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Abstract— In this paper, we propose an online estimation
method for the internal voltages of a three-branch super-
capacitor model. The main goal is to provide a fast and
accurate estimation of these voltages, which are crucial for
assessing the state of charge (SOC) for the management system.
To achieve this, we design a decoupled continuous nonlinear
observer, whose outputs are discretized using a zero-order
hold (ZOH). Simulation results demonstrate that the observer
delivers high-performance estimation, even under fast dynamic
input conditions, such as those encountered in WLTP cycles.

Index Terms— nonlinear, observer, sampled-data, superca-
pacitor, three-branch model, WLTP.

I. INTRODUCTION

Optimizing energy storage systems (ESS) is a major
challenge in the development of electric vehicles (EVs), re-
newable energies and embedded systems [1]. Among storage
technologies, supercapacitors (SC) stand out for their ability
to deliver high power density, high energy efficiency and
long life [2], [3]. Unlike lithium-ion batteries, which are
limited by electro chemical reactions, supercapacitors store
energy in electrostatic form, enabling them to offer faster
charge/discharge cycles and a much longer service life [4].
Their integration in Electrical Vehicles (EVs) thus helps to
improve battery autonomy, optimize energy recovery during
regenerative braking and reduce overall system energy losses
[5], [6]. However, effective management of these components
is necessary to ensure optimum performance, safety and
durability [7], [8].

SC modeling plays an essential role in analyzing their
behavior and developing advanced management strategies.
Several models exist in the literature, ranging from the simple
equivalent RC model to more complex models incorporating
internal dynamics. The one-branch model, based on a single
RC circuit, is often used because of its simplicity, but it
does not accurately capture self-discharge and charge redis-
tribution phenomena [9]. The two-branch model represents
a compromise between accuracy and complexity, but is still
limited in its ability to represent all the internal dynamics
of the SC [10]. Finally, the three branch model is one
of the most comprehensive, and can model the different
time constants associated with energy transfers in the SC,
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making it particularly suitable for applications requiring fine
estimation of internal states [11].

Estimation of the internal states of SCs relies on algo-
rithms to reconstruct variables inaccessible to direct measure-
ment. Numerous approaches have been developed in the liter-
ature: the Luenberger observer is a classical approach based
on feedback of measurement errors, but it remains sensitive
to uncertainties and disturbances [12]. The Extended Kalman
Filter (EKF) is an advanced method capable of handling
these uncertainties by linearizing the SC model around
the operating point, but this approximation can introduce
significant errors, and the algorithm remains computationally
expensive [13], [14]. The Unscented Kalman Filter (UKF)
offers a better alternative by incorporating a nonlinear trans-
formation of the states, improving the robustness and accu-
racy of the estimate, but at the cost of increased complexity
[15].

More recent approaches aim to improve convergence
speed and robustness to perturbations. The high-gain ob-
server (HGO) uses a high observation gain to speed up
correction of estimation errors, but it can be sensitive to
measurement noise and requires precise parameter tuning
[16]. The Generalized Extended State Observer (GESO) is
another solution for improving robustness to uncertainties
by incorporating on-line identfication of model parameters,
guaranteeing better adaptation to SC variations [17]. Finally,
sampled observers, such as Zero Order Hold (ZOH), limit
the computational load by updating states at discrete instants
while maintaining a continuous model between two samples,
making them an effective solution for embedded systems
[18]. In this paper, we propose the development of a par-
ticular observer structure for estimating the internal states of
supercapacitors:

• A nonlinear continuous observer, ensuring real-time es-
timation with exponential convergence of the estimation
error.

• A nonlinear sampled Zero Order Hold (ZOH) observer,
combining the advantages of discrete and continuous
methods to reduce the computational load while main-
taining good accuracy.

These kind of observer will be validated by simulation on dif-
ferent input profiles, including constant step charge/discharge
cycles, the New European Driving Cycle (NEDC) and
the Worldwide Harmonized Light Vehicle Test Procedure
(WLTP) cycle. The aim is to compare their performance in
terms of estimation accuracy, robustness and computational
complexity for efficient integration into supercapacitor man-



agement systems. This paper is organized as follows: Section
II presents the system modeling, followed by the design
of the nonlinear continuous observer and ZOH observer is
presented in Section III. Simulation results are discussed in
Section IV, before concluding in last Section.

