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Abstract— Optimal control based trajectory generation offers
the ability to formulate complex problems while optimizing the
performance of the system control inputs. Nevertheless, adding
acoustic constraints to the optimal control problem (OCP)
can be highly challenging. The classical resolution approach
employs a “first-discretize-then-optimize” strategy using direct
methods. However, this approach leads to significant computa-
tional costs, which in turn limits its applicability. Recent studies
suggest using the acoustic reciprocity theorem (ART) to formu-
late the problem as one of obstacles collision avoidance. Hence,
this study proposes investigating the formulation and solution
of an OCP based on this theorem. The ART is combined with
the Boundary Element Method (BEM) for the acoustic part
of the problem. The OCP is implemented using successive
convexification (SCvx) approach which offers a convenient
framework to take into account acoustic constraint in trajectory
planning generation. Promising experimental results highlight
the applicability of our formulation based on the ART and
guidelines for further development are provided.

I. INTRODUCTION

In recent decades, autonomous robot navigation has at-
tracted significant interest and has become a widely studied
field. There are several areas of application, such as industry,
agriculture, the military or transportation. Among the differ-
ent issues covered, path planning or trajectory generation can
be found as the most common [1]. Well-known algorithms
and methods can be found in the literature [2], each with its
own characteristic. Nevertheless, increasing development of
new technologies brings not only new opportunities but also
challenges. Indeed, to meet the needs in terms of efficiency,
complex nonlinear systems including physical constraints
have emerged. Therefore, new solutions based on optimal
control such as model predictive control (MPC) method are
being adopted across the board [3]. This allows to solve the
problem of path planning by taking into account complex
physical limitations while improving control performances.

a) Problem Definition: The typical objectives of tra-
jectory generation is to find the shortest path and avoid
collision. However, with the proliferation of robotic systems,
especially drones, acoustic compliance and noise limitations
have garnered significant attention. Indeed, discretion of
the systems is crucial for logistic operations, filming in
urban environments or for security mission. Thus, silent
path planning or paths with limited acoustic signatures are
becoming key considerations.
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Yet, the resolution of such a problem is hard. The general
formulation of the optimal control problem (OCP) including
acoustic constraints can be expressed as
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The objective function to minimize (la) is expressed in the
generic Bolza form. Equation (1b) represents the system
dynamics. The terms xz(-) and u(-) refer to the system
states and control inputs, respectively. Equations (1c) and
(1d) represent the system states constraints and control
constraints. Equation (le) stands for the propagation of the
sound pressure in the considered media R* \ 2, where Q is
the space of existing static obstacles. The term s(-, ) is the
acoustic source term, which depends on the system dynamics
and Equation (1f) is the acoustic pressure constraints.

The resulting coupled ordinary differential equation
(ODE) and hyperbolic partial differential equation (PDE),
involving the states and control inputs constraints, make
solving the problem very complex. State-of-the-art first-
discretize-then-optimize approaches are frequently used for
this kind of problem [4]. Direct methods based on sequential
quadratic programming (SQP) [5] algorithms or nonlinear
programming solvers are suggested [6]. Nonetheless, despite
the inherent complexity and significant computational de-
mands, challenges begin by emerging from dimension k = 2.

Hopefully, approximations and reformulations of the gen-
eral Problem (1) may provide alternative solutions, depend-
ing on the desired performance. In the following, we provide
an overview of the currently employed approaches, their
limitations, and the overall structure of the paper.

b) Related Work: In this overview, a differentiation is
made between sound propagation with and without scatter-
ing. Sound scattering refers to the reflection and diffusion of
sound due to obstacles.

Path planning with long-distance sound propagation typ-
ically focuses on the effects of the ground and wind (e.g.,



aircraft trajectory generation, high-altitude flight). Most of
the time, there are direct acoustic paths between the acoustic
source and the observers, leading to explicit sound estimation
[7]-[10]. Ackerman et al. [11] incorporated explicit sound
estimation into a planner based on Bézier curves and MPC.
Moreover, in other scenarios it can be sufficient to use
simpler model. Adlakha et al. [12] present in their study
an acoustic-infused path planning framework. They used the
A* algorithm and infused an acoustic cost based on their
acoustic model. The sound scattering was not modeled but
can be added by using higher fidelity models as suggested
by the authors.

