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Abstract—In this article, a state-dependent piecewise
reinforcement learning (PRL) method is proposed to learn an
optimal control policy for state-dependent switched systems.
This is an analogy to learning multiple piecewise continuous
control inputs. We observe this method’s robust and impressive
performance, explain it in rigorous mathematical language,
and apply it to some canonical examples. Based on the
deterministic policy gradient method, the PRL is compared
with the vanilla policy gradient method in three customized
demonstrative environments with switched dynamics. We
theoretically demystify why PRL outperforms RL in these
systems.

Index  Terms—Reinforcement learning, state-dependent
switched system, Hamilton-Jacobi-Bellman equation

I. INTRODUCTION

Optimal control of state-dependent switched systems has
long posed significant challenges in the control community.
Such systems arise in diverse applications, including fermenta-
tion processes [1], temperature control [2], aerospace systems
[3], robots [4], [5], and natural phenomena [6]. Under different
names, optimal control of differential systems with discon-
tinuous right-hand side [7], optimal control for piecewise
smooth systems [8], optimal control for systems with isolated
equality constraints [9], optimal control for systems with linear
complementarity constraints, and optimal control for hybrid
switched systems [10], these problems share common features.
Representative examples include YO-YO models, controlled
systems with Coulomb friction, electrical relay systems [7],
and Spring Loaded Inverted Pendulum (SLIP) models [8].
The theoretical foundation for this problem (hybrid minimum
principle) has been rigorously developed in [9]-[13], with
costate analysis in [13]-[15]. Numerical methods to solve this
problem can be found in [16], [17].

However, if hybrid systems have regional dynamics or a
partitioned state space, determining both switching sequence
and switching time yields a mixed integer nonlinear program-
ming (MINLP) problem, whose exhaustive solution is com-
putationally intractable [16]. Consequently, most approaches
seek feasible suboptimal solutions. Methods include graph
search [18], nonlinear programming [19], dynamic program-
ming [20], model predictive control [8], and gradient descent-
based schemes [21]. For example, the study of optimal control
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of multi-region state-dependent switched systems appeared
in [18] where the authors used branch-and-bound based model
predictive control. This combination of branch-and-bound and
model predictive control still demands high computing. [19]
proposed a numerical method based on dynamic programming
and nonlinear programming after discretizing the state and
input spaces. In [22], a hybrid Bellman Equation for systems
with regional dynamics was proposed where the switching
interface was discretized and then dynamic programming was
used at the high level to decide which region to switch to and
which two states to be chosen as the boundary condition of a
low-level optimal control problem. The time complexity and
space complexity of this algorithm are humongous.

With so many numerical methods for optimal control prob-
lems, none of them is a very general and convenient algorithm
for state-dependent switched systems. As two important theo-
retical tools in optimal control communities, the Pontryagin
minimum (maximum) principle and dynamic programming
have their respective limitations. This article, therefore, lever-
ages reinforcement learning to address these problems. Re-
cently, reinforcement learning has been substantially adopted
in the control community [23]-[25]. Most of them consider
either the infinite horizon reinforcement learning problem [23]
or time-dependent switched systems [24]. In [26], the authors
examined a finite-horizon reinforcement learning problem.
However, the system must be continuous and should have a
control-affine form. A recent work [25] proposed a piecewise
linear parameterization of policies in reinforcement learning
to improve interpretability. However, this mechanism has
demonstrated fewer advantages in the simulation environments
than vanilla reinforcement learning.

In this article, we first investigate finite-horizon rein-
forcement learning for state-dependent switched systems. We
present some theoretical foundations of finite-horizon RL and
state-dependent switched systems and highlight the limitations
of applying standard actor-critic methods directly in this hy-
brid setting. We then introduce a new piecewise reinforcement
learning framework inspired by [25]. Finally, we validate our
approach on several examples, demonstrating its improved
efficiency over the conventional RL framework.

