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Abstract— Mathematical models for design, optimisation, and
control of hybrid wind-wave energy conversion systems are of
fundamental importance to support their cost-effective devel-
opment. While numerical solvers can be exploited to compute
a characterisation of the hydrodynamical behaviour, these
provide non-parametric representations, generating both com-
putational and representational difficulties, manifested through
convolution operators linked to radiation effects. Motivated by
the necessity of computing parametric models for hybrid wind-
wave devices, and the inherent complexity in achieving this task
successfully, this paper proposes a radiation parameterisation
procedure based on the theory of rational interpolation. Con-
sidering a benchmark wind-wave energy conversion system, an
approximating state-space model is computed using a Loewner-
based approach to replace the radiation convolution operator,
using only the raw information available from hydrodynamic
codes. The resulting parametric model is analysed extensively,
both in the frequency and time domains, including a variety of
sea state conditions.

I. INTRODUCTION

Hybrid systems combining multiple renewable sources
have emerged as a promising solution for improving the reli-
ability and efficiency of energy production [1]. In particular,
the integration of wind and wave energy technologies enables
better resource complementarity and higher capacity factors
compared to single-source systems. Such hybrid configura-
tions can reduce intermittency, optimise power output, and
make more effective use of offshore infrastructures. However,
their design and control pose significant challenges due to
the coupling between different physical domains and the
complexity of the underlying dynamics.

In this context, mathematical modelling of hybrid wind-
wave energy systems is of immeasurable value towards
advancing these technologies: from performance assessment
and geometry optimisation [2], to development of control/es-
timation algorithms for optimal energy absorption [3], [4],
the availability of mathematical models plays an integral role,
endowing the industrial and academic communities with an
improved understanding on the behaviour of these hybrid
devices in diverse operating conditions. Such mathematical
representations can be exploited to simulate these hybrid
systems in hypothetical situations, before effectively incur-
ring the high costs associated with prototyping, supporting a
systematic development protocol.

A particularly challenging aspect of modelling these
hybrid converters arises when representing hydrodynamic
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behaviour. Even in the widely-adopted linear conditions,
i.e. within the framework of so-called linear potential flow
theory, the characterisation of these hydrodynamic effects
has to be performed numerically, leading to non-parametric
representations (see e.g. [5], [6]). In particular, the response
associated with the fluid-body interaction is computed using
hydrodynamic codes at a finite set of points (virtually al-
ways in the frequency domain), based on boundary element
methods (BEMs) [7]. These are widely available, including
commercial and open source variants.

The non-parametric nature arising from the use of BEMs
automatically introduces the necessity of solving convolution
operations in the time domain [5]. A particularly relevant
convolution, which dictates the internal (force-to-motion)
behaviour of the hybrid wind-wave energy converter, is
linked to the so-called radiation forces, which represent fluid
memory effects. Being constrained to solve this convolution
numerically has several consequences, including an elevated
computational cost and a representational incompatibility
with standard control/estimation/optimisation procedures [8],
which normally require parametric (closed-form) mathemat-
ical models for effective design and synthesis. While this
parametric representation for relatively simple floating bodies
can be achieved with a reasonable accuracy using off-the-
shelf techniques (see e.g. [9]), hybrid wind-wave energy
systems present complex higher-order interactions between
platform and WEC, further exacerbated by the complexity
associated with the geometry of each independent body (and
corresponding modes of motion).

Motivated by the intrinsic necessity of computing para-
metric models for hybrid wind-wave energy conversion de-
vices, and the inherent complexity in achieving this task
successfully, this paper proposes a radiation parameterisa-
tion procedure based on the theory of rational (system)
interpolation [10]. In particular, using a benchmark wind-
wave energy conversion system, featuring an offshore wind
turbine and a flap-type WEC, an approximating state-space
model is computed using a Loewner-based approach, to
replace the radiation convolution operator, using only the
raw information available from BEM codes. The provided
parametric model, which is guaranteed to comply with all the
physical properties associated with radiation effects, is anal-
ysed extensively, both in the frequency and time domains,
including a variety of different irregular wave conditions.

The remainder of this paper is organised as follows.
Section I-A introduces the main notation used in this study.
Section II presents the fundamentals underpinning hydrody-
namic modelling of hybrid wind-wave devices, while Section



III introduces the Loewner-based interpolation procedure.
Section IV provides an in-depth numerical appraisal of the
computed radiation model for the chosen benchmark system,
in both frequency and time domains. Finally, Section V
outlines the main conclusions arising from this study.

