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Abstract— This paper introduces a general control frame-
work for fast mechatronic systems that integrates linearized
state-space control with nonlinear fuzzy logic strategies. The
approach is applied to the Rotary Inverted Pendulum (RIP), a
benchmark system characterized by rapid dynamics and strong
nonlinearity. The system’s equations of motion are derived using
the Euler-Lagrange method and linearized around the upright
equilibrium point to design a state-feedback controller via the
Linear Quadratic Regulator (LQR). To manage the system’s
nonlinear behavior during the swing-up phase and near-region
transitions, a fuzzy logic controller is incorporated, dynamically
tuning the control effort based on the pendulum’s angular
position and velocity. This hybrid scheme allows the linear
controller to dominate where approximation is valid, while
the fuzzy logic system handles broader, nonlinear dynamics.
The full control architecture is implemented in LabVIEW and
experimentally validated on the NI ELVIS II platform. Both
simulation and hardware results show notable improvements in
settling time, energy efficiency, and robustness. The proposed
framework demonstrates high applicability to the control of
fast-response mechatronic systems operating under mixed lin-
ear and nonlinear systems.

I. INTRODUCTION

The Rotary Inverted Pendulum (RIP) is a classic bench-
mark system in control theory due to its inherent nonlinearity,
underactuation, and open-loop instability [1]. Its dynamic
complexity makes it an ideal testbed for validating advanced
control strategies applicable to real-world systems.

Traditional control strategies like PID or LQR have been
widely applied to the RIP. While PID controllers are simple
to implement, their effectiveness is limited by the nonlinear
nature of the system and the difficulty of parameter tuning
[2]. LQR, on the other hand, offers optimal control within a
linearized framework, but its robustness is often inadequate
under uncertainties or external disturbances. These limita-
tions have driven a significant research shift toward hybrid
and intelligent control frameworks [3].

In recent years, fuzzy logic control (FLC) has gained
popularity as a model-free, heuristic-based control technique
capable of handling nonlinearity and imprecision in dynamic
systems [4]. Its ability to encode expert knowledge in the
form of intuitive rules makes it especially suitable for
systems like RIP, where modeling uncertainties are non-
negligible. Fuzzy logic has been successfully combined with
classical controllers like PID, LQR, and sliding mode control
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(SMC) to form hybrid controllers that benefit from both
analytical optimality and adaptive nonlinear behavior [5].

This paper proposes a hybrid control framework that
leverages state-feedback control using LQR based on a
linearized model around the upright equilibrium, and fuzzy
logic control for real-time gain adaptation focused on the
pendulum angle correction term.

Unlike fully fuzzy or fully linear schemes, our approach
uses fuzzy logic only to tune the proportional gain of the
pendulum angle, allowing for computational efficiency while
still addressing nonlinear behavior during the stabilization
phase. This allows the controller to switch adaptively be-
tween regions where the linear model is valid and where
nonlinear compensation is essential.

A distinguishing feature of this work is the adoption of
a Denavit-Hartenberg (DH) parameterization for the mathe-
matical modeling of the rotary inverted pendulum system.
This approach, commonly employed in industrial robotic
systems [6], facilitates the construction of homogeneous
transformation matrices and enables accurate symbolic eval-
uation of spatial velocities and kinetic energy.

The control scheme is implemented in NI LabVIEW using
the Control Design and Simulation Toolkit [7], and deployed
on an NI ELVIS II test rig. Experimental validation is pre-
sented alongside simulation results to demonstrate improved
performance in settling time, disturbance rejection, and con-
trol efficiency. The proposed architecture demonstrates high
applicability to fast-response mechatronic systems operating
in mixed linear/nonlinear regimes, extending beyond the RIP
testbed.

II. SYSTEM DESCRIPTION & MATHEMATICAL MODELING

The rotary inverted pendulum consists of L-shape arm
which is connected to motor shaft and pivots between
±180◦ degrees. At the end of the arm, a pendulum body
is suspended on a horizontal axis at the end of the L-shape
arm. The pendulum and arm angle are measured by encoders
attached. The output variables are the angle of the pendulum
and the angle of the arm. The motor is mounted vertically
in the ground, see Fig.(1). The pendulum link and weight
combined has the mass Mp and a total length of Lp and can
rotate freely in the vertical plane. It sets up the angle α in
the vertical direction. The length from arm pivot to pendulum
pivot is ra and sets up the angle θ in the horizontal direction.
The length from pendulum centre of mass to its pivot is lp.
The parameters used in the simulation are found in [8].