Ensuring the non violation of acoustic constraints integrat-
ing high fidelity models may be complicated. Computational
efficiency, algorithm performance and variables optimization
can be seen as key features in path planner. Hence, the
estimation of the sound propagation must be efficient. Some
of the methods available for computing sound pressure field
include, but are not limited to, finite element method (FEM)
[13], finite difference methods (FDMs) [14], boundary ele-
ment method (BEM) [15], ray tracing method [16] and deep
learning approaches [17]. The BEM demonstrates better ap-
plicability for large-scale problems (e.g., exterior problems)
and provides precise modeling of scattering phenomena.
However, complex geometry scenarios increase its numer-
ical cost. Ray tracing methods offer strong computational
efficiency but struggle to accurately model complex wave
phenomena such as diffusion. The FDM is well suited for
time-domain simulation with very simple geometry. FEMs
are capable of handling intricate geometries, but are highly
sensitive to mesh size, which significantly affects accuracy
and computational needs. Deep learning approaches enable
faster simulations of complex scenarios but often suffer from
a lack of generalization and remain difficult for outdoor
environments.

Furthermore, optimal control based algorithms require
multiple functions computations. As a result, repeatedly
evaluating sound propagation can become computationally
inefficient when combined with an optimization solver. Gao
et al. [18] suggest in their study to develop a virtual
acoustic terrain using the acoustic reciprocity theorem (ART)
[19]-[21]. The acoustic reciprocity principle states that the
receiver and the source can be swapped without modification
of the amplitude and phase of the measured acoustic pressure
field. The ART is applicable to linear-elastic medium such
as air at rest [22]. Hence, exclusion zones can be generated
from the receiver locations using the source characteristics,
bounded by the maximum acceptable acoustic noise level.
The problem is reduced to collision avoidance within the
excluded zones associated to zones where the acoustic level
should not be crossed.

c) Contribution: To the best of our knowledge, studies
are often limited to the trajectory generation with acoustic
constraints without scattering. Thus special attention is given
to this aspect as it implies supplementary considerations,
especially when integrated in an OCP-based path planner.
Hence, we propose a new OCP-based planner taking into

account acoustic constraint. Note that our proposed approach
is generic as it does not rely on a specific acoustic model
which usually depends on a particular application.

The BEM seems to be a good candidate for modeling the
scattering phenomena. Thus, the current paper focuses on the
integration of acoustic constraints in the path planning frame-
work using BEM. The General Problem (1) is mostly solved
using SQP algorithms based on large-scale nonlinear solver.
Nonetheless, recent studies proposed convex optimization-
based algorithms relying on linearization and convexifica-
tion of the original problem. This ensures polynomial-time
complexity while guaranteeing convergence. In [23], a study
on Successive Convexification (SCvx) algorithm is presented,
where multiple convex sub-problems are successively solved.

In order to reduce the numerical cost due to repetitive
evaluation of sound propagation in the solver, the ART-based
approach is used to build exclusion zones. Virtual obstacles
are extracted and are formulated as non-collision constraints,
the externalized acoustic computations are performed in the
optimization framework. Hence, the current study adopts
the SCvx algorithm to demonstrate the integration of the
BEM into an OCP-based planner as part of an efficient
reformulation.

d) Contents: The following sections are structured as
follows: an overview of the BEM and SCvx algorithm is
provided in Section II; the reformulated Problem (1) and an
example under consideration are presented in Section III; in
Section IV the main results are introduced and the key ideas
are highlighted; finally, Sections V and VI conclude the study
with a discussion and future work.

II. BACKGROUND
A. Boundary Element Method

Linear PDE formulated as integral equations can be solved
numerically using the BEM [24]. The boundary integral form
gives the exact solution to the governing equations which is
determined entirely by the boundary conditions and values.
In acoustics, the time-dependent scalar wave equation, Equa-
tion (2), can be transformed into homogeneous Helmholtz
equation, Equation (3), by using the Laplace operator
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where k is the wave number and c is the speed of sound, u
is the acoustic pressure, ¢ is the time. Then the considered
problem is constructed using boundary integral operators,
depending on the problem, such as the single layer operator,
Equation (4), or double layer operator, Equation (5):

p,q — SL(p,q) = /

I'xI’



and

p,q+— DL(p,q) =
0
/Fxrp(x) q(y) ) Gr(z —y)do(z,y), ()

where I is the boundary of the domain in which sound wave
evolves and x is the position of the observation point, y is
the position of the acoustic source, p and ¢ are functions, n
is the outgoing boundary normal and do is the integration
element on the boundary of the domain. The Green kernel
Gy, for Helmotz equation is
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where H(()l) denotes the Hankel function of the first kind.
There are other operators that can also be used either alone
or in combination with others, depending on the choice of
the problem formulation. Finally, the solution is obtained
by formulating a variational problem with an associated test
function and performing integration over the boundaries.

