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Abstract— Modeling nonlinear dynamical systems is impor-
tant for control, prediction, and decision making in numerous
engineering fields. While robust methods for identifying lin-
ear systems are well established, traditional approaches often
struggle with complex nonlinear behavior, particularly when
data is noisy or limited. Recently, the Koopman operator
framework has gained popularity as it provides global linear
representations of nonlinear systems, which enables the use
of linear systems theory tools. However, existing data driven
Koopman operator methods, such as extended dynamic mode
decomposition (EDMD), can yield degraded performance under
noisy conditions and typically require large amounts of training
data. In this paper, we propose a new approach for learning
Koopman models using sparse Bayesian learning (SBL). Our
method identifies the beliefs over Koopman model parameters
directly from model evidence while inherently promoting spar-
sity. Additionally, our approach demonstrates improved noise
robustness and effective performance even with limited data.
Unlike existing methods, the SBL approach provides valuable
uncertainty quantification for the learned models, which is
particularly beneficial for control applications requiring prob-
abilistic performance guarantees.

I. INTRODUCTION

Modeling and identification of dynamical systems have
been a crucial step in the analysis, control, and optimiza-
tion of various engineering applications. Among all types
of applications, nonlinear systems are the most commonly
encountered in fluid dynamics [1], [2], robotics [3]-[7]
and weather forecasting [8]. Accurate system models are
essential for the design of robust controllers and decision-
making algorithms, particularly in applications characterized
by complex, nonlinear behaviors. Existing methods for non-
linear system identification such as neural network [9] or
Gaussian process [10] based approaches lack easy inter-
pretability and scalability. Moreover, many well established
tools and methods for linear systems are not straightforward
for nonlinear models.

Recently, the Koopman operator theory has stood out as a
powerful framework to overcome some of the shortcomings
of traditional nonlinear system identification methods [11],
[12]. The Koopman operator essentially lifts the dynamics to
an infinite dimensional function space, where the time evolu-
tion representation is linear. Hence many of the usual linear
system analysis and control tools become readily available
for nonlinear systems. This operator theoretic perspective has
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Fig. 1. One step prediction results of the Koopman model trained

with 2000 data samples for the chaotic Lorenz attractor. Least squares
and sparsity promoting SINDy algorithm diverge occasionally while SBL
solution closely follows the expected trajectory.

gained increasing attention in control and decision systems
due to its ability to capture complex behaviors without requir-
ing explicit knowledge of the system’s nonlinear structure
[1], [5], [7]. Famous data driven algorithms that employ
the Koopman operator begin with a dictionary of functions
embedding the state space to a higher dimensional space,
in which the time evolution of the system is described.
Methods expanding the Koopman operator to data driven
domain such as dynamic mode decomposition (DMD) [13],
extended dynamic mode decomposition (EDMD) [14] and
neural network based solutions [15] have proven to be useful
in numerous applications.

Despite the growing interest in the Koopman operator
methods, many challenges remain open, including the sys-
tematic identification of the operator from finite and noisy
data as well as the selection of dictionary of functions [4],
[16], [17]. DMD type approaches are known to cause mode
mixing under noisy data, leading to inaccurate models [18],
[19]. Some methods promoting certain properties such as
stability or sparsity of the approximation have been proposed
to address certain shortcomings [20], [21]. In particular,
regularization based approaches such as SINDy [21] aim to
accurately capture the system dynamics under noisy obser-
vations by promoting sparsity. The algorithm implements the
so called sequential thresholded least squares, where small
enough matrix entries are iteratively forced to zero. Despite
the advantage of direct influence of the user on the level of
sparsity, the algorithm needs to be tuned for data amount



and the noise level. Moreover, forcing small weights to zero
under a single threshold for all functions in the dictionary is
unintuitive, since the scale of the functions can be drastically
different and may cause arbitrarily large or small weights
without becoming unimportant. Lastly, many least squares
based data driven Koopman approaches require large datasets
to perform reliably in predictive tasks [17].

In this paper, we propose sparse Bayesian learning (SBL)
[22] of the EDMD based Koopman model for dynamical
systems. SBL provides a probabilistic framework for promot-
ing sparsity in the learned model by automatically pruning
irrelevant functions in the dictionary through Bayesian in-
ference, thereby improving generalization in the presence of
noisy or limited data. Further, unlike frequentist approaches
where model parameters are considered as deterministic en-
tities to be extracted, Bayesian framework allows uncertainty
quantification [23], which is promising for safety guaranteed
control applications.

The contributions of this paper are threefold: (i) we
reformulate the Koopman model identification problem as a
SBL problem; (ii) we verify that sparse Bayesian Koopman
model learning is more robust against measurement noise
than some conventional approaches; and (iii) we test both
the proposed approach and the existing methods with small
datasets and conclude that sparse Bayesian Koopman model
learning can work reliably with small training data while
existing methods underperform.