The equations of motion can be determined from La-
grange’s equation,

d
dt

(
∂T
∂ q̇

)
− ∂T

∂q
+

∂U
∂q

= Q− ∂D
∂ q̇

(1)

where T is the kinetic energy, U is the potential energy, Q
is a generalized force vector, and ∂D

∂ q̇ represents dissipative



Fig. 1. Inverted Pendulum: Physical system & DH frames

energy from damping. The kinetic energy of the L-shape
rotary arm is defined by the rotational kinetic energy

Tarm =
1
2

Jarm θ̇
2 (2)

and the kinetic energy of the pendulum is the sum of
rotational and translational kinetic energy

Tpend =
1
2

Jp α̇
2 +

1
2

mp ṙT
p ṙp (3)

where rp is the position vector of the pendulum center of
mass in spatial domain.In order to evaluate the kinetic energy
of the rotating pendulum, Eq.(3), the term ṙT

p ṙp should be
expanded and symbolically manipulated. This vector can be
evaluated by the aid of homogeneous transformation based
on Denavit-Hartenberg (DH) notation [6], see Fig.(1). The
DH parameters of the inverted pendulum system can be
expressed as listed in Tab.(I), accordingly, the generalized
HTM can be obtained by matrix multiplication as follows:

T0,3 =T0,1T1,2T2,3 =

 s1s2 s1c2 c1 r2c1− l2s1s2
−c1s2 −c1c2 s1 r2s1 + l2c1s2

c2 −s2 1 lg + la− l2c2
0 0 0 1


(4)

where s1 = sin(θ), c1 = cos( θ), s2 = sin(α), c2 = cos(α).
Thus, the position vector of the pendulum center of mass
can be expressed as

rp =

[
xp
yp
zp

]
=

[
r2c1− l2s1s2
r2s1 + l2c1s2
lg + la− l2c2

]
(5)

The term ṙT
p ṙp can be expanded as follow

ṙT
p ṙp =

(
l2
2 − l2

2c2
2 + r2

2
)

θ̇
2
+2r2l2 c2 θ̇ α̇ + l2

2 α̇
2

= r2
2θ̇

2
+ l2

2s2
2 θ̇

2
+2r2l2 c2 θ̇ α̇ + l2

2 α̇
2 (6)

The total kinetic energy, T due to the motion of arm and
pendulum can be expressed as

T =
1
2

Ja θ̇
2
+

1
2

Jp α̇
2 +

1
2

mp(r2
2θ̇

2
+ l2

2s2
2 θ̇

2

+2r2l2 c2 θ̇ α̇ + l2
2 α̇

2) (7)
The potential energy, U due to gravity can be expressed as

U = mpg ∆zp (8)
The ∆zp can be obtained as

∆zp = zp
∣∣
α=0− zp

∣∣
α ̸=0 = l2− l2c2 (9)

TABLE I
DH PARAMETERS OF ROTARY INVERTED PENDULUM

i α i li θ i di

0 0 0 0 lg
1 π

2 0 θ + π

2 la
2 0 l2 α + π

2 r2

r2 = ra + ro, l2 = lp1 +
(
lp2/2

)
Thus,

U = mpgl2 (1− c2) (10)
The dissipative energy, D due to damping can be written as

D =
1
2

Caθ̇
2
+

1
2

Cpα̇
2 (11)

Then, the equations of motion, can be concluded as(
mpl2

2s2
2 +mpr2

2 + Ja
)

θ̈ +(mpl2r2c2) α̈ +2mpl2
2s2c2 θ̇ α̇

−mpl2r2s2 α̇
2 +Ca θ̇ = τ1

(mpl2r2c2) θ̈ +
(
mpl2

2 + Jp
)

α̈−mpl2
2s2c2 θ̇

2

+mpgl2s2 +Cp α̇ = 0
which can be presented as in a compact size, one can write
the equations of motion aa follow