In this study, computations are performed under the
Bempp [25] framework, an open-source Python package
for BEM which has an efficient implementation of operators
given in Equation (4) and Equation (5).

B. Successive convexification

The SCvx algorithm is part of sequential convex program-
ming (SCP) methods. The original problem is convexified
sequentially by linearizing the nonconvexities. Then, the cre-
ated convex sub-problem is temporally discretized. The dis-
cretization can be performed using a first-order hold (FOH)
interpolation method, for example. Due to the linearization
process, artificial infeasability and unboundedness artifacts

Algorithm 1 Successive Convexification
1: Input: Initial discretized trajectory i = 1...N
2: Output: Optimized discretized trajectory i = 1...N
3: Initialize variables
4: for iteration k = 1 to MaxIterations do
5 Linearize nonconvexities
6 Temporally discretize
7: while Local solution not accepted do
8
9

Solve convex sub-problem
: if Converged then
10: Stop algorithm

11: Return result

12: else

13: Handle intrinsic artifacts

14: Update initial trajectory to current trajectory
15: end if

16: end while

17: end for

are introduced. This is handled by the augmentation of the
linearized equations by adding virtual control terms and a
trust region. At each convexification sequence or iteration,
the convex sub-problem is solved using a convex optimizer
and the obtained solution is used to adapt SCvx algorithm
parameters. The stopping criterion is globally based on the
difference between the current iteration trajectory solution
and the previous one. A low value means that there will be no
further improvements in future iterations. A brief description
of the algorithm is provided in Algorithm 1.

The problem is initially linearized around the initial tra-
jectory. If the convergence criterion is not met, a new solu-
tion is generated and used for the subsequent linearization
process. The reader is referred to [26] for further expla-
nations of the SCvx algorithm. Existing implementation of
the SCvx algorithm can be found at https://github.
com/EmbersArc/SCvx.git and served as a basis for
development in this paper.

IIT. MATERIALS AND METHODS

The focus is not on the linearization and discretization
processes, as these are well-documented in the literature.
Instead, the emphasis is placed on the integration and im-
plementation of the acoustic part in the OCP.

A. Reformulated optimal control problem

As aforementioned, using the ART, acoustic constraints
can be represented as exclusion zones. Hence, the original
Problem (1) can be reduced to a path planning problem with
non-collision constraints. The obstacles to be avoided are real
physical obstacles and virtual obstacles constructed from the
acoustic exclusion zones.

Based on the SCvx algorithm paradigm, virtual obsta-
cles computations can be integrated in the convexification
sequence using BEM. Virtual obstacles shapes are updated
at each sequence iteration k£ for each discretization point
i according to the trajectory. The controls are assumed to
be piece-wise constant, thus, steady state of sound propa-
gation is considered for each discretized time interval. The
algorithm can be adapted to the new form presented in
Algorithm 2.

SCvx algorithm offers a convenient basis to embed the
BEM algorithm without unnecessarily loading the convex
solver.

B. Models

In the current study, the differential drive robot (Dubin’s
car) model is considered as an example. Its dynamics can be
expressed as:

i =wuycos(d), §=uysin(d), 6=us, (8)

where X = [z,y, 0] represents the states and U = [uq, uz]
denotes the input controls.
The associated acoustic model is defined by a monopole
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where p(-) denotes the acoustic pressure, By represents the
source amplitude, k = % is the wave number, c is the speed
of sound and r is the distance from the source to the receiver.
For convenience, the sound pressure level (SPL) is used for
measuring the emitted noise, Eq. (10):

L, = 20log(Zm),
Dref

where pr = 2¢7° Pa is the reference sound pressure and
Prms 18 the root mean square of the sound pressure.

The coupling between the system dynamics and acoustics
is obtained through the equations system, Eq. (11),

{w = 27100(1 4 uq)

(10)

(11

The parameters are without a particular physical meaning.