This article is organized as follows: In Section II, we
formulate the hybrid optimal control problem. In Section III,
we cast the finite-horizon optimal control task in the Hamilton-
Jacobi-Bellman framework and provide an error analysis for
approximate dynamic programming. In Section IV, we present
our piecewise reinforcement learning algorithm. Section V
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compare it to the standard reinforcement learning approach. Fi-
nally, Section VI concludes this article and outlines directions
for future work.

II. PROBLEM FORMULATED

A general state-dependent switched system is defined as
follows:

&(t) = foe (2(1), (),

where x € R™ denotes the state, u € R™ denotes the
continuous control input, ¢(t) is the index of sub-systems
with which we can define a switching sequence ¢(t) = {i|i €
(1,2,...,m)}, and f;(x(t),u(t),t) is a continuously differen-
tiable function in the region R; which satisfies R; (R, =
{z|gij(x) = 0}'. Then the optimal control problem is to
determine the optimal control w and switching time instant
7; to minimize the following objective function:

(z(t),u(t) € R (D)
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where stage cost L;(z,u) is also piecewise continuously
differentiable functions. x; denotes the terminal state and
¥(z(ty)) is the terminal cost.

We make the following assumptions.

1) There is no jump behavior of the state.
2) In each region, the system is reachable.
3) The optimal controller has bounded variations.

Solving this problem is of significant difficulty, especially
when there are multiple regions. What’s worse, a nonlinear
switching interface will further complicate this problem. Thus,
in this article, we use reinforcement learning, a sampling-based
method that does not rely on prior knowledge of the system
model, to solve this problem. This method combines the high-
level graph search and the low-level optimal control problem
into one step to construct the value function in the state space.

The formulated problem Eqn. (1) and Eqn. (2) can be
transformed into the following problem:

m

i=1

where 1(-) denotes the characteristic function. Similarly, the
stage cost is written as

L=Y 1,uer, Li(z,u), )
=1

By reformulating the original problem in this way, the
resulting system can be regarded as highly nonlinear.

1g;j(x) = 0 is called the switching interface

III. THEORETICAL ERROR ANALYSIS
A. Hamilton-Jacobi-Bellman Equation for Hybrid Systems
Define the following value function
ty
Vialty).) = min [ LGa(t),ul)dt + w(atty),
u(t) Jy
where V(z(t),ts) = ¢ (z(ts)). The Hamilton-Jacobi-Bellman

equation is given by

Vix(t),t) =
tdt
muin{V(x(t +dt), t+dt) + /t L(z(s),u(s))ds}. (5)

Assuming the cost-to-go function is continuously differen-
tiable in both = and ¢, we can apply a first-order Taylor
expansion to the term V' (x(t + dt), ¢ + dt),

V(x(t + dt), t + dt)

— V(e(t),t) + avg;;,t) dt + 8V§;,t) x(6)dt + o(dt)

— V(a(t), 1) + % dt+ % %(8)dt + o(dt)

= V(a(t),t) + av;i’t), 6‘/;’”} : [fb(lt)q dt + o(dt),
(6)

where o(dt) represents terms of order higher than dt.

Nonetheless, in optimal control for hybrid systems, we
must account for a non-differentiable value function at the
switching interface. Moreover, the optimal control input u
may be discontinuous or non-differentiable at the switching
interface.

Theorem IIL.1. The value function for the defined optimal
control problem Egn. (1) and Egn. (2) is continuous but may
not be differentiable at the switching interface with switching
state ©(T) and switching time instant T.

V(a(r_),m) = Vie(rs), 7).

Proof. Based on the dynamic programming formula,

V(a(r_),7) = Via(ry)me) + /

T—

T+

L(z,u)dt

~ V(a(ry),m4) + Lix,u)(rs — 7-)

where L(z,u) is a bounded constant value. Consequently,
as 7— — T4, the value function remains continuous

V(Z‘(T_),T_) = V($(7+),7'+). O
Recall the definition of Hamiltonian

H:= 111615 (M (z,u) + L(z,u)), (7

where A is called the co-state. Below, we present two exam-
ples illustrating optimal control inputs that are, respectively,
(i) continuous but nondifferentiable, and (ii) discontinuous.
Example 1: non-differentiable optimal controller u: The
following is a simple example to show the nondifferentiability



of the optimal controller for a hybrid system. Consider a one-
dimensional switched system:

1 1

min J = 7/ (2 +u?)dt
2 Jo

{i =2u, x=>1
s.t.,

v el ,z(0) = 2.