A. Notation

The symbol 0 stands for any zero element, dimensioned
according to the context, while In denotes the identity in
Cn×n. The transpose of a matrix A ∈ Cm×n is denoted
as AT ∈ Cn×m. Given a function f(t), t ∈ R, its Laplace
transform (provided it exists) is denoted as F (s), s = ς +
ȷω ∈ C, {ς, ω} ⊂ R. With some abuse of notation, its Fourier
transform is denoted as the restriction of F on ȷR, i.e. F (ȷω).
The convolution between two functions {f, g} (provided it
exists) is denoted as (f ∗ g)(t) = ∫ t

−∞ f(τ)g(t− τ)dτ .

II. HYDRODYNAMIC MODELLING

Within this section, the fundamentals underpinning hydro-
dynamic modelling for hybrid wind-wave energy systems
are briefly recalled. In particular, the benchmark concept
presented in [11] is considered, illustrated herein within
Figure 1. The device features a floating offshore wind turbine
with a semi-submersible triangular platform (composed of
three pillars), and a flap-type WEC system, hinged to the
front beam. The device is designed to have the flap WEC
facing the dominant wave direction.

Fig. 1. Schematic representation of the analysed hybrid wind-wave energy
converter (left), and corresponding hydrodynamic panel mesh used for the
BEM analysis below the still water level (right).

Considering that the hybrid converter is represented in
terms of m ∈ N degrees-of-freedom (DoFs), a standard form
of the motion equation focusing on the hydrodynamic loads
can be derived as follows:

Mq̈ + frest(q) + fvisc(q̇) + frad(q̈, q̇) = fext(q, q̇, t), (1)

where q(t) ∈ Rm denotes the generalised position vector
of the body. M ∈ Rm×m is the generalised inertia-mass

matrix, frest indicates restoring effects resulting from the
difference between gravity and buoyancy forces, while fvisc
represents viscous damping. The term frad accounts for
radiation forces due to wave-induced fluid motion generated
by body oscillations and depends on both the instantaneous
and past time history of the motion, leading to memory
effects. Finally, fext includes wave excitation forces (i.e.
wave diffraction and dynamic Froude-Krylov forces), and
incorporates control inputs and other external components.

The radiation term frad(q̈, q̇) is typically modelled in the
linear potential flow theory framework via the so-called
Cummins equation [12]. This formulation separates the ra-
diation force into two components, i.e.

frad(q̇) = a∞q̈ + k∗ q̇ ≡ a∞q̈ + f conv
rad , (2)

where a∞ ∈ Rm×m is the so-called added-mass at in-
finite frequency, and the impulse response function k ∈
L2(Rm×m), involved in the convolution operator in (2), is
the kernel characterising the fluid memory effect.

The map k, which defines a causal linear time-invariant
system k : q̇ 7→ f conv

rad , is commonly characterised in terms
of its associated frequency-response function K, defined in
terms of the so-called hydrodynamic coefficients as:

K(ȷω) = b(ω) + ȷω (a(ω)− a∞) , (3)

with b(ω) ∈ Rm×m the radiation damping and a(ω) ∈
Rm×m the radiation added-mass.

Though linear, the characterisation of the radiation subsys-
tem as in (3) is performed numerically, by exploiting BEM
solvers (as discussed within Section I). These hydrodynamic
codes, which are widely available (both in commercial and
open-source versions - see [7]), compute b(ω) and a(ω)
for a finite set of ω values using a mesh of the overall
floating structure (see Figure 1 - right), while also offering
an estimation of a∞. In other words, K(ȷω) is only known
at a finite set of (user-defined) frequencies, hence being
intrinsically non-parametric.

Relying only on the raw BEM output, time-domain simu-
lation/characterisation of the hybrid wind-wave energy con-
verter can only be performed by computing the discrete
inverse Fourier transform of K, and subsequently solving
the convolution map in (2) numerically. This has, at least,
three significant drawbacks: (a) numerically solving the
convolution requires a sufficiently accurate representation of
k(t), which in turn requires a more refined frequency-domain
definition within BEM codes, increasing the computational
effort; (b) direct integration of k∗ q̇ is highly inefficient in
computational terms and; (c) the non-parametric nature of K
(equivalently k) complicates design and synthesis of standard
control/estimation techniques, which virtually always require
a closed-form differential equation describing the hybrid
system motion. As discussed within the introduction, one
can resort to a parametric approximation for k, in terms of
a suitable dynamical structure k̃. This is addressed explicitly
within Section III, exploiting a Loewner-based approach.