C. The acoustic problem

At each receiver location j the following exterior acoustic
problem is solved, Eq. (12)

Au+k*u=0,
u=—pF onT,

im0 | (% - zk) u(z) = 0,

where (2 is the physical obstacle, I' the boundary of 2 and
p is the incident acoustic wave defined in Eq. (9). The
total acoustic pressure is defined as uy,; = u + p. The
Dirichlet boundary condition is considered. The last equation
in Eq. (12) represents the Sommerfeld radiation condition at
infinity, ensuring that only outgoing waves are present at
infinity. The solution u to the Helmholtz equation can be
solved using the single layer potential expressed as

u(z) = /ng(x —yu(y)do(y), VxeR"\Q, (13)

in R2\ Q,
(12)

Algorithm 2 Successive Convexification - BEM

1: Input: Initial discretized trajectory i = I..N

2: Output: Optimized discretized trajectory i = 1...N

3: Initialize variables

4: for iteration k = 1 to MaxlIterations do

5 Linearize nonconvexities

6: Temporally discretize
7: (+) BEM computations
8
9

(+) Virtual obstacles updates
while Local solution not accepted do

10: Solve convex subproblem

11: if Converged then

12: Stop algorithm

13: Return result

14: else

15: Handle intrinsic artifacts

16: Update initial trajectory to current trajectory
17: end if

18: end while

19: end for

where v is the ansatz to be found. This can be done using
the single layer operator (see Eq. (4)).

D. Virtual obstacle construction

Once the acoustic pressure field is solved, exclusion zones
can be constructed according to the maximum admissible
noise level. Depending on the system configuration, complex
geometry of the bounded acoustic zone may arise from
the scattered waves. In addition, integrating non-collision
constraints with nonconvex geometries can be challenging.
Various techniques exist to formulate collision avoidance
constraints for such geometries. One alternative is to use
convexification algorithms, such as the convex hull or a
zonotopic representation [27]. This step is user-dependent
and does not affect the workflow of the proposed method.
In the current paper, a quadtree partitioning is employed to
construct the virtual obstacles. This is a simple and effective
method for demonstrating the implementation of the OCP
reformulation. Each leaf of the quadtree can be associated
to a generic geometry such as a circle. The number of
virtual obstacles depends on the quadtree depth level. Fig. 1
summarizes the workflow of virtual acoustic construction
using the ART.

Workflow

<

Fig. 1.  Workflow of virtual obstacle construction. The white circle is
an existing obstacle. The red dot is the receiver location. In A, sound
propagation is calculated from the receiver location as a function of
source parameters. In B, the black line represents the user-defined acoustic
exclusion zone. In C, using quadtree partitioning, the exclusion zone is
divided into multiple blocks seen as virtual obstacles.

E. Case study

The considered OCP is a fixed-time path planning problem
with collision avoidance. The problem to solve in SCvx
can be written in its continuous form as in Problem (14).
Where ¢ defines the cartesian coordinates of the considered
parameter and P the total number of physical and virtual



obstacles. One physical obstacle is placed at “x3* = [0, 0]
with a radius equal to 75® = 1. An acoustic receiver
is located at [3,2.5]. The exclusion zones are constructed
using a maximum SPL equal to 75 dB and the quadtree
maximum depth level is set to 6. Acoustic computations
are externalized in the convexification sequence as discussed
and the generated virtual obstacles are integrated in the
local problem constraints. Since SCvx paradigm allows the
initial trajectory to be infeasible, a simple straight-line path
is chosen between the starting and ending points.
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IV. RESULTS
The results can be reproduced with the codes

available at https://gitlab.ensta.fr/ssh/
ocp-bem-scvx.git. Computations were performed on
Ubuntu 20.04.6 LTS with Intel(R) Core(TM) i9-9900K
CPU (3.60 GHz). To improve computational efficiency,
externalized BEM computations were performed in parallel
on CPU with 8 workers. Fig. 2 presents the optimal solution
obtained for problem (2).

The system has avoided the physical obstacle and the
acoustic exclusion zone due to sound propagation and scat-
tering. The algorithm converged after 18 iterations. Each
iteration took approximately 30 to 40 seconds to complete.

Using the ART, the SPL of the different trajectory points
at the receiver location can be observed in Fig. 3.

All constraints, including the acoustic constraint, are sat-
isfied: the system SPL remains below 75 dB at the receiver
location throughout the entire trajectory. Obtained system
control inputs are given in Fig. 4.

