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Abstract—This paper introduces a novel neural-based
method for solving the Traveling Salesman Problem (TSP) by
learning adaptive, single-pass construction heuristic within the
Insertion heuristic framework. We design a simple feed-forward
neural network that dynamically evaluates candidate cities
based on multi-dimensional distance properties, allowing flexi-
ble handling of varying problem sizes. The network is trained
using a black-box optimization approach with Covariance
Matrix Adaptation Evolution Strategy (CMA-ES), bypassing
the need for gradient information. To further improve solution
quality, we propose a lightweight local refinement technique
that perturbs the trained network’s weights, effectively explor-
ing nearby heuristic landscapes without restarting the search
process. Computational experiments on synthetic datasets with
50, 100, and 200 cities show that our approach consistently out-
performs classical Insertion heuristics and generates solutions
within 0-2.4% of optimality. The proposed method combines
high computational efficiency with adaptability, demonstrating
strong potential for extension to more complex TSP variants
and practical logistics optimization tasks.

Index Terms—TSP; Insertion heuristics; Construction
heuristics; Neural networks; Logistic Optimization;

I. INTRODUCTION

The Traveling Salesman Problem (TSP) is fundamentally
linked to logistics applications, serving as a cornerstone for
optimizing delivery routes and addressing critical challenges
in supply chain management and last-mile delivery. New
applications are also emerging, e.g. in humanitarian logistics
[1]. In logistics, delivery trucks, couriers, or service vehicles
must visit multiple locations (e.g., warehouses, stores, or
customer addresses) in the most efficient way possible. The
Vehicle Routing Problem, a common logistical challenge,
generalizes the TSP to multiple vehicles [2]. Thus, any
progress in solving the TSP has significant implications for
a wide range of logistics problems.

Let C={1,2,...,n} denote a set of n cities. For each pair
of cities (i, j) € C x C, the distance between them is given by
d(i, j). We consider the Metric TSP, in which d(i, j) satisfies
the following properties:

o Non-negativity: d(i,j) > 0 for all i # j, and d(i,j) =0

if and only if i = j.

o Symmetry: d(i,j) =d(j,i)

o Triangle Inequality: d(i, j) <d(i,k)+d(k,J)

The goal is to find a minimum-length tour visiting each city
exactly once, with no subtours (i.e., cycles other than the full
tour).
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Being NP-hard, the TSP has been drawing major research
attention for decades. Over time, a variety of methods have
been developed, which can broadly be classified into exact
algorithms and heuristic/metaheuristic approaches.

While exact methods, such as Integer Linear Programming
or Dynamic Programming, are limited to small problem
sizes [3], [4], advanced techniques combining cutting planes
and branch-and-bound — notably the Concorde TSP Solver
— can solve standard symmetric TSP instances to optimality
with remarkable efficiency [5]. However, these methods have
limited potential for extension to more complex TSP variants.

Among heuristic approaches, constructive algorithms such
as Nearest Neighbor [6], [7], Greedy [8], and Insertion
heuristics [9] are widely used. Improvement heuristics such
as 2-Opt and 3-Opt [10] refine initial solutions by local
modifications. Metaheuristics are particularly popular due
to their superior exploration capabilities, with genetic al-
gorithms being the most applied and ant colony optimiza-
tion being the most cited [11]. Furthermore, approximation
algorithms provide provable performance guarantees; for
instance, Christofides’ algorithm achieves a solution within
1.5 times the optimal length for metric TSP instances by
leveraging minimum spanning trees and matchings [12].

Recent advances in machine learning, particularly neural
networks, have opened new avenues for enhancing heuristic
design by enabling data-driven, adaptive strategies that learn
from problem structure. Both supervised learning [13], [14]
and reinforcement learning [15] have been applied to learn
construction heuristics. Various neural network architectures
have been explored, including Pointer Networks [13], Graph
Convolutional Networks [14], and encoder-decoder struc-
tures with multi-headed attention [16]. Rather than learning
construction heuristics, Da Costa et al. [17] employ deep
reinforcement learning to learn a local search (improvement)
heuristic based on 2-Opt moves.

