is filtered using f Next, (4) is expanded using the
g1

swapping lemma [8]. This results into the following
equation,

1

x,(t) =-(1—-0y)
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The followings equations are the state space
representations of the filters ! [*] that appear is (5).

s+oy
Vig1 = =01 V11 + %1 (F) (6.1)
Vixp = —01Vqyp + X(t) (6.2)
Uiy = —01V1, + u(t) (6.3)
Wy = —0yW; — Vygpd — Uy b (6.4)

The equation (5) can therefore be rewritten into the
following form.

x1(£) = —=(1 — 01)V1x1 + Vigpa + v1b + wy

U]

Next, the same transformation is applied to (2). The
term o,x,(t) is added on both sides of the equality

sign and the resulting equation is filtered using ﬁ
2

This results into the following equation

00 = ~(1=0) - lwl + b~ +

—ul -l bal +a [l ®

s+0; s+o; - s+op

a

The parameter g, is any positive real number different
from g, . The following state space representations of
the filtered signals are used.

Vgx1 = —02Vz1 + X1(t) 9.1)
Voxz = —02Vz + X5(t) 9.2)
Uyy = =03V, + u(t) (9.3)
Wy = —0,Wy — Uy b — vyd (9.4)

Equation (8) is then rewritten equivalently as

X(t) = —(1 = 03)Vp02 + Vo1 b + V30 + Wy
(10)

The following variables are defined to rewrite
equations (7) and (10) in a compact form

W=w w))T 6=(a b7
A= [_01 0 p— [lez vlu]
0 -0y Vou  Vaxa

Y =00+ A =0V X+ (1= 03)050,)"

Consequently, an equivalent representation of the
original system described by equations 1 and 2 is
obtained and has the following compact state space
representation.

Ly =aw-wio (10)
dt dt

Y =W+ W (11)



The variable W is the new state vector. It is no longer
measurable because of the way its components are
defined at equations 6.4 and 9.4. Y is the system
output. Its components are measurable. The matrix of
parameters A is completely known and Hurwitz. The
matrix ¥ is composed of signals that are available. It’s
therefore a know matrix. The state space
representation is still uncertain since the vector of
unknown parameters 0 and its derivative appear in the
state and output equations.

Our objective is to use this new representation of the
system to be identified to find the unknown parameters
a(t) and b(t). If we are able to find an estimate of the
state vector W then equation (11) could be used to
compute 8. We have therefore changed the parameter
identification problem into a state observer design
problem followed by a resolution of a linear equation.

The structure of equations 10 and 11 suggests
obtaining a dynamic equation to estimate 6 from
equation 11 and then substituting these dynamics into
the dynamic equation to estimate W. The
implementation of this idea leads to the following
algorithm to estimate the unknown time-varying
vector parameter 8 = (a  b)T.

d .~ o~

EW=AW—p{Y—VT/—‘P6} (12)

20 =pw LY — W — ¥B) (13)

W is an estimate for the state vector W = (wg  w3)T
and 8 is an estimate for 8. The parameter p is any
positive real number. Equations 12 and 13 are
respectively a state observer and a continuous-time
Newton’s algorithm. For the observer to be stable, the
design parameter p, a; and g, should be such that the
matrix ( A — pl) is Hurwitz.

Note that when 6 = (a b)T is constant then its
derivative is zero. Consequently, equation 10 will not
appear in the equivalent representation of the original
system since equations 6.4 and 9.4 will not be
required. Moreover, the state vector W will not appear
in Equation 11. The parameter estimation algorithm
reduces to the following equation.

20 =pwi(Y - ¥0) (14)

The proposed parameter identification approach is
evaluated in simulation at the next section.

Il. SIMULATION RESULTS

A simulation is used to validate the performance of the
proposed algorithm. The followings are used to
simulate the unknown parameters. a(t) =2+
sin (50t) and b(t) =4 +sin(3t) The design
parameters are p = 1000 and o; = 10pand o, =
12p. They have been chosen to ensure that the matrix
(A — pl) is Hurwitz and that the Newton's algorithm
(Equation 13) converges very quickly.