V. DISCUSSION

The proposed OCP reformulation based on the ART gives
promising results. The acoustic constraint was successfully
integrated in the trajectory generation. Externalized acoustic
computations using efficient solver such as BEM offer good
performance for exterior and acoustic scattering problem.
Repetitive evaluation of sound propagation for each dis-
cretized trajectory point is avoided as it is not directly
integrated in the convex solver computations.

Nevertheless, some considerations emerge from the vir-
tual obstacle construction. The exclusion zones may have
complex shapes making obstacle avoidance formulation dif-
ficult. Space partitioning using quadtree allows to formulate
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Fig. 2. Generated optimal trajectory of problem (2) with externalized BEM
computations. The white circle represents the physical obstacle. The red dot
represents the receiver location. The thick black line represents the acoustic
exclusion zone according to the discretized trajectory point in black dot.
The multiple black line circles in the exclusion zone represent the virtual
obstacles constructed from quadtree partitioning. The thin black line with
the green arrows contained in thin black circle is the Dubin’s car optimized
trajectory. The heat map represents the pressure distribution in term of SPL.

0 5 10 15 20 25
time (s)

Fig. 3. SPL of the Dubin’s car at receiver location for the optimized
trajectory. The horizontal red line represents the maximum admissible
acoustic noise at 75 dB. The black dot corresponds to the SPL of the
discretized trajectory points used to illustrate the exclusion zone in Fig. 2.
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multiple non-collision constraints with generic (convex) ge-
ometries. However, depending on the maximum depth level,
the exclusion zone can be more or less overestimated as seen
in Figs. 2 and 3.

In the present study, the exclusion zones were chosen to
depend on the control inputs leading to higher computing
needs but more realistic results. One can define the worst
case scenario and use a constant acoustic exclusion zone for
all possible control inputs. This method can be very fast, but
it overestimates the solution, which limits flexibility.

In addition, acoustic computation using BEM can only
be done for a single value of the wave number £ at once.
Additional computations need to be performed if multiple
frequencies exist in the frequency band of the acoustic
source. The use of parallel computing is appreciated as it
can radically speed up the overall computation time. The
controls are assumed to be piecewise constant, transitional
regimes are not considered here. As each discretization point
is considered acoustically independent (steady state condition
for each control), the BEM can be computed in parallel. The
current study was conducted in 2D, and slight modifications
to the overall problem are required for 3D computations.
While this will increase computational costs, the problem
formulation itself will only be impacted by the change in
dimensionality or the expression of equations in 3D instead
of 2D.

Future work

The current algorithm was implemented using the high-
level programming language Python as a proof of concept.
Significant improvements in computation time could be
achieved by transitioning to compiled languages such as C
or C++.

In addition, some issues arise when the constraints are
sequentially updated. Externalized BEM computations in the
iteration sequence of SCvx are used to update the virtual
obstacles according to the last control inputs. Hence, the

current local subproblem constraints depend on the previous
values of the controls. As no gradient-based information is
used, the algorithm may take a longer time to converge
toward the best direction. Special attention will be given to
this aspect to improve the algorithm performances and the
“dynamic” aspect of the virtual obstacles.

To demonstrate the applicability of this method, future
studies will focus on 3D problems involving multiple physi-
cal obstacles. Additional features, such as source directivity,
may also be incorporated.

VI. CONCLUSION

The current paper proposed a reformulation of an OCP
including acoustic constraints using the ART. The refor-
mulated problem facilitates the generation of acoustically
aware trajectories by employing state-of-the-art methods to
achieve efficient optimization. The ART allows the gener-
ation of virtual obstacles representing acoustic constraints
and transforms the original problem into a collision-free
trajectory planning problem. The BEM offers a cost-effective
solution for simulating acoustic propagation in exterior en-
vironments and addressing sound scattering problems. Se-
quential programming-based methods externalizes acoustic
simulations and, through SCvx, reduces the complexity of
the problem.

The proposed contribution was demonstrated using a proof
of concept implementation with a classical toy example. The
strength resides in the virtual obstacles construction. Indeed,
as they can be considered as obstacle avoidance constraints,
gradients of the BEM formulations are not needed.

This work investigated the main aspects of path planning
problem with acoustic constraints. Although the focus was on
exterior and sound scattering problems, the approach is not
limited to these issues. As discussed in the previous section,
numerous additional considerations can be taken into account
for further developments.
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