II. SUPERCAPACITOR CIRCUIT MODEL

A. model discussion

Supercapacitors are generally modeled using equivalent
electrical circuit models (ECMs). These models are used to
analyze and predict the behavior of supercapacitors prior to
their integration into practical applications. The fundamental
components of ECMs are resistors and capacitors, which
can be combined in series or in parallel to reflect the
dynamic characteristics of the supercapacitor. Depending on
the desired level of complexity, several types of model exist:
some focus on the behavior of the SC during charge and
discharge cycles, while others incorporate parameters such
as charge/discharge frequency and the evolution of internal
characteristics. The most commonly used models include :

• The simple RC model, often supplied by manufacturers,
which represents the supercapacitor by an equivalent se-
ries resistance (ESR) and a single capacitance. Although
suitable for basic applications, this model does not take
into account internal phenomena such as load redistri-
bution and the effect of load voltage on capacitance.

• The classic RC(u) model, which improves on the simple
model by integrating a variable capacitance dependent
on input voltage. However, it remains limited in accu-
racy over a wide range of frequencies, although it is
commonly used to study the ageing of supercapacitors
[15].

• The two or three-branch model, which provides a bet-
ter representation of internal dynamic phenomena by
integrating several time constants associated with the
charging and discharging processes. The greater the
number of branches, the more accurate the model, but at
the cost of increased complexity in terms of calculation
and parameter identification [19].

• The transmission line model, which seeks to capture
charge diffusion in porous electrodes more accurately,
although its implementation is more complex and the
observation of internal parameters is often treated as a
Partial Differentiel Equation (PDE) problem to solve.

The three-branch model used in this study is particularly
suited to applications requiring precise energy and tempera-
ture management, such as electric vehicles and smart grids.
This model is structured into three distinct dynamics:

1) Fast dynamics (immediate): corresponding to the ini-
tial charging and discharging phases, when energy is
mainly stored on the surface of the electrodes.

2) Intermediate dynamics (delay): representing energy
transfer in the supercapacitor’s inner layers.

3) Slow dynamics (long term): modeling longer-term phe-
nomena such as self-discharge and charge redistribu-
tion [11].

By incorporating effects such as ionic diffusion and
electrochemical polarization, the three branch model offers
a detailed description of supercapacitor behavior under a
variety of conditions. It can therefore be used to better predict
performance and optimize energy management strategies in
embedded systems. As we use a model-based synthesis for
our observer, the accuracy of the chosen model is crucial.
The equivalent circuit of the supercapacitor cell is shown in
Fig. 1.

Fig. 1. Three branch model

B. Model equations
As depicted in Fig. 1 :
• Vsc is the terminal voltage of the supercapacitor,
• isc is the input current of the SC,
• Vck is the internal voltage at each branch k,
• R1, R2 and R3 are the equivalent series resistances,
• Rp is the leakage resistance,
• C1, C2, C3 are the capacitances associated with the

three dynamic branches of the SC.
In this model, the capacitance C1 depends on the voltage and
can be approximated as C1 = g(Vc1) a non linear function
approximated by C0 + CvVc1 .

C. State-Space Formulation
Applying Kirchhoff’s Current Law (KCL),the expression

for the supercapacitor current is obtained as:

isc = i1 + i2 + i3 + i4 (1)

which can be rewritten as:

isc =
Vsc − Vc1

R1
+

Vsc − Vc2

R2
+

Vsc − Vc3

R3
+

Vsc

Rp
(2)

After rearrangement, the terminal voltage of the SC is
given by:

Vsc = Req

[
1

R1
Vc1 +

1

R2
Vc2 +

1

R3
Vc3 + isc

]
(3)

where Req represents the overall equivalent resistance of the
circuit.

Applying Kirchhoff’s Voltage Law (KVL) to each branch:

Vsc = RkCk
dVck

dt
+ Vck k = 1, 2, 3 (4)

By substituting (3) into (4),we obtain the system of state-
space equations:

dVc1

dt
=

(Req −R1)Vc1

R2
1(C0 + CvVc1)

+
ReqVc2

R1R2(C0 + CvVc1)

+
ReqVc3

R1R3 (C0 + CvVc1)
+

Reqisc
R1 (C0 + CvVc1)

(5)



dVc2

dt
=

ReqVc1

R1R2C2
+

(Req −R2)Vc2

R2
2C2

+
ReqVc3

R2R3C2
+

Reqisc
R2C2

(6)

dVc3

dt
=

ReqVc1

R1R3C3
+

ReqVc2

R2R3C3
+

(Req −R3)Vc3

R2
3C3

+
Reqisc
R3C3

(7)

Defining the state variables as:

X1 = Vc1 , X2 = Vc2 , X3 = Vc3 , y = Vsc (8)

the state-space representation of the system becomes: Ẋ1(t) = Φ(X,u)

Ż(t) = AZ(t) +B0X1(t) +B1u(t)
y(t) = d1X1(t) + CZ(t) +Requ(t)

(9)

with :

Φ(X,u) = [ρ1 ρ2 ρ3]

X1

X2

X3

+ ρ4 u (10)

with ρ1 =
Req −R1

R2
1(C0 + CvX1)

, ρ2 =
Req

R1R2(C0 + CvX1)
,

ρ3 =
Req

R1R3 (C0 + CvX1)
, ρ4 =

Req

R1(C0 + CvX1)
.

