Optimal regulator for linear stochastic systems with
Markovian-switching coefficients and state-delay

Nuha Alasmi'? and Bujar Gashi'

Abstract— We consider an optimal control problem for linear
stochastic systems with Markovian-switching coefficients, state-
delay, additive and multiplicative noise. By developing a gener-
alized quadratic-linear cost functional that includes Markovian-
switching coefficients, and employing the method of completing
the squares, we succeed in solving the aforementioned problem
in an explicit closed-form solution through a system of coupled
Riccati and partial differential equations. The optimal control
law is of an affine feedback form with respect to the system
state, the delayed state, and the integral of the previous system
state values.

I. INTRODUCTION

Let (Q,.7,(Z(t),t > 0),P) be a complete filtered proba-
bility space on which the one-dimensional standard Brown-
ian motion (W (z), ¢ > 0) is defined. Further, let (§(¢), t > 0)
be a right continuous Markov chain defined on this probabil-
ity space, independent of W, taking values in the finite space
K:={l,...,x}, and with its generator A = (¥;j)xx« defined

as:
S S T

where 7;; is the transition rate from state i to state j if i # j,

and
vi= =Y
i#]
We assume that .7 (r) is the augmentation of o (&(s),W(s) :
0 <s <1) by all the null sets of .%. Consider the following
linear stochastic control system with Markovian-switching
coefficients (for ¢ € [0,T]):

dx(t) = [A™(t, & (1))x(t) + B (¢, & (¢))u(t)]dt
+[A" (1,8 (0))x(t) +B* (¢,5 (1) u(t)|dW (1),
x(0)=xp eR", &£(0)=¢&) €K, are given,

The coefficients of (1) are assumed as: A*(-,i), A*(-,i) €
L=(0,T;R"™"), and B*(-,i), B*(-,i) € L™(0,T;R™™), for i =
1,...,x, where L*(0,T;E) denotes the set of E-valued uni-
formly bounded functions (with E being an Euclidean space).
The m-dimensional control process u is such that equation
(1) has a unique strong solution for the n-dimensional system
state x on the interval [0,7]. We associate with (1) the
following quadratic cost functional:
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where Q*(-,i) € L*(0,T;S"), R*(-,i) € L*(0,T;S™), H(i) €
S i=1,...,k, with §" and S" denoting the sets of real
valued n x n and m X m symmetric matrices, respectively.
The prime symbol ’ denotes the transpose of a vector. The
optimal stochastic control problem:

{ (i, 1C)
st (1)

for some suitable admissible set of controls <7*, is the
well-known stochastic linear quadratic (LQ) optimal control
problem with Markovian switching. One of the first solutions
to this problem was given in [13], whereas [14] considers its
infinite horizon version, and [7] is a textbook account of the
basic theory of this problem. An important characteristic of
(1) is that it admits a unique closed-form solution in a linear
state-feedback form, the gain of which is determined by a
system of coupled Riccati differential equations (the solvabil-
ity of which is typically assumed). This problem continues to
be studied in various different stochastic settings, see, e. g.,
the recent papers [22], [9], [17] [18], where in particular
the open-loop solutions and the random coefficients are
considered.

In this paper, we generalise the problem (3) by introducing
the state-delay into the system dynamics (1) and the cost
functional (2) as follows. Instead of the system (1), we
consider the following linear stochastic control system with
Markovian regime switching coefficients and state-delay (for
t€[0,T)):