II. BACKGROUND
A. Discrete Time Koopman Operator

Let a discrete time system be described by the map S :
X=X,

X1 = S(xXx), )]

where X is the state space of the system. Let the functions y :
X — R defined on the state space be denoted as observables
and let them constitue a Hilbert space H. The discrete time
Koopman operator %" : H — H acts on the observables by a
composition [12]

Hy=yoS. 2)

J is a linear operator on H by nature of composition.
It thus provides a possibly infinite dimensional global linear
representation for the system unlike linearization around a
point in the state space. Several data driven approaches have
been developed to approximate % in finite dimensions [11].

B. Extended Dynamic Mode Decomposition (EDMD) Algo-
rithm

EDMD is one of the most popular algorithms for data
driven approximation of %" [14]. The algorithm relies on a
preselected dictionary of observables that ideally constitute
an invariant set under .. Given a set of snapshot pairs
{(x[i],x['])},, where x[i] € R" represents the state of the
dynamical system at time ¢ and x[/] is the corresponding state
at time ¢+ Ar, EDMD approximates the Koopman operator
X as finite dimensional matrix K by using the dictionary

of functions ¢(x) = [¢(x) ... (])L(X)]T. These observables
lift the state space into a higher dimensional feature space
where K describes a linear dynamical system in terms of the
lifted states ¢[k] = ¢ (x[k])

0" [k+1]=¢" [KK. 3)

Common selections of dictionary functions are orthogonal
polynomials, Fourier basis or Gaussian kernels [11] with
¢j(x)=xj for j=1,...,n.

Once the dictionary is set, the so called lifted state matrices
X and X’ are constructed by evaluating the dictionary of
functions for each data pair in the data set:

X=[ox[1]) [ ox[2]) |- | o(x[m])]" eR™E, (@)
X'=[o(x[1]) [9(x[2]) |- | o(x[mD)" € R™E. (5)

Then, the best-fit linear operator K that satisfies X’ ~ KX is
computed by solving the minimization problem

K = argmin ||X’ - XK][%. 6)

The approximation of JZ (6) does not immediately apply
to controlled systems. In order to allow for control inputs,
EDMD procedure is modified [24]. In the controlled case, X
is concatenated with the corresponding control inputs ufi] €
Rl

o(x[m))]”

u[m]

ox(1]) [ ... |

eRmX(L+l)' 7
al] | ... | )

Xy = [
The optimization problem (6) is then reformulated by re-
placing X with Xy . The solution provides the approximate
system and input matrices A and B, respectively.

. [A :
K= {ﬁ} :argrr%nHX'—XUKH%. (8)

The output matrix C is determined by the inverse map from
the lifted space to the state space. Assuming no feedforward
dynamics, the so called Koopman model of the system is
formed as a linear dynamical system

T [k+1] = ¢T [k]A +u” [k]B

x[k] = Colk]. ©)

C. Sparse Bayesian Learning (SBL) Framework

SBL is a powerful supervised learning method that uses
Bayesian inference and boosts sparsity in the model pa-
rameters [22]. The goal of SBL is to identify a preferably
sparse model for measured inputs and target outputs. SBL is
especially useful in parameter estimation of high dimensional
models, making it favorable in the Koopman model context.

Given input variables x = [xl,...,xn]T, basis functions
¢(x) = [¢1 (x),...,(])L(x)]T and weights w = [w1,...,wL]T,
the target variable is modeled as

t=9(x)w+v, (10)

where v is zero mean Gaussian noise with precision p.
T T
Assume X = [xl Xm] and t= [tl tm} represent the



collection of m input and target variables, respectively. Then,
t can be compactly expressed as

t=>dw+v, (1
where
¢(x1)" Vi
b= : , v=| (12)
¢(XM)T Vm

As the number of parameters increases, maximum like-
lihood estimate (MLE) of (11) can overfit. SBL addresses
this problem by assigning independent conditional prior
distributions to each weight, which is a zero mean Gaussian
prior such that

L
pwla)=T] (w00,
(=0

13)

where each oy is the Tprecision of the corresponding weight
and o = [al,...,aL] . Lastly, each hyperparameter is asso-
ciated with a hyperprior. A common hyperprior is Gamma
distribution, resulting in

L

pla)= HGamma((xg;a,b), (14)
=0

p(p) = Gamma(p;c,d), (15)

where Gamma distribution is specified with shape and rate
parameters. The mean and covariance of the weight posterior
p(w|t o, p) =4 (w;u,X) can be shown to equal [25], [26]
n=pId't.