Z =

X2

X3

 ; X = (X1; Z) ; A =

Req−R2

R2
2C2

Req

R2R3C2

Req

R2R3C3

Req−R3

R2
3C3

 ;

B0 =

 Req

R1R2C2
Req

R1R3C3

; B1 =

 Req

R2C2
Req

R3C3

; C =

[
Req

R2

Req

R3

]
; d1 =

Req

R1

To validate the three-branch model, we used various current
profiles representative of real-life supercapacitor applications.

• Constant steps (Charge/Discharge): this basic test, already
used in [17], validates the model’s response to controlled
charge and discharge cycles.

• New European Driving Cycle (NEDC).
• Worldwide Harmonized Light Vehicle Test Procedure

(WLTP).

The use of the NEDC and WLTP as current input to our observer
enables a more thorough evaluation of the three-branch model under
a variety of conditions. This approach ensures that the model is
suitable for real-life energy management applications, and facilitates
its integration into advanced supercapacitor monitoring systems.
Because the SOC depends on the internal voltages which are not
directly measurable, an observer is then needed to track them.

III. OBSERVER DESIGN
A. nonlinear continuous observer design

In the literature, classical observers applied to supercapacitors
generally use a global approach where the whole model is treated
as a single system. However, this approach has its limitations,
particularly in terms of computational complexity and stability
when multiple dynamics are present. In contrast to the global ap-
proaches used in the literature, our method is based on an innovative
decomposition of the system into two distinct subsystems:

1) A non linear subsystem X1 representing the fast dynamics
of the supercapacitor,

2) A linear subsystem Z capturing the intermediate and slow
dynamics.

This approach simplifies observer design while ensuring improved
robustness and accuracy of the estimation.

The nonlinear continuous observer equations are :
˙̂
X1(t) = Φ(X̂, u) + l1(y(t)− ŷ(t))
˙̂
Z(t) = AẐ(t) +B0X̂1(t) +B1u(t) + L(y(t)− ŷ(t))

ŷ(t) = d1X̂1(t) + CẐ(t) +Requ(t)
(11)

with :

Φ(X,u) = [ρ̂1 ρ̂2 ρ̂3]


X̂1

X̂2

X̂3

+ ρ̂4 u (12)

with ρ̂1 =
Req −R1

R2
1(C0 + CvX̂1)

, ρ̂2 =
Req

R1R2(C0 + CvX̂1)
,

ρ̂3 =
Req

R1R3

(
C0 + CvX̂1

) , ρ̂4 =
Req

R1(C0 + CvX̂1)
.

Ẑ =

X̂2

X̂3

; L =

l2
l3

.

B. Computation of gains
The gain L is determined by placing desired poles in the

observation matrix (A+LC) and L and l1 must respect constraints
obtained by applying the Lyapunov criterion and Young’s inequality.

Sketch of proof:
Lets define Z̃ = Z − Ẑ, X̃1 = X1 − X̂1, X = (X1 Z) and

X̃ = (X̃1 Z̃).
Define V a Lyapunov candidate function such that:

V = V1 + V2 (13)

V1 = Z̃T P Z̃ (14)

V2 =
1

2
X̃1

2
(15)

with P respecting P (A+ LC) + (A+ LC)TP ⩽ −µI .
The nonlinear function Φ verify:

|Φ(X,u)− Φ(X̂, u)| ⩽ K|X̂ −X| (16)

Using Young’s inequality, the derivative of V is construct as
V̇ = V̇1 + V̇2 such that:

V̇ ⩽ −β |Z̃|2 − γ |X̃|2 (17)

with

β =

(
µ

2
− 2

d1
l1|C|2

)
> 0 (18)

γ =

(
l1
d1
2

−K − 2

µ
|P |2|B0 − L d1|2

)
> 0 (19)

µ > 0, d1 > 0

We must ensure that the Lyapunov function derivative satisfies
V̇ ≤ − α V which guarantees exponential stability of the
estimation error. To determine the gains, L is such that (A+LC)
is Hurwitz and l1 must satisfy inequations (18-19).