3)

dx(t) =[A (2,5 (1))x(1) +B(t, 5 (1))x(t — h)
FC(1,(1))u(t) +D(1, & (1))]dt + [A(2, 5 (1) )x(1) @)
+B(t,8(1))x(t — h) +C(1, 6 (1) )u(1) +D(1, 6 (1)) |dW (1)
x(s)=n(s), &(s)=ieK, se[—h,0], are given,

where 0 < h € R is the system delay, and the n-
dimensional initial value 71 is assumed to be a continuous
function. For the system coefficients we assume the
following: A(-,i), B(-,i), A(-,i), B(-,i) € L=(0,T;R™");
C(.,i), C(-,i) € L=(0,T;R™™);  D(-i), D(-i) €
L=(0,T;R"), for i =1,...,x. It is clear that (4), compared
to (1), is more general, as it allows for Markovian regime
switching coefficients, additive noise is included, i.e. D is
not necessarily zero, and a disturbance D is permitted in the
system. Instead of the cost functional (2), consider further
the following criterion:

T
J(u(-)):=E {/0 [ ()11 (1, (1))x(1)+x' (1) Qua (1, E (1) )x(r — )



(t—=h)Qa(t,8(1))x(2)
&(1))x(t)
)+M1( (t))x(t)
u(t)}dt
x(T)[§(0) =
( ,l) S L‘X’(O T; Sn) Q12(~7 )
,i) € L*(0,T; S’"), L,
Lw(OaT;Rmxn)’ Ml(ai)a Mz('?’) (O
L0, T;R™), H(i) € S", K(i) € R", Q12(¢) = Q21 t) for
€ [0,T], i = 1,...,x. Thus, the cost functional (5) is
more general than (2) in the following: the coefficients can
be Markovian regime switching coefficients; it includes a
penalty on the delayed state x(t — k), the cross products
(between the state, delayed state, and control) and liner terms

on the state and control. The optimal regulator problem to
be considered is:

+xX' (t—h) O (t,E(2))x (t h)+x
Ly(t,

} 5)

Here Qll( ( ) ((
T;R"), ((,l)

2
L=(0,T;R™"), R(-

~

{ Jmin J(u(), ©

s.t. (4).

Here &/ := L}(O,T;R’”), i.e. the space of all real-valued
m-dimensional square-integrable adapted processes, and this
in particular ensures that if u(-) € 7, then there exist
of a unique strong solution to (4) (see, e.g., [16]). The
problem (6), in addition to being a state-delay generalisa-
tion to (3), it is also a Markovain switching generalisa-
tion of the stochastic LQ control problem with state-delay,
which has been studied extensively in recent years, see,
for example, [1], [2], [5], [4], [6], [10], [11], [12], [15],
[19]), [20], [21]). The motivation for considering this prob-
lem is as follows: it is an important optimal control problem
for which we can find an explicit closed-form solution,
which turns out to be of an gffine feedback form with
respect to the system state, the delayed state, and the integral
of past system state values. It also has a potential for
applications, in particular in problems of optimal investment
(see, e.g., [3], [8], [23], [9], for some possible applications).
Our approach to finding the solution is a generalisation of
the approach in [1] and [2], and it is given in §II below. In
what follows, we omit the argument ¢ whenever convenient
for notation simplicity.

II. SOLUTION TO THE OPTIMAL REGULATOR PROBLEM

In order to state the solution to optimal regulator problem
(6), we introduce two sets of (coupled) linear and Riccati
ordinary differential equations which are coupled with a
system of (coupled) partial differential equations. Firstly, on
the intervals r € [T —h,T], 6 € [t,T], s€[t,T], i=1,.,K,
consider the equations:

P(E,i)+A’(t D)P(t,i) + P(t,1)A(t,1)
+A(1,0)P(1,D)A(1,i) — G (1, )R (1,
XGo(t,i) + Qui(t,0) + Xy 1P (t, J)
R(t,i) = R(t,i) + C'(1,0)P(1,0)C(t,i)
P(T,i) =

£,

=0, (7N
>0,

H(i),

17’1/4 (t Jj)=0,
q’(T) K'(i),
INUEOD) o py(r i Na(r. 0.1) — 26 (1)
(?( )G4(t,0 1)—|—Z _1 %N (2,6,)) =0,
)B(t i) +2D (1, P(1,1)B(t,1) — 2 (1,1)
1( )G3([ l) N/([7t7l)+Mé(tai):07

