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Abstract— We investigate the challenge of designing robust
external excitations to control and synchronize a population
of non-interacting homotypic harmonic oscillators, specifically,
theta neurons. The Theta model emulates the bursting behavior
observed in spiking cells, characterized by periodic oscillations
in their membrane electric potential.

Our approach involves formulating this optimization task
as an optimal mean-field control problem for the linear
continuity/Fokker-Planck equation in the space of probability
measures. To address this problem numerically, we employ
an indirect deterministic descent method, leveraging an exact
representation of the increment of the objective functional.

As a main contribution, we delve into practical aspects in
the implementation of the proposed method and expose several
results of numerical experiments.

I. INTRODUCTION

The synchronization of oscillatory processes is a
widespread phenomenon observed in various physical and
natural systems composed of structurally similar interacting
entities. This behavior, often emerging through different
forms of time-periodic patterns, manifests in a wide range
of applications; see, e.g., [1]-[6] and the references therein.

The mathematical foundation for understanding oscillatory
ensembles can be traced back to the pioneering work of
Y. Kuramoto and H. Araki [7], which proposed approxi-
mating the behavior of a population by its “averaged rep-
resentative.” This approach led to the important concept of
the mean-field limit, providing a manageable and elegant
mathematical framework for describing ensemble dynamics.

A central challenge in this context is the design of artificial
signals to drive open systems towards or away from synchro-
nized oscillations and frequency entrainment. This problem
naturally aligns with the principles of ensemble control
in control engineering, where the focus is on designing
“simultaneous” and robust control signals for multi-agent
systems [8], [9].
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A. Background

This paper presents an ongoing study building on our
previous works [10], [11], and promotes a novel approach
for solving optimal ensemble control problems numerically.

Our method is based on two key ideas:

1) A mean-field approximation of the population dy-
namics that transforms the original nonlinear dynamic
optimization problem in a finite-dimensional space
into a semi-linear problem in the space of probability
measures, and

2) An exact (explicit and nonlocal) representation of the
increment of the objective functional, which leads to
a fully deterministic numerical algorithm characterized
by a remarkably fast cost-monotonic descent.

As in [10], we apply our optimization method to a specific
in-phase synchronization problem involving an “infinite pop-
ulation” of excitable neurons undergoing periodic oscillations
in their membrane potential — a simple yet significant
example in mathematical neuroscience.

B. Contribution. Organization of the Paper.

The contribution of this study is twofold. First, we intro-
duce our conceptual approach as a unified framework for
both deterministic and stochastic problems, shedding new
light on the role of “parabolic regularization” within the
context of ensemble control. Second, we explore its practi-
cal implementation and experimental validation, addressing
important issues that have previously been overlooked.

The rest of the paper is organized as follows: In Section II,
we formulate the optimization problem, followed by an
outline of the mathematical framework in Section III, which
leads to an effective numerical algorithm for optimal ensem-
ble control, applicable to both deterministic and stochastic
settings.

Section IV focuses on the key computational steps in-
volved in the practical implementation of our method, includ-
ing the numerical integration of the resulting partial differen-
tial equations using a pseudo-spectral method. This analysis
is supported by new results from numerical experiments.

The paper concludes with a brief summary of the key
findings in Section V.

II. PROBLEM STATEMENT

We begin by formulating a specific optimal control prob-
lem in the space of probability measures, where the dynamics
describe a population of homotypic oscillatory units known
as “theta neurons” [12], [13].



A. Individual Dynamics

The idealized neural cell is characterized by its membrane
potential,
6(t) € S' =R/277Z,

which evolves over time ¢ and depends on an intrinsic
parameter 7 representing the membrane baseline current.

Originally, the time evolution of the phase 6(t) on a given
time interval [0, 7] is governed by the following (essentially
nonlinear) ordinary differential equation (ODE):

6= (1—cosf)+ (14 cosb) (u+n), ()

where the function
w: t— u(t)

represents an external stimulus applied to the neuron, acting
as a control input.

For convenience, we will treat the parameter 7 as a
fictitious state variable n(t) = n, satisfying the trivial ODE

7 =0.
Defining
z(t) = [0(t) n(t))T and X =S! x R,

we abbreviate the right-hand side of (1) as wv,(x), and
recognize that v, acts as a vector field

X = R? ~ T,(X)
to the tangent space of X at any point z.

