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Abstract—Finding optimal path is required in many ap-
plications. However, there is no general method for doing it.
There exist general numerical methods that optimize behavior
of systems according to certain criteria, but these methods do
not provide absolute optimum. In current article, a particular
kinematic model of a wheeled mobile robot is concerned. For
this model, it can be shown that the solution of the time-optimal
problem of moving from one point to another through a forest
of circular obstacles is one of the locally shortest paths between
the two points, with addition of rotations around the starting
and the finishing point. Therefore, an algorithm for automatic
search of the optimal trajectory is proposed. It creates a graph
of connections between the points on the circular obstacles
and searches for the optimal trajectory on this graph using
Dijkstra’s approach.

I. INTRODUCTION

The time-optimal problems with state constraints often
appear in investigation of robotic motion. Although strict
closed-form approaches are known for a long time, and
the well-known Pontryagin’s maximum principle [1] was
first formulated in early 1960s, it is still the only approach
that can provide closed-form solutions for optimal control
problems. It has a number of limitations, one of them being
inability to find optimal solution for multimodal problems
(when there exist several locally optimal solutions). There-
fore, for control problems numerical methods were devel-
oped, and a number of researchers contributed to application
of numerical optimization methods to optimal control prob-
lems ([2], [3]). Methods that are applied to these problems
include probabilistic roadmaps [4], rapidly-exploring random
trees [5], nonlinear programming [6], metaheuristical opti-
mization (genetic algorithms, particle swarm optimization,
etc.) and many more, including even neural networks [7].
Metaheuristic optimization, while developed to find mini-
mum (or maximum) of a function in parameter space of high
dimension, can also be used to search for optimal control
function by discretizing time and trying to find an optimal
set of control parameters it the nodes [8]. Further, symbolic
regression method has been developed to search for control
function approximation in a closed-form [9].

Optimal control problem is not completely equivalent to
multidimensional search of a minimum; not all numerical
methods produce adequate search when it comes to optimal
control; and evaluating right-hand side of a system model
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equation can be itself a time-consuming task, therefore there
is still need of using other approaches, including further de-
velopment of Pontryagin’s maximum principle and extending
its applicability to wider classes of systems [10], [11].

At the same time, many problems concerned with robotics
use relatively simple models, for example, kinematic model
of motion is used when we do not need to account for
transients in the system and only investigate the motion as a
sequence of steady-state motions. This article concerns time
optimal problem for a wheeled mobile robot. In kinematic
approach, when we assume that the wheel speeds can be
controlled directly, it can be shown that the optimal trajectory
is actually one of the the shortest paths between two points in
(2-dimensional) space, and the control function is piecewise
constant.

Besides, the results obtained in this article can be used
for benchmarking numerical methods used to find optimal
control functions.

II. MODEL USED AND PROBLEM STATEMENT
A. Model description

In the work, we use the kinematic model of a two-
wheeled robot with independently driven wheels, known as
differential wheeled robot (fig. 1). We assume that the body
and the wheels of the robot are weightless, and we can
independently control the speeds of each driving wheel.
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Fig. 1. Differential wheeled robot. 1, 2 — right and left wheels, 3 — body.

The mathematical model that describes the motion of such
robot is as follows:
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where x and y are the Cartesian coordinates of the wheel
pair center, and 6 is the heading of the robot. We assume that



the linear velocities of the right (1) and the left (2) driving
wheels can be controlled directly, so the wheel radius is
not considered. The single geometrical parameter b remains,
denoting the wheel base of the robot.

The model has two independent control inputs, u; and us,
denoting velocities of the right and left wheel, accordingly.
We consider the following control limitation:

|uz| < Umax 1= 172 (2)

This model of a differentially driven robot is commonly
used as a simple yet practical approximation in problems
where there is no need to investigate precise transient dy-
namics of the robot, for example, when modeling a robot
with high-torque motors, in SLAM (simultaneous navigation
and mapping) tasks, for automatic delivery robots, etc. The
geometrical dimensions of the robot can be neglected, and
the robot is then considered a point. The distance b between
the wheels is still required as a parameter, because it indicates
the relation between linear and rotational movement of the
robot when the control inputs are applied.