20N (1, 6,i)

xR~
q'(t,
xR~

+2A'(t,i)N, (¢, 0,i) — 2G5 (t, i)
R1(1,i)G4(t,0 z)+Z _1%jN2(2,0,)) =
2P(t,i)B(t,i) +2A'(t, z) (t,i)B(t,i) — 2N2(t,t,i)
—2G,(t,i))R71(t,1)G5(t,i) +2Q12(t,i) =0,

JdN;(t,0,i K .
%4— Z%]N3(t797.]) 207
j=1

B (1,0)P(t,1)B{1,i) — N3(1,1,) — G, (1,)R " (1,1)

X G3(t,i) + On(t,i) =0,

IN4(t,s,0,i) _Gy1.8,
U

HR™
5,0,j) =0,
Ny(t,0,1,i)—G5(t,))R™

P Y(t,1)Gy(t,s,i)

+ X5 %iNa(t,s

B’(t )N (1,0,i)—

><G4([,9,i):07

Né(t767i)B(t7i)_N4(t7t797i)
l

(1)

_Gét(ta 971)

XRil(ta .)G3(t7i) = Oa

where

Gy (t,i) :==0.5C'(t,i)q(t,i) +C'(¢,i)P(t,i)
xD(t,i) +0.58(t, ),

G(t,i) :=C'(t,i)P(t,i) +C'(t,i)P(t
+0.5Ly (t,i),

Gs(t,i) :==C'(¢,i)P(t
G4(,0,i) :=C'(t,i)

Ji)A(t,i)

0)B(,0) +0.5Ls(1,i),
Nz(t,@,i).

€))

(10)

Y

12)

13)

Secondly, on the intervals r € [0,T —h], 6 € [t,t+h], s €

[t,t+h], i=1,...,x, consider the equations:
P(t,i)+ 01 (t,i) — Gy (t,))R™\ (¢
+Ny(t,t +h, z)+N’(t t+h,i)+
xP(1,0)A(t,1) +A'(t,1))P(,i) +
XA(t,i) +N3(t,t +h,i) + X5y ¥ij
R(t,i) :=R(t,i) + C'(t,0)P(t,i)C(t,i)
P(T—h,i) :P(T—h,i),

1) Ga(t,i)
+A(1,i)
+P(t,
P(t

i)
J)
>0

(14)



g, )+q’( DA(t,0) +2D'(1,0)P(t,i)
+2D’( i)P(1,0)A(t,i) + Ny (t,0 4+ h,i) — 2G| (t,i)
Ye,0)Ga(t,0) + M (t,0) + X5y %d (¢, ) =0,
( h,i) = q'(T —h,i),
, . (16)
oM (1 (az D D (4,02, 0,1) — 2G (1,)
Yt,i)G4(2,0 l)—I—ZK ly,jN’(t 0,j)=0,
q(t i)B(1, l)+2D’(t )P ( i)B(1,i) — N{(t,t,i)

26 (1R
Nl (T - I’l,Z, l)

(t,i)G3(t,i) + Mb(t,i) = 0
=N (T —h,z,i) for zE[Tfh,T],
_ . a7
BN g 9,i )—|—2A "(t,i)Na(t,0,i)+Na(t,0,1 +h,i)
+N’(t t+h,0,i)+ Y5 %N5 (2,6, /) =0,
2B'(t,i)P(t, z)+23’(t i)P(t,i)A(t,i) — 2N5 (1,1,i)

26/, (t l) (t l)Gz(l‘ l)—|—2Q12(l l) 0,
NZ(T h,z,i) = No(T — h,z,i) for z€ [T —h,T],
(18)
8N3 l‘ 0, l Z N3 t 0 ] O
1
e l>P< DBl1i) R0~ ()
( )G (, )+Q22(t i)=0,

N3(T h,z,i) = N3(T — h,z,i) for z€[T —h,T],

_ 19)
IN4(t,s,0,i)