Although the TSP is a thoroughly studied problem, there
remains a need for methods that can quickly produce high-
quality solutions while retaining the flexibility to adapt to
problem variants with practical significance in logistics. Our
contribution is as follows:

« We introduce a novel approach for learning single-pass

construction heuristics based on the Insertion algorithm.
We use a simple feed-forward neural network to eval-
uate candidate cities to be added to the current tour.
Unlike most neural-based approaches, our framework
is robust to a variable number of inputs.

« Owing to the simplicity of our neural-based evaluator,

we are able to train the model using a population-based



approach.

o We extend our single-pass heuristic by exploring the
heuristic space through local perturbations of the net-
work weights. In contrast to metaheuristic methods,
which restart the search from scratch each time they
are run, our approach allows general knowledge to be
shared via a pretrained neural network, which serves
as the starting point for exploration under the proposed
perturbation scheme.

The remainder of this paper is structured as follows.
Section II provides details of the proposed neural-based con-
structive heuristic. Section III discusses a perturbation-based
algorithm for further refinement of the solution. Section IV
presents numerical experiments, evaluating our approach
against standard Insertion Heuristics and optimal solutions.
Finally, Section V summarizes our findings.

II. METHODS
A. Neural-based constructive heuristic

Insertion heuristics form a class of algorithms that con-
struct a tour starting from a single city with a self-loop.
They then iteratively select a city and add it to the tour. We
propose a neural-based constructive heuristic that follows this
general framework while effectively exploring the space of
all possible insertion heuristics.

Let h € H represent a specific heuristic from the class of
Insertion heuristics. At the beginning of the k-th iteration, the
current partial tour is denoted as sz € S. The set S contains
all possible partial tours (i.e., all subtours). In iteration %, a
new city must be selected and inserted into the current tour.
Let Cx C C denote the set of potential decisions (not yet
inserted cities) at iteration k.

The Insertion heuristics class encompasses a wide range
of methods determining j € Cy, including the following [9]:

o Nearest Insertion — the next city j to add to the current

tour s; is the one that minimizes d(i, j) over cities i
already in the tour sy.
o Farthest Insertion — similar to Nearest, but city j max-
imizes d(i, j).

¢ Cheapest Insertion — selects the city that minimizes the
cost ¢(i,j,l) of inserting city j between cities i and /,
where c(i, j,1) =d(i, j)+d(j,1) —d(i,]).

Once city j; is chosen for addition in step k, heuristic
h transforms the current partial solution into an updated
solution. In general, this transformation is represented by
the function:

T:(S,C)—S (1)

where T(si, jx) adds one city according to decision j; to
the current partial tour s, producing a new partial or final
tour si4 1. Nearest, Farthest, and Cheapest heuristics insert
city ji between cities i and [ from s; such that (i, ji,[) is
minimized.

The generic framework of the Insertion heuristic follows
these steps:

1. Initialize: Set kK = 0 and initialize the partial solution

so as a single city with self-loop.

2. Iterate: k =k+1
3. Select a Decision: Find the decision jj that maximizes
the evaluation function Ej:

Jik = argmax Ej (pp (k. j))
JEC

where py, : (S,C) — R™ denotes a property function
evaluated by

Ep(pn(se. j)) : R" = R,

4. Update Solution: Apply decision j; to extend the
current partial solution:

skt = T (Sk, Je)
Cri1 = Ci\ {Jk}

5. Stopping condition: If Cj; # 0, return to Step 2.

We define the property function py, (s, j) in a general form.
However, for simple heuristics such as Nearest, Farthest,
and Cheapest Insertion, it is scalar — that is, d(i,j) and
¢(i, j,1) for Nearest/Farthest and Cheapest, respectively. The
evaluation function Ej, simply minimizes (Nearest/Cheapest)
or maximizes (Farthest) the scalar property. Thus, in simple
heuristics, Ej is a static rule that does not depend on the
current state sg.