B. Time-optimal problem statement

Assume we have model (1) with control limitations (2).
Let at the initial moment t° = 0 the state values are set as
z(0) = zo;

y(0) = yo; 6(0) = by, 3)

and the task is to move to the terminal state defined as

ety =a2!; yt!) =y/; o)) =0/, €5
in the least possible time ¢7.

The robot moves on a horizontal plane among a finite
set of obstacles known as the forest of obstacles. Each k-
th obstacle, £ = 1,..., K, is represented by a circle with
its center in point C* and its radius r*. Therefore, the state
limitations imposed on the motion can be written as

[(z(),y®)" —C*| <r*, k=1,...,K. (5

Note that if we have to account for the dimensions of the
robot, we may assume that the robot has a circular boundary
of a certain radius. This radius can be added to the radii
of all obstacles (a simple case of Minkovski’s sum of areas
designating the obstacles and the robot), and the robot still
be considered a point.

The optimal criterion can be written as

J:/ 1dt = t/ — min (6)
0 ucU

It is required to find such control function u = u(t) € U,
that provides transition of the system (1) from initial state
(3) into terminal state (4) within minimal transition time ¢/
considering state limitations (5).

Limitations (5) make the set of possible trajectories non-
convex, and classical optimization methods are generally not
applicable. However, for model (1), it is possible to find the

optimal trajectory and optimal control function in a closed
form.

It can be shown using the expressions for motion time
below that for kinematic model (1), the time-optimal trajec-
tory coincides with one of the locally shortest paths between
the starting and the finishing points, and it includes in-place
rotation at the start and at the finish.

III. GEOMETRY METHODS USED FOR
AUTOMATIC TRAJECTORY CALCULATIONS

In this section, we discuss geometry methods used in au-
tomatic calculation of the time-optimal trajectory, as related
to the kinematic model of the robot:

o Tangent search to a given circle passing through a given
point;

« Bi-tangent search between two given circles;

« Filtering obstructed segments of trajectories;

o Calculating the optimal control function and the maxi-
mal speed of the robot for each segment.

A. Finding tangents

B

Fig. 2. Tangents from a point to a circle.

To find tangents to a given circle with its center in C' and
its radius 7 that pass through a given point P, consider fig.
2. We can find the cosine and sine of angle ¢ as

r
cosp =—, d=|PC
y | o
sing = 4/1 —cos? ¢
and the tangent points A and B as
A=C+rMTé B=C+rMsg, (8)
where M is the rotation matrix:
M — {c.oscp —sin Lp} ’ ©)
sinp  cos¢
vector € = P%dc.

Fig. 3. Tangents between two circles.



Similarly, we can find bi-tangents between two given
circles. Let the centers of the circles be at C; and Cs, and
their radii 7; and ro (fig. 3). We can find angles ¢4, @5 as

T —T
cosp; = %, d=[|C1Cs]|
cosipy — TLET2 (10)
d
sing; = /1 —cos?2p;, i=1,2,
then construct rotation matrices
M, = [CF’S ¥ TSl 901} (11)
sing;  cosy;
and find points A; and B; as
A = C1 +riM;éy, By = Cy 4+ raM; €y,
Ay =C1 + TlM{él, By =Cy + TQM{él, (12)

As = C1 +r1Maéy,
Ay =Cy +rM3E,

B3 = Cy — roMaéy,
T >
B4 = CQ — TQMQ e,

where €, = 02501.

B. Detecting obstructed segments

When adding segments of a trajectory as possible candi-
dates, we should exclude those obstructed by any obstacles.
For circular obstacles, this means that we must check if a
linear segment intersects with any circle.
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Fig. 4. Obstruction criteria. Points A and B pass, point C' does not pass.

Consider a segment P, P, and a circle with its center in C'
and its radius r (fig. 4). For the problem of moving through a
forest of circular obstacles that do not intersect each other, we
propose the following two criteria. First, check the distance
between the center C' of the circle and the line P, P> and
compare it to the radius of the circle r:

d:H(C—PS-éLHm, (13)
where
—
P, — P,
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€= (e1,e2) mop © (—e2,e1)”  (14)

This criterion checks if the center of the circle lies within
a 2r-wide horizontal strip around the segment P; P,. Second,
check if the center C' of the circle projects onto the segment
P 1 P 2.
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Both dot products in (15) are positive for points that lie to
the right of P», such as point B, and negative for points that
lie to the left of point A. For points that lie inside the vertical
strip between P; and P5, one of the products is positive, and
the other one negative.