III. PARAMETRIC APPROXIMATION

This section briefly recalls the fundamental elements
underpinning the so-called Loewner framework, originally
developed within [10]. The core of this technique is based
on the notion of interpolation: using the frequency-domain
data computed with BEM solvers, as per equation (3), one
aims to find an approximating parametric dynamical system
able to achieve interpolation at a user-defined set of data, i.e.

left: ℓTj K̃(ȷµj) = vTj , right: K̃(ȷλi)ri = wi, (4)

with j ∈ Nk, j ∈ Nq , and where the triples (ℓj , ȷµj , vj)
and (rj , ȷλj , wj) represent the so-called left and right in-
terpolation datasets. Note that, once the sets of left and
right frequencies, Fℓ = {µi}i∈Nk

and Fr = {λi}i∈Nq
,

respectively, are defined, the associated pairs (ℓi, vi) and
(ri, wi) follow directly from (3). In particular, one can
simply choose the right and left directions {ri, ℓTi } ⊂ Rm

as columns/rows of the identity matrix accordingly, and their
corresponding columns/rows in the matrix K(ȷω) ∈ Cm×m

as vi and wi, hence filling the required response data.
With the left and right datasets, the associated Loewner

L and shifted Loewner Ls matrices can be defined [10],
conforming the so-called Loewner pencil, as follows:

L =


vT
1r1−ℓT1w1

µ1−λ1
· · · vT

1rk−ℓT1wk

µ1−λk

...
. . .

...
vT
qr1−ℓTqw1

µq−λ1
· · · vT

qrk−ℓTqwk

µq−λk

 ,

Ls =


µ1v

T
1r1−ℓT1w1λ1

µ1−λ1
· · · µ1v

T
1rk−ℓT1wkλk

µ1−λk

...
. . .

...
µqv

T
qr1−ℓTqw1λ1

µq−λ1
· · · µqv

T
qrk−ℓTqwkλk

µq−λk

 .

(5)

Remark 1: L and Ls are well-defined if the sets of left and
right interpolation frequencies are disjoint, i.e. Fℓ∩Fr = ∅.
With the definition of the Loewner matrices in (5), and being
compliant with Remark 1, the system defined by the map

K̃ : C→ Cm×m, s 7→ K̃(s) = −W (sL− Ls)
−1V, (6)

where the set of matrices {V,W} is given by,

V T =
[
v1 · · · vq

]
, W =

[
w1 · · · wk

]
, (7)

interpolates the set of left and right data , i.e. fulfills (4) (see
[10] for a formal proof).

Note that, depending on the cardinality of the sets Fℓ

and Fr (i.e. the number of frequencies within left and right
datasets), achieving exact interpolation as in (6) can require
a high-dimensional order parametric model K̃, which might
conflict with real-time control requirements. To avoid this
potential drawback, and have a direct handle on the final
complexity of the approximating model (10), one can resort
[10] to the singular value decomposition associated with the
Loewner pencil ξL− Ls, for all ξ ∈ Fℓ ∪Fr, i.e.

[L Ls] = Y1S1X
T
1 ,

[
L
Ls

]
= Y2S2X

T
2 , (8)

where Y1 ∈ Cq×z and X2 ∈ Ck×z . Let r̄ ≤ z and define the
following projected decompositions:

Y r̄
1 = Y1

[
Ir̄
0

]
, X r̄

2 = X2

[
Ir̄
0

]
. (9)

Leveraging (9), the r̄-order parametric system defined by

K̃(s) = −W ‡(sL‡ − L‡
s)

−1V ‡, (10)

with the projected matrices

L‡ = −Y r̄T
1 LX r̄

2 , L‡
s = −Y r̄T

1 LsX
r̄
2 ,

V ‡ = Y r̄T
1 V, W ‡ = WX r̄

2 ,
(11)

define an (approximate) interpolant of the data.
Remark 2: Complexity, i.e. model order, of the data-

driven interpolant in (11), is essentially controlled by re-
taining only the r̄ ≤ z dominant singular values from
the corresponding Loewner pencil. Exact interpolation is
recovered by simply setting r̄ = z.