C. Sampled-Data observer with Zero-Order Hold (ZOH)
In this section, we introduce a sampled-data observer based

on the Zero-Order Hold (ZOH) principle. Unlike continuous-time
observers, which update the estimated states in real-time, ZOH-
based observers update the state estimates only at discrete sampling
instants, while keeping the values constant between two consecutive
updates. This approach is particularly useful for digital implementa-
tions, where measurements are available at specific sampling times
tk rather than continuously [20].



Motivation for ZOH-Based Estimation:
Many practical applications, especially energy storage manage-

ment systems, rely on discrete-time sampling due to hardware
constraints. While continuous-time observers provide smoother esti-
mations, they are computationally demanding and require real-time
feedback, which is not always feasible. On the other hand, ZOH-
based observers reduce the computational burden by processing
updates at discrete time steps tk while keeping values between
updates.
Mathematical Formulation of the ZOH Observer:

The ZOH observer is governed by the following set of equations:

˙̂
X1(t) = ϕ(X̂, u) + l1(y(tk)− ŷ(tk)) (20)

˙̂
Z(t) = AẐ(t) +B0X̂1(t) +B1u(t) + L(y(tk)− ŷ(tk)) (21)

ŷ(t) = Req

(
1

R1
x̂1(t) +

1

R2
x̂2(t) +

1

R3
x̂3(t) + u(t)

)
(22)

Where y(tk) represents the measured output at discrete sampling
times, ŷ(tk) is the estimated output at these instants and l1, l2, l3
are the observer gains, tuned to ensure stability and convergence.

IV. SIMULATION RESULTS
A. Dynamic load profile: constant steps, NEDC and WLTP

Most simulation procedures use constant step current profiles
to clearly distinguish between charging and discharging phases,
simplifying the estimation process. However, in the context of
electric (EV) and hybrid electric vehicles (HEV), it is more relevant
to simulate real-world driving conditions to better assess system
performance under dynamic operating conditions [21].

To achieve this, vehicles follow predefined driving cycles, which
are speed profiles over time. An ideal driving cycle should meet
several key criteria as realism, repeatability and reproducibil-
ity,statistical representativeness. Until recently, the NEDC was
widely used in the EU for vehicle certification. It is a synthetic
driving cycle, mathematically derived, consisting of predefined
speed phases, including constant-speed segments and complete
stops. However, the NEDC presents some limitations. To overcome
these limitations, WLTP was introduced to provide a more realistic
assessment of vehicle energy consumption. Compared to the NEDC,
the WLTP offers several key improvements such as more aggressive
accelerations and decelerations, closer to real-world driving behav-
iors, a longer driving distance, diverse range conditions (urban,
suburban, main roads, and highways) and higher average and peak
power demand.

The corresponding current profiles in Fig. 2 are directly derived
from the driving cycles and exhibit abrupt discontinuities. These
rapid current variations introduce nonlinearities in the system,
making the estimation of internal states more challenging. Due
to these high dynamic characteristics, many classical observers
fail to provide accurate real-time estimates or require significant
computational resources, making them less suitable for embedded
systems.
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Fig. 2. Current input profiles

In this work, we applied three profiles presented in Fig. 2
to our observer. Results are presented in Fig. 3 with a focus
on first 200s. For the first current profile Fig. 2a, Applying our
observer give similar results to those of [17]. Then, we present
only simulations with NEDC and WLTP current input profiles to
evaluate the performance of our observers.

B. nonlinear continous observer results
The parameters used correspond to those of the most well-known

reference supercapacitor, frequently cited as a standard, as described
in [11]. These parameters are summarized in Tab. I.

• Initial conditions for the system model were set to [Un 0 0]
assuming that the supercapacitor starts in a fully charged state
before the NEDC or WLTP test.

• Initial conditions for the observer were set to [Un 0.01 0.01]
to avoid undesired numerical behavior. The choice of the
initial condition of the first state to Un is made for a better
focus of the results. Note that the observer has no problem to
exponentialy converge with initial condition 0.01 on the first
state.

TABLE I
SUPERCAPACITOR 1500-F THREE-BRANCH PARAMETERS

nominal capacitance Crated=1500 F

nominal voltage Un=2.7 V

fast branch C0=900 F R1=1.5 mΩ

Cv=300 F/V

intermediate branch C2=200 F R2=0.4 Ω

slow branch C3=330 F R3=3.2 Ω

Rp=4 kΩ

To avoid numerical zero inversion and also to test the observer noise
robustness, a measurement noise was added to the current profiles before
applying them to the model.
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Fig. 3. Estimation errors (continuous case) with WLTP input

In the continuous case, results for both inputs are very similar. We present
only one case (the WLTP one) in Fig. 3.