To generalize these approaches, we assume that the prop-
erty function is an m-dimensional vector. For instance, it may
consider distances not only to the nearest or farthest city but
to all cities in the current tour. Consequently, the evaluation
function Ej, can be more complex and depend dynamically on
the current partial tour sg. This general framework includes
the classic heuristics such as Nearest, Farthest, and Cheapest
Insertion, but also allows for more complex algorithms.

Our approach employs a trained neural network to dynam-
ically select the next city for insertion into the existing tour,
predicting the most promising candidate based on learned
patterns in the distance matrices. The fundamental idea is
to use a neural network as the evaluation function Ej,.
Let Ny denote the neural network with optimized weights
w, substituting for E, in the neural-based variant of the
heuristic framework. The neural network learns which city to
select next. Following the Insertion framework, it is applied
separately to each not-yet-inserted city j € Cy at each step
k, allowing a variable number of candidate cities while
maintaining a constant input size for the network. Moreover,
since Ny; can process vector inputs, the property function
Pr(sk, j) can be multi-dimensional, enabling multiple factors
to be considered when selecting the next city.

Once selected, the city is inserted at the position that
minimizes the increase in tour length c(i, ji, ), preserving the
cost-efficiency of the Insertion framework while enhancing
decision-making through neural guidance.

The procedure for constructing the final solution is de-
picted in Figure 1, where the role of evaluator Ej is taken
over by the trained neural network Ny with weights w.

Note that in this approach, once the network is trained,
no search of the solution space is performed as in many



k:=0
init s, with city jo
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Fig. 1. General scheme of the neural-driven construction heuristic

metaheuristics. Instead, a single pass of the constructive
heuristic is used to build the solution.

B. Properties function design

The properties pp(sy, j) evaluated by the neural network
Ny (pn(sk,j)) are intended to reflect the position of the
current tour relative to the city j under consideration for
insertion. The selection of appropriate properties is a crucial
design element that significantly impacts solution quality.
The neural network should be provided with a sufficiently
rich set of properties to capture different features depending
on the current situation and thus achieve good generalization.
On the other hand, too many properties make the neural
network unnecessarily complex and less efficient.

The choice of properties may depend on the characteristics
of the data. Without any prior knowledge about data charac-
teristics, we assume that cities are located uniformly in space.
After preliminary experiments, we decided to construct an
input vector consisting of the following properties:

Distances to the current tour.
A vector of distances from the examined city j € Cy
to a limited number of cities in the current tour s.
Altohugh we could technically consider distances
to every city in s;, we instead select a fraction f
of cities, evenly spread throughout the tour. This
reduces computational effort and keeps input size
constant as the tour grows. For simplicity, if the
current tour contains fewer cities than needed, some
distances are duplicated.

Progress of the algorithm.

The fractional value p = k/n indicates how ad-
vanced is the construction of the final tour.

C. Network architecture

We use a simple architecture for the network Ny;, depicted
in Figure 2. The goal is to achieve high network efficiency,
enabling a population-based training procedure in which the
network acts as an evaluator within an individual. More
expressive architectures, such as transformer-based, require
significantly more computation resources and would slow the
search process. The network has a four-layer feed-forward
architecture with a relatively small number of inputs and a
single output.

Let m = [f-n| be the number of cities whose distances
are included in the input. After preliminary experiments, we
set f to 20% for problems with n € {50,100} and to 15%
for problems with n = 200. Thus, the number of network
inputs is either [0.2-n]+1 or [0.15-n] + 1, depending on
the problem size.

Input Hidden
Layer Layer 1

Hidden
Layer 2

Output
Layer

o

¢

Architecture of the network Nj;.

Fig. 2.