B. Uncertainty and Noise

It is often practical to assume that the initial data for
the model (1) are uncertain, with the parameter 7 subject
to estimation errors. To address this, we let

2(0) = (6(0),m)

be a random variable defined on a complete probability space
(p-s.) (2, F,P), such that ) almost surely (a.s.) belongs to a
given compact interval I = [a, b]. This assumption transforms
a trajectory = = z[u] of (1) into a random process

0,7] x Q — X.

Another natural way to account for the “imperfection”
of the model is to assume that the dynamics in (1) are
affected by noise, representing intrinsic system variability,
environmental fluctuations, or experimental conditions. The
simplest implementation of this idea is to transition to ito’s
stochastic differential equation (SDE):

dz = [ vu(x) } dt + [ “ } aw;, )
0 C2

where the vector ¢ = [c; co]T of diffusion rates ¢y 5 > 0 is
a parameter, and W is the standard Wiener process defined
on a sufficiently rich p.s. (which we continue to denote in
the same way) with the natural filtration ¢ — JF; of the
sigma-algebra F generated by the pair (W, z(0)). We still
assume that x(0) is a random vector on the underlying p.s.,

W is independent of x(0), and the second component of
x(0) belong a.s. to I.

Standard results from SDE theory [14] imply that (2),
accompanied by the initial condition 2(0), admits a unique
strong solution for any measurable input w. In this context,
we denote this solution by the same letter z = x[u].

The sample paths of the random/stochastic process x can
be interpreted as trajectories of distinct homotypic neurons,
characterized by varying initial conditions and/or dynamics,
and evolving independently of one another.

Our next goal is to describe the behavior of the entire
population x in terms of its distribution law.

C. Population (Mean-Field) Dynamics

In what follows, we shall consider two cases separately:
¢ =0 (Case I) and ¢ > 0 (Case II).
Denote by

¥ = z(0);P =Pox(0)?

the distribution law of x(0), where F} stands for the push-
forward P(2) — P(F(Q2)) of a measure by the map F.
Similarly, we define

Ht = x(t)ﬁpa

where z is either a solution to the ODE (1) or the SDE
(2) with a random initial condition z(0), and consider the
curve p: t — iy in the space P.(X) of compactly supported
probability measures on X.

It is well-known [15], [16] that, in both cases, u is the
unique distributional solution to the initial-value problem for
the linear partial differential equation (PDE) (with ¢ = 0
formally corresponding to Case I):

A + 09 (vu i) = {1059 + 026,27,7} e, po=19. (3)

By a distributional solution to (3), we mean that the following
relations hold for all ¢ € C*°(X):

d
T /apdut = / {Vzgo c Uy + CTEVix(p} dpsg,

lim gpdut:/godﬁ,

t—0

where the integrals are over X, the first relation holds a.e.
on [0,T], and E stands for the 2 x 2 unit matrix.

The PDE (3) can be viewed as a measure-theoretic exten-
sion of the linear Fokker-Planck-Kolmogorov (FPK) equa-
tion, which formally reduces to the continuity (or Liouville)
equation when ¢ = 0.

D. Optimal Control

_ Given ¥ € P(X), a continuous bounded function 7
6(n), and o > 0, we formulate the following optimal ensem-
ble control problem in the space of probability measures:

minI[u] = | F(8,6(n)) dur(8,7) + Sllull-,
- [ P@.000) dur6.0) + Gl

subject to (3), u €U,



where the integrand
F(0,w) =1—cos(§ —w)

measures the “distance” between the points # and w on the
circle St
As a natural class & of admissible control inputs, we
choose
U= Ly([0,T]; R).

The problem (P) seeks to best match the target profile
6 at the prescribed moment 7' while minimizing the total
energy spent by the controller. This process starts from the
given initial distribution i} and relies on a “robust” stimulus
that remains invariant under uncertainty and/or noise.

Note that the first term in [ can equivalently be interpreted
as the expectation E [F(67,0(nr))] of the value of F' at the
random terminal state

o(T) = [0(T) n(T)]"

w.r.t. the canonical probability PP.

The addressed problem is totally deterministic, with the
state variable being the probability measure (. This variable
enters the dynamics and the cost functional linearly, despite
the non-linearity of the characteristic ODE (1). However,
due to the presence of a product of u; and u(t) in (3), the
problem remains non-convex. This feature adds complexity
to the variational analysis of (P). For instance, here, the
articulations of Pontryagin’s maximum principle proposed
by [17] and [18] fail to provide a sufficient condition for
optimality.

III. COST-VARIATION FORMULA AND
NUMERICAL METHOD

We proceed by recalling the line of arguments yielding
the announced optimization algorithm. This reasoning, which
applies equally to both cases I and II, follows [11], [19], [20]
and relies on the linearity of the problem (P) w.r.t. the state
variable u, enabling the standard “duality argument”.