Assuming that L‡ is invertible1, it is straightforward to
show that equation (10) defines the transfer function of an
associated continuous-time system, written, for all t ∈ R, as

k̃ :

{
ẋ(t) = Ax(t) +Bq̇(t),

y(t) = Cx(t) ≈ f rad
conv(t)

≡ k̃(t) = ℜ(CeAtB),

(12)
with x(t) ∈ Cr̄, and where

A = L‡−1

L‡
s, B = −L‡−1

V ‡, C = W ‡. (13)

Remark 3: Complex-valued matrices (A,B,C) in (12)
can be easily avoided altogether by including complex-
conjugate data within the sets Fℓ and Fr. This guarantees
the existence of a unitary matrix that maps the Loewner
matrices in (5) to a corresponding real form [10].

A. Internal stability and passivity of the interpolants

It is well-known from the general theory of marine struc-
tures (see e.g. [5]) that the radiation subsystem for a floating
body (or interacting bodies - such as the considered hybrid
wind-wave system) is both stable and passive. Note that the
state-space model derived in (12) does not inherently ensure
internal stability, although this property typically holds for
suitably chosen model orders r̄ in the projection step (9).
Nonetheless, in cases in which k̃ exhibits unstable behaviour
for a specified model order r̄, it is always possible to perform
a decomposition into stable and unstable ‘parts’, k̃+ and k̃−,
respectively2, following classical results from linear system
theory [13], and hence directly replace k̃ ← [ k̃+. Once
stability has been guaranteed, passivity can be enforced by
perturbation of the output matrix C, i.e. C ← [ C + ∆C,
effectively changing the transmission zeros of (12). The
perturbation matrix ∆C is designed to ensure passivity
by enforcing the Kalman-Yakubovich-Popov (positive real)
lemma, via semi-definite optimisation [6].

1This is a reasonable assumption, given the properties of the radiation
system (in particular, causality). Nonetheless, if, due to numerical issues,
L‡ loses rank, one can simply resort to a generalised inverse.

2Note that k̃+ is the optimal approximation of k̃ in RH2 [13].



Fig. 2. Bode plot for the frequency response of the radiation system, computed via BEM solver K and the obtained approximation K̃.

IV. NUMERICAL APPRAISAL

Within this section, the hybrid device introduced in Sec-
tion II is modelled considering the three main relevant DoFs
involved in energy conversion (in order): pitch motion of
the flap, and surge and pitch of the platform, and hence
m = 3 in equation (1). Accordingly, the radiation frequency
response K(ȷω) ∈ C3×3 is non-sparse, fully accounting
for cross-coupling hydrodynamic effects between the three
considered DoFs. The corresponding hydrodynamic coeffi-
cients, used to reconstruct numerically (3), are obtained from
BEM simulations, using the solver Capytaine [14] interfaced
via BEMRosetta [15]. The data is computed over a finite
frequency range, bounded by a lower limit ω− and an upper
limit ω+, such that [ω−, ω+] ⊂ R.

Regarding the interpolation procedure, as outlined within
Section III, the sets of left and right interpolation frequencies
are formed using a total of 200 points, following a Chebyshev
distribution (of the first kind). Following Remark 3, and to
avoid a complex-valued state-space representation for the

radiation subsystem, the sets Fℓ and Fr (and corresponding
responses - see Section III) are expanded to include complex-
conjugate information, guaranteeing a system (A,B,C) as
in (12) defined over R. The chosen approximation order, via
projection based on the singular value decomposition of the
corresponding Loewner pencil (see equation (9)), is set to
r̄ = 23. Stability and passivity are enforced as per Section
III-A, leading to a physically consistent radiation model.

Figure 2 reports the frequency response of both target K
and approximating K̃ radiation systems, in terms of Bode di-
agrams, showing both magnitude and phase, for each element
composing the corresponding frequency-response operator.
These curves serve as a reference for evaluating the quality of
the Loewner-based parametric approximation K̃(ȷω). Note
that the target radiation, i.e. (3), presents a complex response,
featuring multiple modes (peaks), generated by the strong
interaction between the two bodies (particularly in pitch).
Nonetheless, as evident from the Bode plots, the proposed
parametric model closely matches the original BEM-based



Fig. 3. Target k and approximating k̃ radiation impulse response functions.

mapping across the entire frequency range, virtually over-
lapping all maxima and minima, following the multimodal
nature of the target response.