T = u,
Given the fact that the Hamiltonian is continuous at the
switching interface and the optimality conditions in [13], we
can obtain >

1 1
5(332_ +ut)F 22 u_ = i(xi +ui) + Apuy
Lo 15 145 14
%= T QU= T T Tt
2 2
=u® =ul.
In addition, z_ = x4, A_ = —Ju_, Ay = —uy. Based on

the Euler-Lagrange equation, we know that, before switching,
A(t) = —x(t) = u(t) = 2z(t), while after switching, A(t) =
—z(t) = 4(t) = x(t). Combining these facts, we can derive
the continuity but nondifferentiability at the switching state of
the optimal controller in this example(the optimal controller
is shown in Fig. 1(a)).

Example 2: discontinuous optimal controller u: Consider
the following problem

1/
min J = 7/ (2% +u?)dt,
2Jo

st = 22+ u,
T T~ o,

z>1

x<1,x(0):2.

For this example, using the optimality conditions derived in
[13] and the algorithm proposed in [16], we observe that the
optimal controller is discontinuous as shown in Fig. 1(b).
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Fig. 1. (a) Optimal control of Example 1 (switching time 7 = 0.4694 and
optimal cost J = 1.0209); (b) Example 2 (switching time 7 = 0.3132 and
optimal cost J = 6.5274).

A well-known fact is that the HIB equation (5) is a partial
differential equation, which is notoriously difficult to solve,
especially to obtain the value function. Thus, in this article,
we resort to the model-free method called deep deterministic
policy gradient in order to solve Eqn. (5). In the following, the
notation z is the one after augmenting time ¢ and f(z,u) =
[#(t),1]".

2To simplify notation, in this article, both z+ and z(74) means the state
at the switching interface. Same for the other variables.

B. Approximate Dynamic Programming and Finite Horizon
RL

Most reinforcement learning research focuses on infinite
horizon problems, akin to the linear quadratic regulator in
optimal control theory, which admit stationary solutions. In
contrast, most optimal control problems have fixed terminal
time, requiring optimization of an objective function over a
fixed terminal time horizon. Consequently, the value function
depends on both state and time, i.e., V(x,t), and the optimal
control policy is time-varying yu(x,t). The corresponding cost-
to-go function can be written as V#(x,t).

Theorem IIL.2 ( [27] Chapter VI). u = u*(x,t) is the optimal
control policy if it minimizes the left-hand-side of the HJB
equation (5) for all x and t € [0,ty].

Function approximators have long been used in optimal
control communities. Chebyshev, Legendre, and Fourier basis
functions have been commonly used for interpolation [17],
[28], see [29], [30] for detailed error bound analysis. Be-
low, we analyze the approximation errors of the optimal
control and the value function V(z,t), ie., ||u — 4| and
||V (,t) =V (x,t)||. We use the approximants @(t) = 0¢(x, t)
and V(z,t) = we(x,t) where 6, and w are the weights and
@(+), o(-) are their corresponding basis functions.

Theorem II1.3 (Approximation theory of deep neural network
[31](Theorem 4.16)). Let p : R — R and n,m,k € N
Let NN" . represent the class of functions R" — R™
described 7by’ forward neural networks with n neurons in the
input layer, m neurons in the output layer, and an arbitrary
number of hidden layer, each with k neurons with activation
function p. Every function in the output layer has the identity
activation function. Let p be ReLU and p € [1,00). Then
NN pmntms1 is dense 3 in LP(R™; R™) with respect to the

usual LP norm *.

Theorem I11.4. Assume that the real value function satisfies
the global Lipschitz condition ||V (x(t),t) — V(z(t),1)|| <
Y||z(t) — Z(t)|| where ~ is the Lipschitz constant. Then there
exists a small € > 0 such that

IV (z(t),t) = V(@(t), 1)l < €, ®

where V is the value function approximator and I(t) is the
state generated by the approximator control input 4(t) that
satisfies the state dynamics Egn. (1).