- G4(1,0,))R™

P (I,i)G4(t,S,i)
+ Y 1Ny (2,5,8,7) =0,

B’(t,i)]Vg(t,G,i)—N4(t,9,t,i)—Gg(t,i)ﬁ’l(t,i)
xG4(t,0,i) =0,
N;(t,0,i)B(t,i) — Na(t,t,0,i) — G,(t,0,i)

XR™ (t i)G;(t, l) =0,
Ny(T—h,0,z) = Ny(T—h,0,z) for (&[T —h,T]
and ze€[T—hT],

(20)

where

G (t,i) :==0.5C'(t,i)q(t,i) +C'(t,i)P(t

+0.58(,i),

Ga(t,i) :=C'(t,i)P(t,i) + C'(t,i)P(t,i)A(t,i)

+0.5L, (1, i),

Gs(t,i) :==C'(t,i)P(t,i)B(t,i) +0.5L,(t,i),

G4(t,0,i) :=C'(t,i)N2(2,0,i).

,i)D(t,1)

The system of coupled equations (7)-(20) is more general
than the ones that appear in [1], due to the additional cou-
pling of equations (that comes from Markovian switching).
Their unique solvability is our standing assumption below.

Assumption 1. The system of coupled equations (7)-(20)
has a unique solution.

Theorem 2.1: There exists a unique solution u* to the
optimal regulator problem (6). If T —h < 0, then the solution
is given by:

u' (1) = =R (1,8(1)) [G1(1,£ (1)) + Ga (1, & (1))x(r)

4 Galt 80t~ R (1.80)) [ Gul1,0,£0)
%x(6 —h)d8, 1€[0,T).

If T —h > 0, then the solution is given by:

W) = —R7'(, 5())[ 1(f§())+G2( 5())?6(?)
+ G3( h]

X

/ Ga(1,0,E(1))x(6 —h)d, 1€[0,T—Hh,

= —RN1EM)[Gi(r, 5( ))+G2( 1,8 (1)x(t)
+ Ga(t,§(0))x(t = )] =R (1,§(1))

x / Ga(t,0,E(1))x(0 — h)d6, 1€ [T—hT).
Proof. We only consider the case of T —h > 0, as the case
of T —h <0 is very similar and simpler. Thus, let T —/ > 0.
Wlel: split (5) in two parts as J(u(+)) = E[J; (u(-))] + E[J2(u(-))]
where:

ntu)i=B{ [ 00N, 600+ -

X O (1, (1)) x(t—h) +x' (1) Q12 (1, & (1))x(t — )

+x(t = 1) Qa1 (1,8 (1))x(t) + ' (OR(t, § (1) )u(t) + 1/ (1)

XL (8,8 (1))x(t) + ' (£)La(8,§ (1) )x(t — h) + M (2,6 (1))
S, )

x(t) M5 (6, & (6))x(t — ) +'(1,E 6))u(0)) de | £ (O =i},

T
u():={ [ [ 00n (1. E 00+ -1
<020, () i) +¢()Q1a(t, E()) s~
(1 1)021 1, £ 0)8(0) 1/ (ORE,E ()ule) +4/()
XL §O)0) + L0, 0l )+ M1 £ 1)
ale) (0,8 )l )+, E W)l

X (T)Hx(T) + K'x(T) ‘ﬂT )\

vi(t,x(2),&E(2)) as:
vi(1,x(1),€ (1)) = £z, 5( )+ (8, (0)x(t) +x'(1)
Pt +/ NL(1,6,&(1))x(6 — h)d®

+x()/tt No(t,0,E(1))x(6 — h)do
+/'+h X (0 — h)N(1,0,E(1)x(t d9+/t+h X(0—h)

(1,0, (1))x(6 — hde+/ /t+h (6-h)
XNy(t,s,0 5( t))x(s —h)d0ds.