The cities used to compute distances are evenly distributed
along the current tour s;. Figure 3 presents an example for
n = 40 cities, where red crosses denote cities already in the
current tour, black dots represent candidate cities, and the
green dot is the city being evaluated for insertion. Assuming
f =20%, distances to m = (0.2 x 40 = 8 evenly spaced cities
are indicated by black dashed lines and form part of the
network input (together with p).

In more sophisticated scenarios, for instance when regions
of higher city density are identified, additional information
about the surroundings of the evaluated city could be in-
corporated — for example, distances to the city’s closest
neighbors.

Optionally, we consider sorting the distances in non-
decreasing order, so that the neural network is consistently
exposed to the closest and farthest distances on the same
inputs. In our experiments, we report results for both sorted
and unsorted cases.

As a result of experimentation, we set the sizes of the first
and second hidden layers as follows:

« 16 and 8 neurons, for problems with 50 cities,

e 24 and 12 neurons, for problems with 100 and 200

cities.



Both the hidden layers and the output layer are equipped
with bias terms. The total number of network parameters
(weights) is 337, 841, and 1,080 for problems with 50, 100,
and 200 cities, respectively.
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Fig. 3. Tllustration of distance evaluation for a candidate city.

For better performance, we use an approximate tanh
function. In the range [—2.779,2.779], the function is approx-
imated by a fourth-degree polynomial; outside this range, it
is approximated by a linear function with slope 0.01 (see
Figure 4). The piecewise approximation of tanh(x) is defined
as follows:

(x+42.779)-0.01 — 0.998, for x < —2.779
1+ (533)* for —2.779 <x <0

1— (53)*, for 0 < x<2.779
(x—2.779)-0.01 4 0.998, for 2.779 < x

tanh(x) ~

D. Network training with black-box optimization

Since the neural network is embedded within a combina-
torial construction heuristic and there is no explicit way to
determine correct outputs, typical backpropagation learning
schemes cannot be applied. However, black-box optimization
methods for neural network training have gained significant
attention in the machine learning community [18], [19],
[20]. Among various evolutionary strategies, the Covariance
Matrix Adaptation Evolution Strategy (CMA-ES) is widely
regarded as a state-of-the-art derivative-free optimization
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Fig. 4. Approximation of the ranh(x)

method. It is particularly suitable for black-box optimization,
as it relies solely on function evaluations [21].

The algorithm iteratively processes a population of in-
dividuals, where each individual represents a set of neural
network weights and, consequently, a distinct neural network.
Each individual from the population is evaluated using
the black-box function, meaning that the associated neural
network is embedded as N in our constructive heuristic
(Figure 1). This evaluation is performed on a batch of
training instances created by randomly selecting 50 problem
instances from a total of 1,000,000 available instances. As a
result, we obtain an average tour length, which estimates how
well an individual performs. CMA-ES uses these evaluations,
along with estimations of the mean and covariance matrix, to
generate an offspring population and update the distribution
parameters. The sole objective of the optimization process is
to minimize the tour length.

Every 10th iteration, the best solution found in that itera-
tion is evaluated against a predefined validation set of 10,000
problems. The best-performing solution on the validation set
so far is stored as the final solution of the algorithm.

III. LOCAL REFINEMENT OF THE LEARNED HEURISTIC

Our neural-driven constructive heuristic executes a single
pass of the algorithm, progressively incorporating new cities
into a growing partial tour. This design prioritizes computa-
tional speed, making it highly efficient, but leaves potential
for refinement when addressing NP-hard challenges. Typ-
ically, metaheuristics such as simulated annealing, genetic
algorithms, tabu search, ant colony optimization, and particle
swarm optimization, paired with local search methods, are
used to refine initial solutions by exploring the solution
space. Here, we propose a novel metaheuristic paradigm that
explores possibilities in a unique manner: rather than directly
probing the solution space, this method investigates the
landscape of heuristics. Moreover, it capitalizes on insights
gained from previously solved problems, assuming that those
problems share some commonality.