R

Fig. 5. Obstruction criteria. Circle with its center inside the hashed area
obstructs segment Py P>.

In fact, in order to check if a segment is obstructed
by a circle we have to check if the circle’s center lies
within the hashed area on fig. 5 that includes a rectangle
MNRS and two half-circles of radius r. However, since
all linear segments are produced by tangent lines to existing
circles, points P, and P, are actually tangent points of some
circles and segment P; P5. Therefore, if C' lies in one of the
half-circular areas, then the circles that represent obstacles
intersect each other, and this case is not considered in current
article. Therefore, it is sufficient to only check if the circle
center is inside the rectangular area M N RS, determined by
the two criteria (13) and (15).

C. Maximal speed and control inputs on the segments

According to the model (1) and its control limitations (2),
the maximal robot speed on the straight line segments is
Umax = Umax With control inputs at their limits:

(16)

U1,2 = Umax;

and the time required to travel along a straight segment of
length [ is

a7

l
tmin =
uIIlaX

As for circular arc segments, we can find maximal control
inputs on an arc of a circle with radius r from the model
definition. Note that the angular velocity of the robot is equal
to the angular velocity of motion of the robot’s center point
O along the corresponding circle. Therefore, for counter-
clockwise motion, we can write

_ (u +u)

o 2
" (uy ;UQ) (18)
UV =wr



The outer (right) wheel should move with maximal veloc-
ity %1 = Umax, and we find from (18) that the left control
input should be

2r—>
= Umaxq 1 19
42 = tmaxy, +b (19)
and the maximal linear speed of the robot is
2
- (20)

Umax = Umax o + b

The minimal time required to travel arc of angle ¢ is then

A l _ e :r@(2r+b):¢(2r—|—b) 21

Umax  Umax 2rtumax 2Umax

When moving clockwise, the left and right control input
values in (19) are swapped, but vy, and ¢,,;, remain the
same.

For rotation around the center point of the robot, if the
angle of that rotation is ¢, then the maximum angular
velocity, considering the limitations, is

2umax
max — 22
w b (22)
and the corresponding minimal time is
b
tmin = 5 23
2umax ( )

that, compared to (21), corresponds to moving along a zero-
radius circle. Note that the minimal time required to move
along an arc of angle ¢ is equal the sum of times needed
to turn around by angle ¢ and to move at maximal speed
U = Upax a distance of | = r.

D. Time-optimal path
The expression (21) can be extended to any continuous
path v as

!
lde| +—2

max

(24)
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This means, in particular, that any path from one point to

another requires time that is the sum of integral rotation time

from initial orientation to the final orientation, and the time

of moving with maximum speed like in (17), where [, is the

length of the path. The former time is constant for convex

curves and is the difference between the initial and the final

orientation. For non-convex paths, consider a curve with a
single inflection and fixed angles at its ends (fig. 6).

Fig. 6. Non-convex path connecting points P; and P>

Since the path is continuous, if ¢; > 0 and 3 > 0,
then at the inflection 2 < 0. The integral angle is the sum
o1 — ol + lp2 — 1] + [0 — 2| + |/ — @], and it is

minimal when ¢; 23 = 0, that can be achieved when the
curve is a straight segment. Similar reasoning is applicable
to curves with more than one inflection. So, in any case, the
straight motion with rotations in the ends is time-optimal.

When moving from one point to another with one obstacle
in the way, from expression (24) it follows that the shortest
path is time-optimal. This is as much as can be said, however,
as when there are more obstacles, we must consider the
slowdown on the arc segments of the path. Still the minimum
of travel time is delivered by a path that consists of straight
segments and arc segments, and therefore is one of the local
minima in the shortest path problem.

When the optimal motion consists of interleaving straight
segments and arc segments, it is provided by piecewise
constant control inputs (16) and (19), and the discontinuities
occur at the connection points of these segments.