First, the identification is carried out when the system
is operating in open loop. The input signal is a unit step
in this case. Simulation results are illustrated below.
The figures show the system state variables, true
parameters and estimated parameters. One can see that
estimated parameters converge and perfectly track the
true parameters. The identification algorithm is
activated at t = 0.1 second. The initial conditions for
the estimated parameters are set to zero. These results
clearly demonstrate that the proposed algorithm is able
to identify the class of time-varying parameter
systems.
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Fig. 1: Example 1: Variable x1 when the system is in
open loop
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Fig. 2: Example 1: Variable x2 when the system is in

open loop
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Fig. 3: Example 1: True and estimated parameters a(t)
when the system is in open loop
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Fig. 4: True and estimated parameters b(t) when the
system is in open loop

The second identification is carried out when the
system is operating in a closed loop. The input
equation is a state feedback control of the form.

u=-20x; —30x, +1

The following figures shows the simulation results.
The system state variables, true parameters and

estimated parameters are again illustrated. The results
clearly show that estimated parameters perfectly track
true parameters. Therefore the proposed algorithm

works also well when the identification is performed
in closed loop.
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Fig. 5: Example 1: Variable x1 when the system is in
closed loop
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Fig. 6: Example 1: Variable x2 when the system is in

closed loop
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Fig. 7: Example 1: True and estimated parameters a(t)
when the system is in closed loop
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Fig. 8: Example 1: True and estimated parameters b(t)
when the system is in closed loop

I11. SECOND ILLUSTRATIVE EXAMPLE

The second illustrative example is presented in this
section. The system in the previous example was linear
in its parameters. The example in this section is
nonlinear in its parameters. Our aim is to show that the
proposed method can also be applied to this class of
system with time-varying parameters, as long as the
system has as many unknown parameters as it has state
equations. Consider now the following second order
system

() = —2,(8) + a(t)x,(6) + b()?u(t)
(15)

%ﬁ@)=-h@)+ﬂ0%@)+aﬁﬁﬁwﬁ)
(16)

The state variables are x; and x2. The input is u. a(t)
and b(t) are two unknown time-varying parameters.
Note that a(t)? and b(t)? appear in Equation 15,
while a(t)b(t) appears in Equation 16. The system is
indeed nonlinear in its parameters and has two
unknown time-varying parameters. The objective is to
propose an algorithm to estimate a(t) and b(t). First,
consider (15) and add o;x;(t) on both sides of the
equality sign. The parameter g, is any known positive
real number.

() + oy (6) = —(1 — o), (6) +
a(t)?x,(t) + b(O*u(t) (17)

Next, j use to filter both sides of (2). This results in
1

the following expression.

3 () = (1= 0) - bal + - [a%x] +

~ [h2u] (18)

s+oq

Where the notation j [y] indicate that the signal y
1

is filtered using % Next, (18) is expanded using the
s+oq

swapping lemma [8]. This yields,

1 1
x () =—-1- U1)E [x] + azm [x2] +

p2 L [u] — 1

s+oq s+oq

[Zadﬁ[xz] + zbbﬁ[u]]
(19)

The followings are state space representation of filters
that appear is (19).

Uiy = —01V1 + X1 (T) (20.1)
Vixs = —01Vi, + X(1) (20.2)
Viy = —01V1 + u(t) (20.3)
Wy = —oyw; — 2av;,,d — 2bvy, b (20.4)

The equation (19) can therefore be written as
followings

x,() = =(1 = 0)V1y1 + V1yp0% + v, b* +wy
(21)

Next, the same transformation is applied to (16). The
term o,x,(t) is added on both sides of the equality

sign. The resulting equation is filtered using j and
2

then expanded using the swapping lemma. The result
is the following equation

%) =~ =) -l + b~ al +
ab——[u] - - [b;[x1]+dbﬁ[u]+

s+0; s+o; - s+oy

— [u]] (22)

ba

s+0,

The parameter g, is any known positive real number
different from g, . The following state representations
of the filtered signals are used.