For ¢ € [0,T — h], we define the process v

By the generalised Itd’s formula (see, e. g., in [7], [16]), we
obtain:

EV1 (1,5(1), £ (1)) [€(0) = i] = v1 (0,%(0). )
+E /OT_h F(t,E@))dt 4+ (1, (1))x(r)dt




+ (1)P(t, & (1)x(t)dt + [A(1, € (1))x(¢) + B(t,E (1))
xx(t —h) +C(t,&(1))u(t) +D(t,&(1))]'P(1,&(1))
xx(t)dt + [A(t,&(t))x(t) +B(t,E(t))x(t — h)
+C(#,&(1))u(t) +D(2, (1)) P(t, & (1))x(7)
xdW +[A(t,&(t))x(t) +B(t,E(2))x(t — h)
+C(2,&(1))ule) +D(1, & (1)) P2, & (1)) [A(t, & (1))x(7)
+B(t,E(t))x(t —h) +C(t,E(t))u(t) + D(t,&E(r))]dt
+x () P(1,§ (1)) [A(r, § (1)) x(r) + B(t,& (1) )x(r — h)
+C(1,§(1))u(t) +D(t, & (1))]dr +x'(1)P(t,& (1))
x[A(t, & (1))x(t) +B(t, & (1))x(t — h) + C(2,& (1) ult)
+D(1,&(1))]aW +X (1) 2,17’5(z)]13(17j)x(f)

=
+ / oM (1,6,6(1) (t’aet’ $0) 0 nyaar

—N{(t,t,&(t))x(t — h)dzHV{ (t,t+h,E(2))x(t)dt

t+h K
+/

J=
/ r+h M x(0 — h)d@dr

'(t,0,7)x(6 — h)dO

X (1)
—x'(r)
1))x(t) +B(t,& (1)) x(t —h) +C(t,&(t))u(r)
’/fh No(t, 0, (1))x(6 — h)dod
( 5()) (t—h)+C(1,&(1))

"t+h K
/ Z 0N (1,6, /)x(6 —h)d6
t

+/ m x(t)dOdt —x'(t — h)

XNz(tté()) (OO0 EO) 0

+ [0 M. 0,E )0 E())xtr)
D))+ C(6 E@))ule) + Do, ()

¥(0 - WAL, 0. A.E0)0)

e =)+ E00)ule)+ Dle £l

6 —h) Z’)/g iN2(1,6, j)x(t)d6

+ t+hx’(e—h)w (0 — h)d6dt
—x'(r — h)Ns(tté()) (t—h) +x'(t)N3 (1,1 +h,§ (1))

dt+/ /(6 —h) Zyg Ns(1,6,/)x(8 — h)d6
t+h t+h
+ / / X ‘m‘t;—fé()) (s — h)dOdsd

t+h
—/ X(6 = h)Na(t,1,0, & (1))x(t — h)dOd

Na(t,1,&(1))x ( — h)dt +x (t)Ny (2,2 + h, & (1)) x(r)dt
E(t t

t+h

+/ X(0 = W)Na(t,1 +h, 0, & (1))x(r)d0dr
' t+h

—x’(z—h)/ Na(r,0,1,E())x(0 — h)dOdr

e / Na(1, 0,1 +h, E(1))x(6 — h)dOd

t+h  pt+h
+/ / ehZ’)/é N4tS9])

5(0)21}.

xx(s—h)d0ds | dt

The terms of E[J; (u(+)) 4+ vi(T — h,x(T —h),E(T — h))] that
depend explicitly on control u can now be written as:

{u<r>+R1<r,é<r>> [c‘:l(r,é(t))+Gz<r,é<r>>x<r>

t+h !

+Ga(r. () —h)+

Ga(1,0,£(1)x(6 h)de} }
><R(t7f§(t)){u(t)+R‘(né(t)) {Gl(hé(t)HGz(t»é(t))

xx(t) 4+ Gs(t,&(t))x(t —h) + ./tprh Ga(t,0,&(1))x(6 —h)

xde} } ~ {Gl (1,E(1)) + Go(t,E(1))x(r) + G3(1,E(1))
rt+h !