While Figure 2 highlights the accuracy of the computed
parametric model in the frequency domain, ultimately, the
objective is to simulate the behaviour of the hybrid wind-
wave system in the time domain. As such, and to further
validate the performance of the proposed parametric ap-
proximation, Figure 3 shows the radiation force response to
an impulsive velocity input applied to the system, i.e. the
target impulse response function k in (2), together with that
corresponding to the approximating system k̃ in (12). The
results obtained using the original hydrodynamic operator
k and its parametric counterpart k̃ are virtually overlapped,
confirming that the parametric model accurately captures the
transient dynamics of the radiation forces, reinforcing the
findings observed in the frequency-domain analysis.

To further demonstrate the time-domain performance of
the approximating model computed via Loewner, simulations
corresponding to relevant sea state conditions are presented
in the following. In particular, velocity inputs generated
based on irregular waves following a JONSWAP [16] spectra
(see Figure 4), characterised by a peak enhancement factor
γ = 3.3, significant wave height Hs = 2 [m], and a peak pe-
riod Tp defined as the period corresponding to the frequency
associated with the H∞-norm of target BEM response, are
considered. Two additional spectra are also included within
the following appraisal, by varying Tp by ±20%, to analyse
the response under diverse sea state conditions. These spectra
are combined with the system frequency-domain model to
produce the velocity signals in the frequency domain, which
are then transformed to the time domain via inverse Fourier
transform. The resulting time-domain velocity inputs are
used to evaluate the radiation force responses of both the
target and approximating parametric models.

Figure 5 illustrates the radiation force responses for the
case where the input velocities correspond to a JONSWAP
spectrum with Tp matching the frequency of the system max-

Fig. 4. JONSWAP spectra for the generated waves (and corresponding
velocity profiles for simulation), normalised with respect to each maximum.

imum singular value, i.e. the H∞-norm. The velocities are
also displayed for reference, using the right axis. The near-
perfect overlap between the force responses obtained from
the non-parametric target operator k and the Loewner-based
approximation k̃ confirms the accuracy of the approximating
model in replicating the system dynamic behaviour under
relevant sea state excitation.

Finally, and to further extend the results presented in
Figure 5, Figure 6 shows the time-domain absolute ap-
proximation errors between the output corresponding to the
Loewner-based model and the reference hydrodynamic data.
The pointwise error is defined as:

e(y(t)) =
|y(t)− ytarget(t)|
max |ytarget(t)|

, (14)

where y and ytarget denote the output of the approximating
model and that associated with the target BEM data, re-
spectively. Note that the normalisation is performed using
the maximum absolute value of the target response over the
considered simulation time interval. To provide a compre-
hensive performance measure, the normalised mean absolute
error (NMAE) is also provided, which aggregates the point-
wise errors over the entire simulation interval. The results
indicate that the parametric Loewner-based model achieves
an exceptionally low NMAE (less than ≈ 2%), confirming
its ability to accurately capture the radiation force dynamics



Fig. 5. Time-domain comparison of f conv
rad , computed using the non-

parametric BEM-based kernel (solid line) and its parametric approximation
(dashed line). The same velocity vector q̇ (right axis) is used as input to
both models.

with a compact and computationally efficient representation.
Notably, the NMAE does not have a significant variation for
different sea-states across the considered DoFs, highlighting
the overall accuracy of the provided model.

Fig. 6. Normalised error and NMAE between the output associated with
the target system and its parametric approximation across the considered
degrees of freedom, for each of the considered sea states.

V. CONCLUSIONS

This paper presents an interpolation-based procedure for
parametric modelling of radiation forces in hybrid wind-wave
energy systems. In particular, leveraging a Loewner-based
approach, state-space models which are physically consistent
(i.e. internally stable and passive) are derived, using only
raw data readily available from BEM codes. A detailed case

study, featuring a floating offshore wind turbine together with
a flap-type WEC, is considered for parametric modelling.
The results obtained show that the technique presented within
this paper is able to represent the complex hydrodynamic
interactions characterising such a hybrid device, with an
exceptional degree of accuracy, both in the frequency and
time domains, featuring an NMAE of less than ≈ 2% for
different relevant irregular wave conditions. Future work will
exploit the derived mathematical models for computationally
efficient geometry optimisation and real-time optimal control
of wind-wave energy converters.
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