It can be observed that while Ny; evaluates several choices,
it may assign nearly equivalent scores. By considering a
range of high-scoring alternatives at each step, we could gen-
erate multiple tour paths, some of which might outperform
the single best choice. This exploration could take various
forms. For example, a random selection process could pick
among top candidates, with probabilities tied to their relative
scores. Alternatively, a tailored Beam Search could track
a fixed number of promising partial tours [22], [23], [24].
However, we propose a different approach that hinges on
the insight that slight tweaks to the neural network’s weights
can alter the ranking of top decisions at each step. The closer
the scores of leading options, the easier it is to shift to an
alternative by adjusting weights. Perturbing these weights
thus enables us to probe a range of promising heuristics
defined by specific weight configurations.

Initially, we tune the neural network’s weights using
CMA-ES to enhance the constructive heuristic’s performance



across a broad set of training instances. However, to fur-
ther refine the heuristic for a specific instance, we apply
CMA-ES again, this time focusing solely on that instance.

include optimal tour lengths computed using the Concorde
solver for reference.

. . . TABLE 1
Starting from the weights trained on the broader set, the

. . . TOUR LENGTH FOR DIFFERENT ALGORITHMS.
algorithm conducts a guided evolutionary search through m - .

: : s ot refined

the .welght space, seel?mg the opgmal heuristic er tha}t n near farth, sort 1o sort ot i sort Opt.
particular problem. This approach is notably efficient: it 30 6497 60355 5898 3930 35659 35659 5659
not only solves the specific instance within the black-box 100 9.073  8.688 8258 8346 7758  7.763  1.737
framework but also builds on prior knowledge of promising 200 12727 12533 11678 11739 10941 11.000 10.683

optimization paths, amplifying the process’s effectiveness.
Classic metaheuristics such as Simulated Annealing, VNS,
etc., perform the search from scratch, neglecting previous
searches. Contrary to this, our neural-driven algorithm ex-
hibits aversion to search spaces that historically did not result
in good solutions.

IV. COMPUTATIONAL EXPERIMENTS

The proposed neural-driven heuristic was evaluated on

The convergence behavior of the proposed constructive
heuristic with refinement is shown in Tables II and III, for
the versions with and without distance sorting, respectively.
The tables report the shortest tour lengths obtained within
specified time limits: 1, 2, 5, 10, and 30 seconds. For
comparison, the average computation time of the Concorde
algorithm is 61 seconds for n = 200.

synthetic instances with 50, 100, and 200 cities. Each in- TABLE 11

stance was generated by randomly placing cities according TOUR LENGTH VS. COMPUTATION TIME (WITH DISTANCE SORTING).

toa gmform distribution overa 2D square with side length 1'; - IS Ty 5 s o5, Opt.

that is, each X and Y cootdlnat.e of a city was sampled uni- ) 56591 56591 56591 56591 56591 56530

formly from [0, 1]. Cartesian distances were then computed 100 7.8026  7.7906 77730 77615  7.7584  7.7372

between all pairs of points. 200 11.0914 11.0704 11.0384 11.0112 10.9411 10.6831
We tested two versions of the heuristic: with and without

distance sorting. As our neural-driven heuristic extends the

Insertion Heuristic, we compared it to the classic Insertion TABLE III

Heuristic in two versions, where either the nearest or the = TOUR LENGTH VS. COMPUTATION TIME (WITHOUT DISTANCE SORTING).

farthest city is selected for inclusion in the tour (we omit o Ts. TS s 10s. 30s. Opt

results for the Cheapest Insertion variant, as it regularly 30 3.6594 3.6594 3.6594 3.6594 3.6594 5.6589

performed worse or very close to either the Nearest or 100 7.8089  7.7910  7.7724 77644 77631  7.7372

200 11.1678  11.1407 11.1034 11.0694 11.0000  10.6831

Farthest Insertion heuristic.)