Proof. Using Theorem III.3, it follows that there exists
e = max{e, ez} such that |ju(t) — a(t)|] < e < €
and ||V (x(t),t) — V(2(t),t)|]| < e < e. Assuming that
fq(z,u) is Lipschitz, it follows that z(t) — &(¢t) = z(0) —
z(0) + fot flx(s),u(s)) — f(&(s),a(s))ds. Since the initial
state is the same, Holder’s inequality implies ||z (t) — Z(t)|]| <
M||lu—a|1+M fg ||z(s)—2(s)||ds. By the Bellman-Gronwall

3We say p networks are dense in LP(X;)) if for any f* € LP(X;))
and € > 0, there exists a p network f such that ||f* — f||, <e.
4LP norm is defined as || f||p := ([ |f|Pdz)!/? < oo, p € [1, 00).



Lemma, we then deduce that ||z(t) — &(¢)|| < M]||u(t) —
@(t)||1eM*. Hence, by applying the triangle inequality, we
obtain
1V (@, t) = V(&,1)]| <
WV (z,t) = V(@) + [V (&, 1) = V(Z, 1)l
<Allz = 2|+ e < yBllu—dal[1 + ¢
<(B+1e<e,
where 3= MeMt and € > (vB+1)e. As € — 0, V(z,t) —

V(z,t) in LP. This completes the proof. O

IV. PIECEWISE REINFORCEMENT LEARNING (PRL)

The deterministic policy gradient algorithm utilizes an actor-
critic mechanism to learn an optimal policy via environment
interactions. An actor neural network parameterizes the policy
(i.e., control input in our problem) and a critic neural network
parameterizes the Q-function (V(z;) = max,, Q(z;,u;)) .
The parameters of the actor are updated using the policy
gradient method as in [32]:

1 .
Voui iz, = N Z V. Q(z, ulte”m:zt,u:#(mt)
t

Vo (|04

a9

By Theorem III.1, the optimal controller for systems with re-
gional dynamics is generally not continuous and differentiable.
Thus, the policy gradient estimation in Eqn. (9) is highly
biased [33].

To address this challenge, we introduce a piecewise rein-
forcement learning framework that learns an optimal switched
controller for hybrid systems over a fixed time horizon. Fig. 2
shows the proposed piecewise actor framework. In this frame-
work, ng policies are generated that map the state directly
to the policy p. Then, a multilayer perceptron (MLP) with
a Gumbel softmax activation function is used to learn the
choice of each policy by generating a one-hot encoding. This
mechanism can map states to different policy networks and
thus solves the non-differentiability problem of the original
optimal control problem. The critic follows the standard DPG
structure.

V. ILLUSTRATIVE EXAMPLES

We evaluate the proposed algorithm on three customized
environments with state-dependent switches, i.e., a first-
order switched system (FO), a multiple region switched sys-
tem (MR), and an actuated Spring-mass model of hopping
(Spring). Each environment is discretized using a forward
Euler scheme, ;41 = z¢ + f(x, us)dt. We let dt = 0.01.

The MLP has a; hidden layers and the critic network has
c¢; hidden layers with ReLu activation functions and ReLu
output activation function. Each example is run with 5 different
randomly generated seeds under N episodes, which leads to
a N x Z—{ total interactions with the environments. Results are

5To simplify the notation, the x also includes the time variable . The
w(z|0*) is the parameterized optimal control policy and Q(x¢,wut) is
parameterized with parameters % and learned using the HJB equation (5).

Linear layer y = A;x + b, A; € R"a*™x

[ | [ |
Gumbel [0,1,0,---0] ... ¢ € RuXnx
State softmax L € Ri*na :
[ | ||

J_. u € Rt

Fig. 2. The actor of the piecewise reinforcement learning algorithm using
Gumbel softmax.

x € Rx1

reported as the mean +1 standard deviation across trials. All
the simulations are performed in PyTorch on a desktop PC
equipped with an NVIDIA GeForce RTX 4060 GPU.