=+ | G4<z,e,§<r>>x<e—h>de} R (LE()

X {Gl (t,6(1) + G (1, £ (1))x(t) + G5 (t,£ (¢))x(t — h)

t+h
+ | G4(t,0,E(1))x(6 — h)d@} )

We thus have:

EJi (u(-) +vi (T — thTh h),E(T — j
— 11(0,x(0 +]E{/ Hu(r “1(1,E(0)

x(@( E(1)) + Galt, E(1)x(t) + (1. E(1)xlt — )
o G4<z,e,5<r>>x<e—h>de)} R(LE())
< [ua) FRLEW) (G‘l (LEW) +Galt E())

t+h

Ga(1,0,8(1))




xlt — )+ 1~ >[2B’(r,é<t>>ﬁ<r,é<r>>
2B (1, E ()P E )AL E(1) — 2M5 (0,1, E(1))
2G(LEW)R (1, E(0))Calt. () + zgm(xé(»}

#0)] L 10,P000)+0.60)

+011(1,6 (1) = Gy (1, E ()R (1, £(1)) Ga(1,E (1))
(11 +h, 6 (1) + Na(t .1+, 8 (1)) +A'(1,6(1))
xP(t,6(1)A(1,8(1)) +A(1,§ (1)) P(t.8 (1))
+P(1,S()AE (1)) +Na(1,1+h, & (1)) | x(

(- ) [ B (1. E0)P(LE()B,E ()
~Ra(1.£() - G0 E )R
+Q22<r,é<r>>]x<r nt [zym{ (1.6.))

20,50

0
26 (LEW)R (1,E(0))Calr, 0.1 >>}x<e—h>de

+/ (6 h[ZVg N2t9]+2w

+2A'(1,E()) N2 (1,0, (1)) + Ny (2,0,1 + 1, E(1))
ot+h  pt+h
+Ny(t,6+h,0,E(1) ] d9+/ / '(6—h)

1
+2D/N2(ta 97& t))

D L0

<R (1,E(1))C T
R (¢, 4(t,5,E(1)) | x(s — h)dsd6 + (6 —h)

| Lo m0.0.0)+ W]xw - o
j=1

) 2B 010,80~ Ratr,0.0.£)

R (1,0, 0,£(1)) — 2641, E )R (1, E (1)) G reéu)]
h)d6 dt}—vlox { [
(LG )(1 E(0)+Galt, E(0)x(0)
t+h /

+G3(t,E(t))x(t —h) + | G4(t,0,E(1))x(0 —h)do

<R(,E (1)) [uo) FR(E) (G‘l (LEW) +Galt E())
t+h

xx(t) +Galt.EO(e =)+ [ Galr,8,£())

xx(e—h)de)]dt £(0) :i}. 1)

For t € [T —h,T], we define the process vz(t,x(t),&(¢)) as:

va(t,3(0).£(0)) 1= S0, E0)) +4/ 1, E0)sl0) + 1)
P(t,E(6))x(t) + /t N (1,8, E(1))x(6—h)dO+ (1)

/ Nalt,6,&(1))x(6— hd9+/ CEOL A RA0)
xx(1)d0 + / (0 — h)N3 (£, 0, (1))x(6 — h)d6
t
T T
+/ / ¥(6 = h)Na(t,s,0, & (1))x(s — h)dOds.

t t
The differential of v,(7,x(t)) can be obtained in a similar
way to that of v;(¢,x(¢)), by applying the generalised It6’s

formula. The full derivation is omitted due to space restric-
tions. Further, the cost functional J,(u(-)) can be written as:

T
) =E{ [ 0@ 1. E 00+ 1)
t

X Q0 (1,8 (1))x(t—h) + X' (1)Qua (¢, (¢))x(t — h)