The first step is to establish a particular exact representa-
tion for the increment

AT = I[u] — I[u]

in the functional I w.r.t. an arbitrary pair of feasible control
signals @, u € U. In subsequent optimization contexts, the
control w will be interpreted as a given (reference) input,
and v as an unknown (target) one. For brevity, we denote
by t — i = pefu] and t — py = pefu] the corresponding
distributional solutions to (3).

Introduce the function

(t,x =(0,n) = pe(x), [0,T]xX—=R,

p = plu]:
by
pe(x) = —F (@4,10(), 0(n)).
It can be shown (see, e.g. []) that p is a distributional solution
of the backward (Kolmogorov/transport) equation

{@Pt + 0opt - Vagr) = — {015‘39 + 02872117}1”’5’

~ 4
pr =—F(6,6(n)). @

Furthermore, p is precisely the adjoint trajectory in the
standard formulations [18], [21] of Pontryagin’s maximum
principle for the problem (P).

By definition of p, the duality pairing

tH/]_)tdﬂf

is a constant function on [0, T']. Using this fact, the difference
AT is represented (refer to [19], [20] for further details) as

‘AI:A (e () — Hy (e, a(0)) )t (5

where

Ht(:u’u) = H (/’L789ﬁta ’LL) )

and

(i Gou) = u [ €01+ cosO)du(b.m) -

is the Hamilton-Pontryagin functional.

Expression (5) provides the desired exact cost-increment
formula, which we now recruit to design an iterative descent
method for problem (P).

Let % be given/computed. Denote £ = Jgp and define
w = wy[u] as the unique maximizer

1 -
wilid = [ &@0.m)- 1+ cosO)dule,n). (©)
in the mathematical programming problem:

H (u,f},u) — max, u € R.

Assume we find a solution ¢ — ji; of the PDE (3) with the
nonlocal time-dependent vector field

(t, 1) = Vs[>

ie.,

Oppre + Op (Vg iit) = {c105 + 02372,,7} e,  po =1, (7)

and define:
u(t) = ug[fie], ®)

it follows immediately from (5) that
Al <0,

i.e., the control (8) guarantees a decrease in the cost I from
the reference point .

By repeating this reasoning, we obtain an iterative Al-
gorithm 1, which generates a cost-monotone sequence
{uF}>0 C U of controls:

Ik+1 KR I[uk+1] < I[uk] - Ik

Since the sequence (I¥);>¢ is bounded below by min(P),
it converges.

We stress that the proposed method does not involve any
hidden free parameters to be optimized. In contrast, common
indirect methods for optimal control, such as algorithms
based on Pontryagin’s maximum principle proposed in [22]—
[24], typically incorporate intrinsic “modules” of parametric



Algorithm 1: Optimal ensemble control

Data: u € U/ (initial guess), € > 0 (tolerance)
Result: {u*};>0 C U such that I[u**1] < I[u*]
k + 0;
ud «—
repeat
p* o a[u];
bt wp
k+k+1;
until 7[u*~1] —

‘]

i

Tuk) < e

line search as part of each iteration. Such parameters control,
for example, the intensity of the employed (needle-shaped or
weak) variations of the nominal control, thereby modulating
the step size along the descent direction.

IV. NUMERICAL EXPERIMENTS

In this section, we discuss key features of Algorithm 1,
highlight potential pitfalls in its practical implementation,
and provide insights drawn from our experience in numerical
analysis of problem (P) for both cases I and IL

A. Implementation

For computations, the initial distribution ¥ is typically
assumed to be absolutely continuous w.r.t. the Lebesgue
measure on X, with a smooth density py. Consequently, all
L+ also possess densities, denoted by p;.

Each algorithm iteration requires a numerical solution to
two problems: the backward linear PDE (4) and the forward
nonlocal equation (7). For simplicity, we always assume that
co = 0. In this case, since the drift in (3) does not involve
the derivative 0,), it is possible to treat 77 as a parameter and
solve n-parametric families of one-dimensional PDEs on S!
with n € L.

The PDEs (4) and (7) are solved by the classical spectral
method [25], applicable to both continuity and FPK equa-
tions. Since the solution is 2m-periodic w.r.t. 6, it can be
represented as a truncated Fourier series:

N/2

pr=>_ Pnlt,m)e™’ ©)

n=—N/2

Substituting (9) into (7) and equating coefficients with the
corresponding basis functions transforms the PDEs into
systems of ODEs:

—

dpn . N
Ln _ _in (vp), — (c1n* + czagn)pn,

dt
where n = —N/2,...,N/2 and the wide hat means taking
the n-th Fourier coefficient.