M(q) q̈+C(q, q̇) q̇+Qg (q)= Q (12)

where q = [θ α]T , and Q is the external forces, other
matrices are defined as

M(q) =

[(
mpl2

2s2
2 +mp r2

2 + Ja
)

(mpl2 r2c2)
(mp l2 r2c2)

(
mpl2

2 + Jp
)]

C(q, q̇) =

[
mpl2

2 s2c2 α̇ +Ca mpl2
2 s2c2 θ̇ −mpl2 r2s2 α̇

−mpl2
2 s2c2θ̇ Cp

]
Qg (q) =

[ 0
mp g l2 s2

]
It should be mentioned here, that the use of DH parame-

terization provides a structured and geometrically consistent
method for modeling rigid-body kinematics in mechatronic
systems. However, it assumes ideal link rigidity and precise
joint configurations. It may not fully account for joint wear,
or flexibility. The equations of motion, Eq.(12), can be solved
for q̈, and the vector of state variables can be constructed
such that

X =
[X1
X2

]
=
[q
q̇
]

(13)

thus, the time derivative of the state vector can be written as

Ẋ =

[
Ẋ1
Ẋ2

]
=
[q̇
q̈
]
=

[
X2

M−1
(
Q−Cq̇−Qg

)] (14)

Equation (14) represents the state space equations of the
system. Therefore, in the state space formulation, the second-
order differential equations, i.e., Eq.(12) can be replaced
by a system of first-order differential equations that has a
number of equations equal to twice the number of gener-
alized coordinates of the system. In the Direct Integration
Method of equations of motion, at t = t0, the initial con-
ditions on q0 = q(t0) and q̇0 = q̇(t0) can be utilizied to
start the integration process. The simulation of free falling
pendulum, i.e., Q = 0, is carried out and compared with the
experimental measurements. The initial configuration are as
follow: q0 = [θ 0 α0]

T = [0 170◦]T , the simulation results
are shown in Figs.(2, 3).

For the inverted pendulum system, in which the external
force vector Q = [τ1 0]T is expressed interms of the control



input, as

Q =
[1
0

]
τ1 = bu

where u = τ1, and b =[1 0]T . Thus, the acceleration vector
q̈, can be expressed as

q̈ = M−1 (bu−Cq̇−Qg
)

(15)
Consequently, Eq.(14) can be written as

Ẋ = F(X,u) =
[

X2
M−1

(
bu−Cq̇−Qg

)]= [F1
F2

]
≜

[q̇
q̈
]

(16)

in which the state vector is defined as by Eq.(13).
The linearized form of the system equations, at
(X = X∗, u = u∗), can be written as [9]

Ẋ = A ∆X+B ∆u (17)
The state matrix A , and the input matrix B can be obtained
as

A =

(
∂F
∂X

)∣∣∣∣
(X∗,u∗)

=

[
∂F1
∂X1

∂F1
∂X2

∂F2
∂X1

∂F2
∂X2

]
=

[ 0 I
∂ q̈
∂q

∂ q̈
∂ q̇

]
(18)

B =

(
∂F
∂u

)∣∣∣∣
(X∗,u∗)

=

[
∂F1
∂u

∂F2
∂u

]
=

[
0

M−1b

]
(19)

The partial derivative of q̈ with respect to q, takes the form
of
∂ q̈
∂q

= M−1
(
−∂C

∂q
q̇−

∂Qg

∂q

)
+

∂M−1

∂q
(
bu−Cq̇−Qg

)
(20)

Similarly, the partial derivative of q̈ with respect to q̇,
estimated as
∂ q̈
∂ q̇

= M−1
(
−∂Cq̇

∂ q̇
−

∂Qg

∂ q̇

)
+

∂M−1

∂ q̇
(
bu−Cq̇−Qg

)
(21)

At some operating point, q = q∗, the velocity vector q̇∗ =
0, consequently q̈∗ ≜ 0. Thus, at this operating point, since
M−1 ̸= 0 the term

(
bu−Cq̇−Qg

)
≜ 0, see Eq. (15). Thus,

Eqs. (20, 21) can be reduced to the following form
∂ q̈
∂q

∣∣∣∣
(q̇∗=0, q̈∗=0)