IV. TRAJECTORY SEARCH ON A GRAPH
A. Building a graph

The time-optimal trajectory of the robot is one of the
locally shortest paths between the two given points, with
the addition of two rotations at the starting point and at the
finishing point. For the circular obstacles, in particular, the
time-optimal path consists of interleaving straight segments
and arc segments. The segments connect in points on the
circles that are tangent points between the lines and the
obstacles. We shall build a graph of possible trajectories
where the edges are the segments, and the vertices are
their connection points, and also the starting point and the
finishing point. The graph is a directed one, meaning that
a connection from vertex V to vertex W does not imply a
reverse connection from W to V.

All points that designate vertices of the graph have three
values: the x and y coordinates of each point on the plane,
and 6 — the direction of the robot when it passes the point.
We shall call it a directed point.

Three types of connections are possible: a line connection,
an arc connection and a rotation connection. For rotation, the
cartesian coordinates of its beginning and end are the same,
and the #-value shows the initial and terminal heading of the
robot.

Let the starting point be denoted as .S, the finishing point
as F'. When we say that we add a connection between any
two points, we mean that this connection is added only if
the corresponding line segment is not obstructed by any of
the obstacles. For arc connections, since we only consider
non-overlapping obstacles, no obstruction is possible, and
no checks are done.

We first add points S (start) and F' (finish) to the graph
and check if the straight motion from the start to the finish
is possible. If so, then no other search is needed, because
it is the absolute minimum. We still have to add, however,
vertices that correspond to the directed point Sy located at
the start and directed towards the finish, and Flg, located
at the finish and directed opposite of the start, and rotation
connections between S and Sr and between Fg and F'.



Rotation connections have zero length, but the time re-
quired to turn around a point is evaluated as in (23). Rotation
is possible in one of the two directions, and its time is less
if the angle of rotation is less.

Connections between the start and ¢-th circle are straight
segments of tangents that touch the circle at points A;sr and
A,sr. In the subscript, i designates the number of the circle
in the list of all circular obstacles, S stands for start, and
R and L denote the right and left side of the circle when
we look from that circle to the starting point. Similarly, we
define A;rr and A;r;. We add the corresponding vertices
to the graph, and we also have to add vertices S;r and S;1,
that designate ends of rotations towards A;sg and A;sp,
respectively, and the same is done for the finish, except
that the direction is taken towards the finishing point. Line
connections are then added between S;r and A;sgr, S;
and A;sr,, A;rr and F;g, and A;rr, and F;7, and rotation
connections from vertex S to all vertices S;,. and from all
F;, to F, the asterisk denoting arbitrary available index.

Connections between circles are added as follows. Each
pair of circles with numbers ¢ and j adds four tangent points
on circle ¢ and four points on circle 5. We shall denote the
points as A;;rr, AijrL, AijLr, and A;j1r, where ¢ indicates
the circle where the point is located, 7 — the circle towards
which the line segment is directed, first literal index R or L
denotes the side of circle 7 if we look at circle j, and the
second literal index — the side of circle j towards which the
segment is directed, looking from circle ¢. If we refer to 3,
for example, i = 1, j = 2, and Ajor; = A1, Ai1org =
Az, Arorr = Az, A1arr = Ay, Aoz = B2, Aiarp =
Bl, A12LR = Bg, A12RL = B4. The COI’I‘CSpOI’ldiI‘lg line
connections are added if the segments are not obstructed.

Finally, for each circle, we add arc connections for all
points A;... that belong to that circle 7. To decrease the
number of edges in the graph, we do the following check.

2: Type 2

1: Type 1

3: Type 2 4: Type 1

Fig. 7. Connection types: tangent approaching from the left (type 1) and
from the right (type 2).

Fig. 8. Connection types: tangent approaching from the left (type 1) and
from the right (type 2).

The tangent points on a circle can be divided into two
types (fig. 7). At type 1 points, the tangent segment enters
from the left if we look at that point from the center. At type

2 points, the tangent segment enters from the right. Note
that the optimal trajectory can only enter at type 1 point,
continue towards the direction determined by that segment,
and exit from type 2 point (or vice versa), so trajectory that
enters from upper-left at point A and exits at point B towards
direction 3 cannot be optimal, and should not be included
in the search. Besides, if the angle of the arc between two
points is greater than , then the cusping path that includes
points A and C (8, path 1) is shorter than the smooth one
(8, path 2), and the smooth segment can be excluded from
search as being a priori non-optimal. However, the cusping
path cannot be optimal as well. Thus all arc connections that
have angles greater that 7 can be skipped at the connection
adding stage.