Typically, such equations require pseudospectral methods,
where fast Fourier transforms (FFTs, see, e.g., [26]) are
employed at each time step to compute the right-hand side.
However, in our case, when all p; for given ¢ and 7 are
known, the right-hand side of (10) can be computed entirely
in Fourier space without converting back to physical space.

(10)

Therefore, the method used here is purely spectral rather than
pseudospectral.

This computational simplification significantly reduces the
algorithm’s burden, as the control u does not explicitly
depend on 6. Thus, operations such as multiplication by cos 6
and the integration in (6) — which represent convolutions —
can be performed solely in the Fourier domain.

Since the solution is real-valued, only half of the Fourier
coefficients in (9) need to be stored, i.e., p, for n =
0,...,N/2. The remaining coefficients are determined by
complex conjugation, p_,, = p.

B. Experimental Data

In numerical experiments, we took the following values of
the computational parameters: 7 =4, I = [0,1] and o = 1.
The initial density, taken in the form

1 1 .
po(6,m) = 5~ 53111(29)7

was represented by its Fourier coefficients in the expansion
(9) with N = 512 Fourier harmonics.

The target function was specified in the form 6(n) = 27;
thus, our goal was to frame the neurons’ distribution near
the diagonal of the rectangle (6,n) = [0, 27] x I by the time
moment 7" with the aid of fairly small resource of control.

The systems of ODEs in (10) were solved using the
classical 4th-order Runge-Kutta method with a constant time
step At.

Numeric integration was performed using a uniform grid
for n with the step Anp = 5-1072, and the time marching
was made with a constant step At = 1073,

Also, other parameters of the algorithm were chosen to be
u=-1,e=10"2

1) Case I (Continuity Equation): For the hyperbolic case
(c1 = 0), the algorithm converged after 10 iterations to the
desired accuracy. The initial cost was I[u’] = I[u] ~ 5.29; at
the final iteration k = 10 the cost decreased to I[u!®] = 1.53
(areduction by a factor of approximately 3.5). The cost drops
markedly during the first few iterations and then stagnates,
a behavior typical of algorithms based on exact increment
formulae, as observed in [11], [19], [20].

The numerical solution exhibits large gradients in certain
regions of the computational domain (see Fig. 1, middle and
bottom panels). Capturing such steep gradients necessitates
high spatial resolution and, consequently, significant compu-
tational resources.

The computed control exhibits smooth oscillations
bounded approximately within [—0.61,0.7], see Fig. 2.

2) Case Il (FPK Equation): In the parabolic setup (c¢; =
0.02,c2 = 0), similar computations were performed using
the same initial density and baseline control signal u° = —1.
Here, the initial cost I[u’] ~ 5.3 is reduced to I[u!?] ~
1.67 after 10 iterations, yielding a solution that — although
numerically acceptable — is less accurate than that of the
hyperbolic case. The computed control and corresponding
density snapshots are shown in Figs. 4 and 3.

We observe that the “optimal” control profile in Case
Il is nearly identical to that obtained in Case I, while
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Fig. 3. Case II. The “optimal” control © = u"".

the corresponding density heatmaps naturally exhibit greater
dispersion as a result of diffusion.

In comparison, the hyperbolic (continuity equation) case
tends to produce solutions with sharper gradients and
more pronounced localization effects. The diffusion in the
parabolic case acts as a regularizing mechanism, smoothing
out steep features and thereby stabilizing the numerical solu-
tion. However, when employing pseudospectral methods, one
must exercise caution: the regularization can mask localized
phenomena, and aliasing errors may become significant if
the resolution is not sufficiently high.

V. CONCLUSION

In this paper, we have numerically validated an approach
based on the mean-field control paradigm, leveraging exact
cost-increment formulas to tackle optimization and synchro-
nization challenges in oscillatory processes.

Using the Theta model as an illustrative example, we
demonstrated that even one of the simplest models in this
context can capture essential dynamics. The proposed tech-
nique is remarkably versatile, extending to a broad class of
optimal control problems with a state-linear structure, and is
applicable to both finite and infinite non-interacting statistical
ensembles with diverse characteristics.

Future work will extend this framework to interacting
ensembles and more complex network structures, further
broadening its applicability to a wider range of synchroniza-
tion and control challenges.
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