¥ = (pCIDT<I>+diag(a))71, (16)

Under the SBL framework, the aim is to find the maximum
a posteriori (MAP) estimates of parameters & and p; namely,

{@map, puar} = argmax p(t| a,p) p(a) p(p). (A7)
Using hyperpriors with a =c =1 and b,d — 0 permits
the MAP estimate of the parameters a and p to correspond
to MLE [18], [27]. We can then employ expectation maxi-
mization (EM) algorithm to iteratively find the estimates for
all the parameters [28]. Letting u’ and X' be estimates of
weights posterior mean and covariance at the i-th iteration,
the estimates for @ and p are found using the M-step [26]

gt = 241
() + =i+ 2b s
m+2c—2

ﬁiJrl — ]
[t —Dpi||2 + tr(Z'D T D) 424’

where uy; and oy are the ¢-th elements of u and . As a

result of the E-step of the algorithm, the posterior mean and

covariance of weights are iteratively calculated as [26]

T+l = (ﬁiq>Tq>+diag(&")) . utl=piviaTt (19)

The EM updates (18) and (19) are carried out until
convergence. In this regard, EM can have slow convergence
rates and take many iterations to converge. Moreover, it can

reach suboptimal minima [26], [28]. On the other hand, SBL
leads to improved sparsity and recovery performance with-
out requiring manual tuning of regularization parameters.
Furthermore, its Bayesian formulation provides uncertainty
estimates, making it especially useful in settings where
robustness and interpretability are important.

III. METHOD

Followin% the notation introduced in Section II, let ¢ =
[1 ... 9] be the dictionary of observables. The Koopman
model (9) relates the values of the observables at consecutive
time steps. Let D = [x[1] ... x[m]| be the set of measure-
ments obtained from a dynamical system at discrete times
1,...,m. We try to fit the model between the values of the
observables at time instants k=1,....m—1and k' =2,...,m.
If the system is controlled, we may also denote the control
inputs at time instants k by U = [u[l] ... ufm—1]]. In
the SBL framework, we construct the lifted data matrix &
similarly to (12) by augmenting the control inputs if they are
available:

¢1(x[1]) o (x[1]) u’ (1]

b= . (20)

oxim—1]) ... o(xK—1]) ufm—1]

Target variables are set as the values of observables at
time instants k’. Here, we assume the fit of each observable is
independent of others and solve L independent SBL problems
by setting the target variable in (11) accordingly. For values
of each observable in the dictionary, the input-target relation
is formulated individually as

tj=>dw;+v;, 2n
where t; = [¢;(x[2]) ¢j(x[m])]Tfor j=1,...,L and
the aim is to estimate w;. The SBL model form (21)
facilitates the EM parameter updates (18) and (19) to iden-
tify the Koopman matrix entries column by column for L
independent problems. The Koopman matrix K is given as

KZ[W]|...‘WL}. (22)

We hence identify a Koopman model with process noise:
¢ k+1] = ¢" A +u” KB + &, (23)
where € ~ A (&;0,diag(p;',....p. "))

IV. RESULTS

In this section, we present system identification results ob-
tained via two simulated dynamical systems, one autonomous
and one controlled, to validate our proposed system iden-
tification approach. The autonomous system is a Lorenz
attractor, while the controlled system is an unmanned surface
vehicle (USV). To examine algorithm performance under
uncertainty, we introduce artificial zero mean Gaussian mea-
surement noise at different standard deviation levels into the
data. We apply noise with the same variance level uniformly
across all states within each noise level experiment. Due to
differences in the mean and scale of the states, the resulting
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Fig. 2.

One step prediction NMSE of least squares solution (LS), SINDy and SBL of Lorenz attractor Koopman model identification. Top row: Results

on training data. Bottom row: Results on previously unseen test data. Left column: Results for x component. Middle column: Results for y component.

Right column: Results for z component.
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measurement noise standard deviations. (a): 6 =0.1, (b): 6 =0.5, (c¢): 0 =1

signal-to-noise ratio (SNR) varies among the individual state
variables. We compare the results of our proposed method
under various noise levels with those of the ordinary least
squares solution ((6) or (8)) and the SINDy method [21],
which implements an algorithm called sequential thresholded
least squares. SINDy sets a sparsity threshold A and itera-
tively discards observables whose weights are smaller than
A in magnitude. This approach provides a sparsity knob,
enabling users to control the sparsity level of the resulting
model. For all experiments involving our method, we set
a=c=1landb=d=10""%

A. Lorenz attractor

The Lorenz attractor is a three-dimensional chaotic non-
linear system with coupled differential dynamics [29]