Vox1 = —02Vzx1 + X1 (1) (23.1)
Vaxz = —03Vzx + X5(1) (23.2)

Tqu = —03Uyy + u(t) (23.3)



WZ = _0-2W2 - (Ule + avlu)b - bvlud (23.4)
Equation (22) is rewritten as follows

X2 () = —(1 = 02)Vzx2 + Vo1 b + vpab + w,
(24)

The following variables are defined to rewrite (21 and
24) in a compact form.

W=w w))To=(@ b7

2 2
V1,2a° + Vb

[ o]
A_[ 0 -0, F(6) = Vyb + vyyab

Y= +(A—0)vipn %+ (1 — O'Z)VZxZ)T

Consequently, an equivalent representation of (15 and
16) is

a
LW = AW — (55 F(8)) 20 (25)
Y =F(0)+W (26)

The following algorithm is proposed to estimate the
unknown time-varying vector parameter 6 =
(a b)T.

W = AW — p{y — W — F(8)} 7)

28=pF(O) M (r - W - F(8))
B(0)such that (5 F(8(0)))exists.

W is an estimate for the vector W = (W1 w2)T and
8 is an estimate for 6. Note thatwhen 8 = (@ b)" is
constant than W is set to zero and the parameter
estimation algorithm becomes

0= PG F@) (Y —F(B) (28)
B(0)such that (o F(8(0)))exists

IV. SIMULATION RESULTS

The system describes by Equations 15 and 16 is
simulated using the following data for the unknown
parameters. a(t) =2 + sin (50t) and b(t) =4+
sin (3t). The following parameters were also used for
the identification algorithm: p = 1000 and o, =
10p and o, = 12p.

Two simulations were carried out. In the first
simulation, the system to be identified operate in open
loop and the input signal is a unit step. The system was
simulated in closed loop during the second simulation.
The control equation still has the following equation

u=-20x; —30x, +1 (29)

Simulation results are illustrated below. Figures 9 to
12 show the state variables and estimated parameters
for the identification carried out in open loop. Similar
data for the identification performed in closed loop are
illustrated in Figures 13 to 16.

The simulation results show that estimated parameters
converge and perfectly track actual parameters. The
identification module is activated att = 0.1 s and initial
conditions for the estimated parameters are 0.1 and 0.1
respectively. These results clearly demonstrate that the
proposed method is able to identify the class of time-
varying parameter systems under study. The
performance of the proposed identification approach is
unchanged if the system to be identified is operating in
closed or open loop.
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Fig. 9: Example 2: Variable x1 when the system is in
open loop
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Fig. 10: Example 2: Variable x2 when the system is in
open loop
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Fig. 11: Example 2: True and estimated parameters
a(t) when the system is in open loop
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Fig. 12: Example 2: True and estimated parameters
b(t) when the system is in open loop
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Fig. 13: Example 2: Variable x1 when the system is in
closed loop
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Fig. 14: Example 2: Variable x2 when the system is in
closed loop
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Fig. 15: Example 2: True and estimated parameters
a(t) when the system is in closed loop
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Fig. 16: Example 2: True and estimated parameters
a(t) when the system is in closed loop

V. CONCLUSION

This paper presents a new approach for the
identification of a class of time-varying parameter
systems, using two illustrative examples. The
parameters to be determined appear linearly in the
dynamic model of the system in the first example,
while they appear nonlinearly in the dynamic model in
the second illustrative example. The main contribution
is to transform the parameter identification problem
into an observer design problem followed by the
resolution of a linear or non-linear equation. The
proposed algorithm has been evaluated in simulation
when the system to be identified operates in both open
and closed loops. The results show that estimated
parameters converge almost instantaneously to their
true values. The next step is to extend this approach to
a wider class of time-varying parameter systems.
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