Without any surprise, the continuous observer is able to adapt effectively
to variations in NEDC and/or WLTP cycles, ensuring an accurate and stable
estimation of the supercapacitor’s internal voltages. The estimation error



converges quickly (in less than a minute), demonstrating its robustness and
efficiency for real-time applications. These results are quite obvious because
this is a continuous case but they confirms their potential for integration into
energy management systems.

C. Sampled-Data Observer with ZOH results
In this subsection, we analyze the (next step) performance of the Zero-

Order Hold (ZOH) observer, which has been implemented with a fixed
sampling time of Te = 0.02s, the same choice as in [17]. As a natural
way, NEDC results in Fig. 4 presents better results than WLTP in Fig. 5.
This is a consequence of the highly nervous nature and high frequency of
the WLTP input.

(a) Error on first state X1 (b) Error on second state X2

(c) Error on third state X3 (d) Error on output Y

Fig. 4. Estimation errors (ZOH, Te = 0.02s) with NEDC input
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(c) Error on third state X3
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Fig. 5. Estimation errors (ZOH, Te = 0.02s) with WLTP input

remarks: To allow comparisons between NEDC and WLTP, we make the
choice to restrict plots time to 1000s without any impact on the quality
of results because convergence occurs early. Better results can be obtained
with a smaller Te : the smaller the Te, the smaller the estimation error.
We made the choice to not present the better result. The exploration of the
better choice of Te must be made with regards to the specifications. One can

note numerous peaks, naturally due to sampling effects. The use of an inter-
sampled observer could better this behavior because the estimation would
be more accurate between the sampling times and the maximum admissible
Te would be determined.
SOC Results:

One way to calculate SOC is presented in [17]. The definition of the state
of charge (SOC) presents many different issues [22]. In general, the SOC is
defined as the ratio of the current capacity Q to the nominal capacity Qn.
Then, the SOC can be defined as follows:

SOC =
Q

Qn
=

(C0 + CvVC1)VC1 + C2VC2 + C3VC3

Qn
(23)

Then, an accurate estimation of the internal voltages is crucial for the SOC.
Simulation results of the SOC and their errors are presented in Fig. 6.
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Fig. 6. SOC and estimation errors of the SOC for Te = 0.02s and
Te = 1s with NEDC and WLTP inputs

The results confirm that, despite the discretization, the ZOH observer
maintains accurate state estimation, with rapid error convergence. The SOC
error estimation is of order 10−3 for NEDC and 10−3 for WLTP, somehow
better than most of results obtain for observer in the literature with constant
steps input. Naturally, with Te = 1s, there is a degradation of the estimation
accuracy as it is of order 0.2.

If we introduce a kind of RMSE criteria:

λ =

√∑N
0 ( ˆSOCk − SOCk)2

N
,

the estimation error of the SOC in terms of root mean square error is shown
in the table Tab. II

TABLE II
RMSE FOR SOC

NEDC Te = 0.02s Te = 1s

λ 6.3122 e-4 0.0244

WLTP Te = 0.02s Te = 1s

λ 7.7382 e-4 0.0364

Using this criteria as index evaluation, NEDC λ value is slightly smaller
than WLTP due to the dynamics of the inputs. Results clearly shows that
the estimation accuracy is around 40 times better for NEDC and 50 times
better for WLTP with a small Te. Nonetheless, even with a large Te, we
obtain similar results as others works with constant step inputs. This validate
our observer and is highly promising in a future use of an inter-sampled
observer.



V. CONCLUSIONS
In this paper, we designed a nonlinear sampled-data observer with a

particular structure for estimating the internal parameters of supercapac-
itors, based on a three-branch model. The proposed approach relies on
a continuous observer, whose outputs are discretized using a ZOH. This
particular structure ensures global exponential convergence of the estimation
error, even in the presence of abrupt current variations, such as those
encountered in NEDC and WLTP cycles. Simulation results demonstrate the
efficiency and robustness of the proposed observer, providing fast and stable
estimation of the supercapacitor’s internal voltages. These performances
confirm its potential for integration into energy management systems for
electric vehicles and embedded applications.

Although limited, these results are promising for applying Inter-sampled
Observer in future work. This confirms its suitability for applications
requiring both real-time performance and stability under varying operational
conditions. Then, we plan to extend this study to a hybrid observer with
inter-sample prediction, aiming to further enhance real-time estimation
accuracy, speed convergence and provide a easy tuning of the desired
sampled-time Te.
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