X o(y—x)
y| = |x(p—2)—y 24
b4 xy— Bz

We set the parameters o = 10, § =8/3, p =28 and sample
the continuous system at 1000 Hz for 1 second for training.
The observables in the dictionary are selected as identity
functionals and Gaussian kernels, in accordance with [17].
In Figure 2, we study the effect of SNR on the one step
normalized mean squared error (NMSE) performance of the
proposed method. SINDy threshold is selected as A = 0.05
for comparison. While the performances are comparable
for all three methods in the training data, SBL drastically
outperforms existing methods in unseen data. Moreover, per-
formance of the proposed method decays with diminishing
SNR; however, it is seen in Figure 2 that other methods are
far more susceptible to SNR. A reason behind the difference
in performances can be because SINDy requires A to be
tuned, which should be handled according to each noise
level. Hence, setting a fixed A under different noise levels
can affect the performance. In cases where @ in (12) only
contains the measurements, adding white noise to input
variables is equivalent to adding regularization term in least
squares algorithms. Nevertheless, in the Koopman operator
framework, the noise is added to measurements while the
inputs to the least squares problem are possibly nonlinear
functions of measurements. This causes the measurement
noise to have unprecedented effects on numerical stability.
Figure 2 is indicative of the need for higher regularization
in the least squares type solutions. In the case of SINDy,
the sparsity threshold must be handled individually for each
observable since the effect of white measurement noise
results in possibly nonsymmetric, biased, nonwhite or non-
Gaussian noise after each nonlinear transform. Further, here
the Koopman model is fit with a small dataset on purpose
to highlight the need of Bayesian methods for less data than
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that of frequentist approaches [23]. In Figure 1, we increase
the training data duration to 2 seconds. Still, other methods
occasionally peak while SBL maintains the expected trajec-
tory. Our experiments of Lorenz attractor demonstrate that
SBL is more robust against SNR and data amount without
parameter tuning.

Next, we investigate the eigenvalues of the Koopman
system matrix A in (9). Once again, all of the parameters for
SBL and the sparsity threshold for SINDy are kept constant
while SNR is varied. Figure 3 depicts that SINDy may

be unstable if A is not properly tuned for the noise level
even though the original system is stable. In this regard,
SBL seems more numerically reliable since the identified
model at least agrees with the stability of the system. This
is because SBL does not force a predefined sparsity on the
model, it updates the belief of weights and precisions based
on evidence instead.

B. Underactuated unmanned surface vehicle (USV)

In this section, we test the proposed method on a con-
trolled system to assess the algorithm in a more practical
use case. We consider the simulation of an underactuated
USV that enjoys the dynamics [30]

Mv+C(v)v+D(v)v=r1. (25)

In (25), v € R? contains the surge, sway and angular velocity
states of the vehicle. M, C and D stand for mass, coriolis and
damping matrices, respectively. The thruster force vector,
denoted by 7 € R?, is considered as the control input to
the system. The effect of 7 is inherently influenced by the
placement of the thrusters on the vehicle. In the present
underactuated configuration, the thruster forces have no
direct influence on the sway velocity state [31]. The system
dynamics are simulated, with state and control data sampled
at a frequency of 10 Hz over a duration of 180 seconds for
training. The control inputs are modeled using a zero order
hold assumption when performing state predictions with the
Koopman operator framework. Similar to Section IV-A, 4
for SINDy is fixed at 0.05 for comparison. Observables ¢
are set as identity functionals and Gaussian kernels.

Figure 4 illustrates that SBL is superior in terms of NMSE
especially in previously unseen data prediction performance
while other methods fail. The difference between the training
dataset errors and test dataset errors of other methods indi-
cates overfitting and can presumably be quite detrimental
for the long term prediction performance of the model. This
is concerning since the Koopman model has been used in
model predictive control of dynamical systems increasingly
frequently [4].



Figure 5 shows that other methods are less robust to
noise since they can possibly identify unstable systems.
SBL indeed reinforces robustness against measurement noise
when compared to other methods as it treats the problem
probabilistically because the probabilistic approach is nu-
merically less dramatically affected by outliers. Besides, that
other methods identify unstable system matrices but achieve
stable NMSE performance in Figure 4 can be a sign of mode
mixing between the observables and the control inputs.

V. CONCLUSION

In this work, we find the parameters of the Koopman
model in (9) using SBL framework. Unlike ordinary least
squares or sparsity inducing algorithms such as SINDy, SBL
allows the weight probability distributions to be updated via
evidence maximization. The probabilistic approach grants
an inherent notion of certainty of the parameters, where
the precision of each model parameter is also derived as a
hyperparameter. Rather than forcing sparsity via a threshold,
SBL dynamically shrinks the weights if necessary. This
eliminates threshold tuning, remedying the scenarios with
unknown measurement noise. Additionally, our method does
not discard functions based on weight magnitudes, as the
lifting function scales can be different. The probabilistic
treatment that SBL offers is particularly suited to small
datasets and to model based control tasks with safety bound
requirements. Extensions of the proposed method can intro-
duce sequential elimination of observables like SINDy when
the dictionary entries have comparable norms.
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