=−M−1 ∂Qg

∂q
(22)

∂ q̈
∂ q̇

∣∣∣∣
(q̇∗=0, q̈∗=0)

=−M−1C (23)

Substituting Eqs. (22, 23) into Eqs. (18, 19), yields:

A=

[ 0 I
−M−1 ∂Qg

∂q −M−1C

]
, B=

[
0

M−1b

]
1) Validation of the Linearized Model: Let us examine

the linearized model at operating point, q∗ = [θ α]T = 0,
q̇∗ = 0, and q̈∗ = 0. The numerical simulation is carried out
using LabVIEW and presented in Figs.(4, 5). These figures
show the simulation of a free-falling pendulum with an initial
configuration of q0 = [θ 0 α0]

T = [0 10◦]T and demon-
strate acceptable agreement between the linear and nonlinear
models. In contrast, a separate simulation using an initial
angular velocity of α0 = 20◦ exhibits a clear divergence
between the two models. This divergence increases as the
initial configuration deviates further from the operating point
used for linearization.

2) Inclusion of actuator dynamics: In the actual physical
system the control input is not the torque, but is actually the
voltage applied to the motor. The actuator dynamics must

be included into the state equations since the computer does
not control the motor torque directly but controls the voltage
being applied to the motor. The torque generated at the arm
pivot from the motor voltage, Vm, is given by

τ1 =
Kt

Rm

(
Vm−Kmθ̇

)
(24)

The linear dynamics of the motor, Eq. (24) can be com-
bined with the differential equation of the pendulum, and
consequently, the modified state matrices take the form of:

A=
0 0 1 0
0 0 0 1

0
r2 m2

pgℓ2
2

Jampℓ2
2+Jpmpr2

2+Ja Jp
− KmKt(mpℓ

2
2+Jp)

Rm((mpℓ2
2+Jp)Ja+Jp mp r2

2)
0

0 +
(mpr2

2+Ja)mp gℓ2

Ja mpℓ2
2+Jp mpr2

2+Ja Jp
− KmKt(mpℓ

2
2+Jp)

Rm(Jampℓ2
2+Jp mpr2

2+Ja Jp)
0

 ,

B=


0
0

Kt(mpℓ
2
2+Jp)

Rm((mpℓ2
2+Jp)Ja+Jp mp r2

2)

− Kt ℓ2 mp r2
Rm(Jampℓ2

2+Jp mpr2
2+Ja Jp)


(25)

III. STATE FEEDBACK CONTROL

To regulate the pendulum near the upright equilibrium,
a state feedback controller based on the Linear Quadratic
Regulator (LQR) method is designed. The controller is
derived from a linearized state-space model of the nonlinear
rotary inverted pendulum system. The control objective is to
find an optimal gain matrix K such that the control law:

u(t) =−Kx(t) (26)
minimizes the quadratic cost function:

J =
∫

∞

0

(
x(t)⊤Qx(t)+u(t)⊤Ru(t)

)
dt (27)

where Q ≥ 0 and R > 0 are symmetric weighting matrices
that penalize state deviations and control effort, respectively.
The LQR gain matrix is structured to include feedback from
both angular position and angular velocity of the pendulum
and the arm:

K = [kp,θ kp,α kv,θ kv,α ]
T (28)

The control input Vm that drives the DC motor is then
computed as

Vm = kp,θ ·θ + kp,α ·α + kv,θ · θ̇ + kv,α · α̇ (29)

Implementation Using LabVIEW

The state-space model and LQR controller are imple-
mented using NI LabVIEW Control Design and Simulation
Toolkit, see Fig.(6). The toolkit is used to:
Import the linearized model −→ Specify the Q and R
matrices −→ Automatically compute the optimal gain matrix
K −→Simulate the closed-loop response.

The optimized gain values obtained via LQR tuning are

K =
[
−6.5

[ V
rad

]
80

[ V
rad

]
−2.75

[
V

rad/s

]
10.5

[
V

rad/s

]]T

(30)
These values are used in the control law implemented in

LabVIEW and tested in real-time using the NI ELVIS II
platform.