In proposed indexation, all points that have literal R in
the third position are of type 1, and all point that have
literal L are of type 2. Therefore, when adding connections,
we connect all ”L” points with all ”R” points by counter-
clockwise arcs though checking if the arc angle does not
exceed 7, and vice versa.

B. Finding optimal path on a graph

The constructed graph consists of all points that connect
segments of possible optimal trajectories as its vertices, and
its edges are the connections between these points that may
be segments or the optimal trajectory. Since we can evaluate
both the length and the travel time of all segments, we can
find the shortest path (or the fastest path), we use Dijkstra’s
algorithm [12]. An A* algorithm [13] can also be used, it
may prove faster.

The Dijkstra’s algorithm can be summarized as follows.
All vertices except the starting one are assigned their path
lengths as +oo. The starting vertex is assigned zero length.
The term “length” can mean travel time or actual distance.
The vertices are marked as visited” or “unvisited”, and at the
start all vertices are marked as “unvisited”. At each step, an
“unvisited” vertex v; is chosen that has minimal length, and
for all neighboring vertices v; the path length is calculated,
adding edge length between v; and v; to the saved length
of v;. If at some moment the newly calculated path length
of v; is less than the saved one, the new length is saved to
this vertex v;. At this time, the predecessor of vertex v; is
assigned to v;. We shall also prefer trajectories that contain
fewer segments, so we calculate the number of hops between
points, and keep those trajectories with equal length that have
fewer hops. A vertex is marked as visited” when all its
outgoing neighbors are checked this way. When the dedicated
(finish) vertex becomes “visited”, the algorithm breaks. If
after the break, the target vertex has infinite length, this
means that the graph is disjunct, and no path exist between
the start and the finish.

The path towards the finish can be then found moving in
reverse from the finish to the start by examining the saved
predecessors of the vertices.



V. COMPUTATIONAL EXPERIMENT

A Python program was implemented to illustrate the
method of tangent search. The program takes as its input
a scenario file that includes parameters of the circular
obstacles, the starting and finishing point, the geometrical
parameter b and the control limitation u,,,x. We can choose
to search for the fastest or the shortest path.

Fig. 9.
obstacles.

Optimal trajectory from point (0, 0,0) to point (10,0, 0) with 4

Fig. 10. Optimal trajectory from point (0,0, 0) to point (10,0, 0) with 4
obstacles with higher value of b = 10.

An example of optimal trajectory search is presented at
fig. 9. The starting point is taken as

(0,0,0)

where the third component is the initial orientation of the
robot. The finishing point is (10,0,0). The values of umax
and b are taken as 1. The coordinates and radii of the circles
are:

1) =35, y=10, r=1.6

2) x=06.5, y=-1.0, r=1.6

3) x=13, y=-0.6, r=0.8

4) =87, y=0.6, r=0.8

At the drawing, the arcs are shown in black and the straight
segments are shown in cyan. The rotations are depicted as
angles, with their sides of unit length, and the starting side
marked with a short tick. The path length from the start to the
finish is 10.64 units, while the time required to travel along
the trajectory is 12.36 units. Higher values of b result in the
robot slowing down more on the arc segments. So, with the
value of b = 10, the velocity reduction results in selecting
another locally shortest path around the obstacles (fig. 10)
with travel time of 22.09 units. The previously fastest path

now evaluates to travel time of 22.9 units, and is slower than
the new minimum.

VI. CONCLUSIONS

In the article, we have shown that the time-optimal trajec-
tory for kinematic motion model of a differential wheeled
robot is the locally shortest path between two given points —
the start and the finish, that consists of interleaving straight
segments and arc segments. Expressions to calculate the
travel time along this path are provided. The expressions
for control inputs required to move the robot along the
optimal path segments are given in section III,C. They define
piecewise-constant inputs at each segment.

The kinematic model of a wheeled robot is often used
as a benchmark model for testing numerical methods of
finding optimal control functions, and time-optimal problem
is a common problem investigated in robot motion. Having
a tool that solves a time-optimal problem is convenient for
validating these numerical methods.

Besides, the finite search even on large sets of obstacles is
fast and can be done in real time, so the result provided by
the discussed method can be used as an initial approximation
even when more complex models are considered.
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