+x'(t = 1) Qa1 (1,8 (1))x(t) + ' ()R(t, § (1))Ju(1)

+u ()L (1,8 (1))x(t) + 1 (1) La (2, & () )x(t — h)

M (8, (1))x(1) + My (¢, (¢))x(t — h)

+s’(t,5(z))u<¢)]dz+VZ(T,x(T),§(T)>‘y(T_h)}. 22)
The terms of (22) that depend explicitly on the control u are

obtained by applying the completion of square method as
follows:

{u)+ 870,200 610800 + GalrE0)0)
+G0. 80— )+ [ Galr,0.80)x(0 - ao | |
ROE0) )+ R 10,800 |61(1.£0) + Galr.£)
al0) + Ga(1, 8Ot~ + [ Ga1,0,6()

a(0 - )48 | = [ G1(1.£(0) + Galr £

#Gu(6 80t + [ Guls.0.6(0)x(0 - ae]
R (1,E0)| G10.80) + a0, 80)x0) + 0. 600)

T
wx(t —h) +/ Galt,6,&(1))x(6 —h)de] ,
t
Now, the cost functional J>(u(+)) can be written as:

() =t = nx(r =& -m)+2{ [ u)
+Rl(hi(f))(Gl(t»é(t))+Gz(t7§(f))X(t)

T !
G (1, E(0)x(t —h) + /, Ga(t,6,E(1))x(6 — h)deﬂ
< R(1,E()) [u(t)+Rl(t,€(r))<G1 (LE()
G100 + G EO -+ [ Ga1,0,60)

xx(e—h)deﬂdt‘f(T—h)}. 23)

Note that vi(T — h,x(T — h),E(T — h)) = vo(T — h,x(T —
h),&(T — h)). From (23) and (21) it follows that for any
u(-) € & we have:

Ju()) = v <o,x<o>,i>+E{ [ [ua) FRLEWD)

/



X <G_1(t,§(f)) +Ga(1,6(1))x(1) + Gs(1, 6 (1))x(t — h)
t+h

[ 60,8000 -na0) | me.c0) uto

t

+R™(1,4(1)) ((71 (#,6 (t)) +Ga(t,8(1))x(t)

+Gs(t,E(t))x(t —h) + G4(t9.§(t))
i }‘” } 2{e{ [, w0

+R )| Gi(t,&(1)) + Ga(t,£(2))
xx(t) + G (1, E(0))x(t — h +/ Ga(1,8,£(1))

deﬂ [<>+R (LE@))
(G< E(1) + Galt, E())x(t) + G (1, E())x(t — )

+f ThG4(t76,€(t))X(9—h)d")}‘” 7 ”‘h)}}

>v1(0,x(0),i).
This lower bound is achieved if and only if u(¢) = u*(¢) for
a.e. t€[0,T] a.s.. O
It is evident from the explicit closed-form of the optimal
control law u* that is in affine feedback form with respect to
the system state, delayed system state, and a certain integral
of past system state values. The coefficients in this control
law are modulated by the Markov chain.

IIT. CONCLUSIONS

We have considered the optimal regulator problem for a
linear stochastic system driven by additive and multiplicative
noise that has a delay in its state, and the coefficients of
which can randomly change regime based on a continuous-
time Markov chain. The cost functional is a general version
of the quadratic-linear criterion with Markovian switching
coefficients. The solution is obtained in an explicit closed-
form as an affine feedback on the system state, its delayed
value, and an integral of its past values. Some interesting
further problems to be considered are: the derivation of
sufficient conditions under which the introduced system of
coupled Riccati and partial differential equations are solvable
(which, due to the coupling of equations, is a challenging
problem even for systems without delay); the consideration
of multiple-delays (as a generalisation to [2]); the inclusion
of input-delays; and the applications to optimal investment
problems (for which, see, e.g., [3], [8], [23], [9]).
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