Fig. 2. Angular displacements: (Nonlinear model), ◦ (Experimental)

Fig. 3. Angular velocities: (Nonlinear model), ◦ (Experimental)

Fig. 4. Angular displacements: (Nonlinear model), ◦ (Linear)

Fig. 5. Angular velocities: (Nonlinear model), ◦ (Linear)

IV. FUZZY LOGIC CONTROLLER DESIGN

In this work, a hybrid fuzzy-state feedback controller is
developed for stabilization of the rotary inverted pendulum.
The hybrid nature of the controller lies in integrating a
conventional state-feedback control law derived via LQR
design with a fuzzy logic system that adaptively tunes the
proportional gain of the pendulum angle, kp,α , during the

Fig. 6. Labview Block Diagram of SF-Control Design using LQR

stabilization phase.

Hybrid Control Concept

While the classical LQR controller offers optimal perfor-
mance under linearized conditions, its performance can de-
grade under nonlinear dynamics or when the system deviates
from its equilibrium point. To address this, we introduce a
fuzzy logic layer that dynamically adjusts the proportional
gain kp,α based on real-time measurements of the pendulum
angle α and its angular velocity α̇ . This results in the
following hybrid control law:

Vm = kp,θ ·θ + kp,α(α, α̇)↗ ·α + kv,θ · θ̇ + kv,α · α̇ (31)
Here, kp,α(α, α̇) is a gain value computed by the fuzzy
inference system, while all other gains are fixed and pre-
tuned through LQR.

Fuzzy Controller Inputs and Output

The fuzzy controller takes two inputs: the pendulum angle
(range: −15◦ ≤ α ≤ 15◦), pendulum angular velocity (α̇:
(−5,5) [rad/s]) and the output is kp,α : the proportional
gain used to amplify the pendulum angle contribution in
the control law. The Membership Functions (MFs) for both
input and output variables are uniformly distributed over their
respective ranges, as shown in Figs. (7).

Since the controller is focused on maintaining balance
around an operating point, the Gaussian membership func-
tion is key in the central region because of its smooth
transitions and high sensitivity, which ensures precise control
for small angular velocity deviations [10].

The fuzzy logic system operates using a set of 25 intuitive
if-then rules, summarized in Table(II). Each of the 25 rules
captures a unique combination of angle and velocity linguis-
tic labels, mapping them to one of five control gain levels.
This granular approach ensures that subtle differences in the
pendulum’s state are reflected in the control action [9].

The principle is that the sign of α relative to the sign of
α̇ reveals critical information about the pendulum’s motion,
specifically:
• Same Sign (α · α̇ > 0): When the angle and angular

velocity share the same sign, the pendulum is moving
away from its equilibrium point, indicating continued
divergence. Under these circumstances, the control gain



(a) MFs for pendulum angle normalized
between [−0.25,0.25] rad

(b) MFs for pendulum angular velocity
normalized between [−5,5] rad/s

(c) MFs normalized between [0,250] V/rad

Fig. 7. Membership functions (MFs) for input and output variables.

TABLE II
FUZZY RULE BASE FOR kp,α : (− ⇓) NEGATIVE BIG, (− ↓) NEGATIVE

SMALL, (←→) ZERO, (+ ↑) POSITIVE SMALL, (+ ⇑) POSITIVE BIG.

α/α̇ − ⇓ − ↓ ←→ + ↑ + ⇑
− ⇓ Low Low Low Med High
− ↓ Low Low Med High High
←→ Low Med High Med High
+ ↑ Med High Med Med Low
+ ⇑ High High High Low Low

is reduced to prevent an overly aggressive correction
that could exacerbate instability.

• Opposite Sign (α · α̇ < 0): When the angle and angular
velocity have opposite signs, the pendulum is undergo-
ing a self-correcting motion toward the equilibrium. In
this case, the control gain is increased to reinforce this
stabilizing behavior and speed up convergence.

These rules result in a dynamic adaptation of the gain,
improving system responsiveness and robustness under non-
linear behavior and external disturbances.