A. Tested Environments

1) A first-order system: FO: The first example is a first-
order state-dependent switched system.

1
max .J = f/ —(2? + u?)dt
2 Jo

P 2z +u, x>1
by T= —rtu, x<l1
z(0) = 2,

where the fixed terminal time ¢; = 1. The states start at z(0) =
2. The system’s dynamic switches at the state £ = 1. The
reward function is designed as r = —0.5(x? + u?).

2) A multi-region system: MR: Next, we consider the
example adapted from [34].

Vo1t 2
max J = —5(33 x4+ u®)dt
0

s.t., 2 = Agz + Byu

e fi 2 f)

The terminal time is t; = 2. Separating regions are R;,? =

1,2,3,4, the switching interfaces are m2 = 29 +5 = 0,
mig = 1 +5 =0, mog = —mgz = 21 — 22 = 0, Mmyy =
—myy = 21 +2 =0, m3g = —my3z = 29 + 2 = 0. The

controller is constrained in all locations to —10 < u, < 10.
The observation space is the position (z1,x2,t) where z1 €
[-10,10], =2 € [-10,10], ¢ € [0,2]. The action space is the
control input u € [—10, 10]. The reward function is defined as
re = —0.5(x] z¢ + u?).



3) Actuated Spring-mass model of hopping: Spring: The
actuated Spring-mass hopper has four states: the height of the
mass (z) and its time derivative (z), and the natural length of
the leg spring (L) and its time derivative (L). There are two
phases of the hopper: when the hopper is on the ground, the
dynamics of the mass are

K(L)(L — z) + D(L)(L — z)

= -9,
m

where m is the value of mass, K (L) and D (L) are the stiffness
and damping coefficient respectively. When the hopper is in
the flight phase, the dynamics is Z = —g. The robot lifts off
when L = z. A more illustrative example of the model can
be found in [35]. We write the states of the robot as = =
[2,2,L,L]T. This leads to a system with piecewise-smooth
dynamics:

. _ [2,—g,L,u]T7z—L>O
&= flz,u) = {[;é,F(nc)/m—g,L,u]T7 z—L <0

where F(x) = K(L)(L — z) + D(L)(L — z) and u is the
control input. We let K (L) = 10 and D(L) = 0.1. The initial
state is set to zo = [2(0), 2(0), L(0), L(0)] T = [1,0,0.75,0] "
and the input is bounded as u € [—10, 10]. The objective is to
maximize the following objective function

T = —(((2(t7) = 2(0))% + 2%(t5) + / "2ae),

where 1y = 1.8.

B. Performance Comparison

Fig. 3 presents the performance of RL and PRL under
various hyperparameter settings. We fix the target network
update rate to 7 = 0.005 and the variance of added Gaussian
noise to 0 = 0.05. The temperature of Gumbel softmax is
denoted by T, and we adopt the “hard” setting here to induce
a switched control policy. In the figure, each legend entry
follows the format (algorithm, number of layers for actor ay,
number of nodes of each layer for actor-network aj;q, batch
size (bs)).

As shown in Fig. 3(a), in the FO environment, PRL con-
sistently converges to a stable reward after approximately 400
episodes across different hyperparameter settings, whereas RL
exhibits convergence issues. In the MR environment (Fig.
3(b)), both algorithms reach a stable reward after about 300
episodes; however, PRL demonstrates greater robustness to
hyperparameter variations compared to RL. In the Spring
environment (Fig. 3(c)), PRL’s learning curve exhibits lower
variance than RL’s, despite using only a single-layer actor
network. Moreover, PRL’s performance remains robust across
different Gumbel temperatures, as illustrated in Fig. 3(d-f) for
all environment settings.

VI. CONCLUSION

In this article, we proposed a piecewise reinforcement
learning approach to address the optimal control problem for
state-dependent switched systems. We theoretically analyzed

the feasibility of the proposed idea and validated it across
multiple examples. Our results show an improved performance
of the proposed method compared to standard reinforcement
learning. We also offered a theoretical explanation for why
learning a piecewise policy is better for switched systems. Fu-
ture work will extend to higher-dimensional systems involving
contact dynamics.
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