The algorithm was implemented in C++. The neural
network implementation leveraged Eigen, a C++ template
library for linear algebra (http://eigen.tuxfamily.org). For
black-box optimization, we used the CMA-ES library de-
veloped at the Laboratory for Computer Science, Université

Tables IV and V report the number of tours constructed
during the heuristic search under the corresponding time
limits, again for the sorted and non-sorted versions.

Paris-Sud (https://github.com/CMA-ES/libcmaes), authored TABLE IV

by Emmanuel Benazera and supported by the coauthor of NUMBER OF CHECKED SOLUTIONS (DISTANCE SORTING).

the original method, Nikolaus Hanse. The population size n Is. 2s. 5s. 10s. 30s.

was set to 192 individuals (aligned with the CPU’s 12 cores 50 32,059 62,533 16,3016 309,868 885,993

and 24 threads)), and the initial step-size parameter was 100 6,104 12431 30,114 59,050 172,525
200 1,099 2,003 4,753 9,752 28,449

set to 0 = 0.4. As the stopping condition, we limited the
number of black-box function evaluations to 300,000, which
is equivalent to 1,560 iterations. We used the Sep-CMA-ES
variant of CMA-ES, which employs a diagonal covariance
matrix to achieve linear computational complexity [25].
All experiments were conducted on a PC-class computer
equipped with a 12-core processor operating at an average
clock speed of 4.3 GHz.

The average tour lengths over 100 random instances are
presented in Table I for the following algorithms: Inser-
tion Heuristic (IH), both Nearest and Farthest versions;
our single-pass neural-based Constructive Heuristic (CH);
and neural-based Constructive Heuristic with refinement
(CHiefined), With both sorted and non-sorted distance variants.
The refinement algorithm was CHiefineq run for 30s. We also

We also conducted tests where a model trained on smaller
problem sizes was applied to larger instances. Specifically,
models trained on problems with 50, 100, and 200 cities
were applied to problems with 100, 200, and 400 cities,
respectively. The results are presented in Table VI.

V. CONCLUSIONS

We presented a novel neural-driven heuristic for the Trav-
eling Salesman Problem based on learning within the frame-
work of Insertion Heuristics. Computational experiments
demonstrate that each variant of our method consistently
outperforms standard Insertion Heuristics. The refined ver-
sion of our constructive heuristic (CHefineq) With distance



TABLE V
NUMBER OF CHECKED SOLUTIONS (WITHOUT DISTANCE SORTING).

n 1s. 2s. 5s. 10s. 30s.
50 39,319 68,495 177,833 341,800 1,045,890
100 7,805 15,503 38,583 77,532 229,114
200 1,748 3,313 8,233 16,376 47,733

TABLE VI

TOUR LENGTH, OBTAINED WITH A MODEL TRAINED ON REDUCED
PROBLEM SIZE (WITH AND WITHOUT DISTANCE SORTING).

CH CHiefined

n sort no-sort sort no-sort Opt.
100 8.348 8.396 7.784 7.794 7.737
200 11.679 11.714 10.970 11.016 10.683
400 16.531 16.662 15.802 15.984 14.867

sorting achieves improvements ranging from 6.5% for 50-city
instances to 12.7% for 200-city instances. Furthermore, our
solutions remain within 0-2.4% of the optimal tour lengths.

Sorting the input distances yields minor improvements

(0.5%—-1.1%), while the perturbation-based refinement step
offers more substantial gains (4.1%—6.3%). These results
validate the effectiveness of combining simple feed-forward
neural networks with black-box optimization and local re-
finement strategies. Additionally, we showed that models
trained on smaller instances can be effectively applied to
larger problem sizes, demonstrating the algorithm’s general-
ization capability. To validate our algorithm further, we aim
to provide an ablation study as the next research step.

We believe this approach holds strong potential for exten-

sion to more complex TSP variants and related combinatorial
optimization problems, such as the Rich Vehicle Routing
Problem (RVRP), particularly in logistics and operational
research applications.
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