This work employs a Mamdani-type fuzzy inference
system with centroid defuzzification, selected for its in-
tuitive rule-based structure and seamless integration with
LabVIEW’s Fuzzy System toolkit. Gaussian membership
functions are used near the equilibrium point to provide
smooth transitions and high sensitivity, while triangular and
trapezoidal functions are applied in the outer regions to
handle larger deviations efficiently. This hybrid MF design
balances precision and stability, offering fine control near the
setpoint and robustness during transients. Offline tuning and
sensitivity analysis confirmed that MF shapes and overlaps
significantly impact system behavior, particularly in terms of
overshoot, settling time, and control smoothness.

V. REAL TIME IMPLEMENTATION
In order to create the fuzzy controllers, the LabVIEW

Fuzzy System Designer was used. Figure (8) shows the
LabVIEW code for the fuzzy balancing controller. The
system created using the Fuzzy System Designer was loaded,
and then passed through to the FL Fuzzy Controller VI.
Then the output from the Fuzzy Controller VI, K pal phaFLC ,
is joined with the other balance state-feedback parameters,
kd,α , kp,θ , and kd,θ , and then fed to the Gain block.

In this study, two control strategies are compared: In
figures (9-13): the state feedback controller within LQR
optimization (represented in black) and the hybrid state
feedback and fuzzy controller (represented in blue). A dis-
turbance is introduced to the system at different times: at
t = 12 seconds for the state feedback controller and at
t = 16 seconds for the hybrid controller. The state feedback

controller exhibits a pronounced transient response when
the disturbance is applied, with significant overshoot and
oscillatory behavior as it works to restore equilibrium. In
contrast, the hybrid controller, which incorporates an adap-
tive fuzzy logic component, responds to the disturbance with
a smoother, more controlled correction. This adaptive mech-
anism continuously adjusts the control gains in real time,
leading to reduced overshoot, diminished oscillations, and a
faster settling time. These observations clearly demonstrate
the superior performance of the hybrid controller over the
traditional state feedback approach in mitigating the effects
of external disturbances.

The hybrid SF-FLC controller demonstrated superior per-
formance in balancing the inverted pendulum compared to
the conventional SF-LQR controller. It achieved a faster set-
tling time more than twice as fast as well as a smaller steady-
state error, approximately half that of the SF controller.

These results highlight the effectiveness of replacing the
fixed proportional gain with a fuzzy logic-based adaptive
gain. The design enhances both precision and response
speed during stabilization, validating the hybrid controller
advantage for balancing fast mechatronic systems.

VI. CONCLUSION AND FUTURE WORK

This paper presented a hybrid fuzzy-state feedback con-
troller for fast mechatronic systems, demonstrated on a
rotary inverted pendulum. The controller integrates a linear
quadratic regulator with a fuzzy logic system that adaptively
tunes the proportional gain for the pendulum angle. Both
simulation and experimental results on an NI ELVIS II
platform show that the hybrid controller achieves a settling
time that is more than twice as fast and a steady-state error
that is approximately half of that obtained with the traditional
state feedback controller. The experimental data confirm that
the adaptive fuzzy tuning reduces overshoot and dampens
oscillations in response to external disturbances, thereby en-
hancing the system’s overall robustness and stability. Future
work will explore the extension of the adaptive strategy to
additional feedback gains, including those associated with
angular velocity, to further improve performance. The pro-
posed hybrid control framework is expected to be applicable
to a wide range of fast-response mechatronic systems, and
further studies will investigate its performance in different
operating conditions and application scenarios.

The proposed hybrid control framework, validated on a
rotary inverted pendulum, exhibits a twofold improvement
in settling time. Its modular design makes it adaptable
to a broader class of fast-response mechatronic systems.
Nevertheless, the scalability of performance gains depends



Fig. 8. LabVIEW block diagram of SF-FLC real time implementation

Fig. 9. Arm Angle: (SF-LQR), (SF-FLC)

Fig. 10. Pendulum Angle: (SF-LQR), (SF-FLC)

on factors such as system dimensionality, actuator dynamics,
and feedback loop latency. In high-dimensional systems,
the complexity of tuning and rule base management may
increase substantially. This could necessitate the use of
hierarchical fuzzy structures or modular control schemes to
maintain computational feasibility and design tractability.
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