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Abstract—In this paper, we propose a robust variant of
the Ensemble Kalman Filter (EnKF) that remains reliable
in the presence of outliers and non-Gaussian noise. The
method, called Hybrid Dynamical Adaptive Least Trimmed
Squares EnKF (HD-LTS-EnKF), combines adaptive outlier
trimming with ensemble covariance weighting to improve
filter stability and accuracy. By dynamically identifying
and downweighting anomalous ensemble members and ob-
servations—based on how uncertainty propagates through
the system—our approach preserves the essential covari-
ance structure while reducing the influence of outliers.
Although solving the full optimization is infeasible in
high-dimensional systems, we show that HD-LTS-EnKF
approximates the optimal solution.

Index Terms—Ensemble Kalman Filter, Least Trimmed
Squares, Hybrid Dynamical Adaptive Least Trimmed
Squares, Outliers, assimilation data.

I. INTRODUCTION

The Ensemble Kalman Filter (EnKF) has revolution-
ized state estimation in high-dimensional nonlinear sys-
tems, offering a computationally tractable alternative to
the optimal but restrictive Kalman filter (KF). By em-
ploying a Monte Carlo approximation to propagate un-
certainty through an ensemble of model states, the EnKF
circumvents the need for explicit covariance propagation
while preserving the Kalman filter’s recursive structure
[1]. This innovation has enabled widespread adoption
across geophysics, robotics, and industrial control sys-
tems where nonlinear dynamics render traditional KF
implementations impractical [2].

The EnKF’s theoretical guarantees, however, rest on
the critical assumption of Gaussian noise—a condition
frequently violated in practice due to outliers [3]. These
anomalous observations manifest in three distinct forms
[4]:

« Process noise outliers representing unmodeled dis-

turbances (e.g., thruster misfires in spacecraft dy-

namics or abrupt thermal loads in heat conduction
systems) [10]

o Measurement outliers from sensor faults or trans-
mission errors (e.g., spurious temperature readings
in weather stations)

« Initialization outliers caused by cold-start problems
or registration errors (common in multi-sensor fu-
sion)

Our experiments with 1D heat conduction [5] reveal the
EnKF’s acute sensitivity to outliers. Compared to the
no-outlier case (State MSE of 0.068), a process outlier
increased the State MSE to 0.170 (a 2.5x increase), while
a measurement outlier increased the State MSE to 0.095
(a 1.4x increase). Conventional remedies like covariance
inflation prove inadequate as they [7]:

1) require manual tuning,
2) fail to distinguish between outlier types, and
3) degrade performance in outlier-free conditions

A. The DH-LTS-EnKF Approach

To address these limitations, we introduce the Dynam-
ical Hybrid Least Trimmed Squares EnKF (DH-LTS-
EnKF), which integrates:

o Multi-stage Mahalanobis testing with y2-derived
thresholds for process (ry), measurement (ri’), and
initialization residuals

e SVD-based ensemble recovery that maintains nu-
merical stability during trimming

« Adaptive thresholding via online residual statistics

This approach provides three key advantages over existing
methods:

1) Dynamical outlier decoupling: Unlike batch LTS
[8], [9] methods, we separately handle process and
measurement anomalies

2) Computational preservation: Maintains the EnKF’s
O(Nn?) complexity



3) Provable robustness: Achieves a breakdown point
of € = min(ey, €,, €g) under e-contamination mod-
els.

This paper advances robust state estimation for nonlin-
ear systems by developing a novel theoretical framework
that unifies Least Trimmed Squares (LTS) robustness with
ensemble forecasting. The proposed Dynamical Hybrid
LTS-EnKF (DH-LTS-EnKF) algorithm provides built-
in safeguards against process noise, measurement, and
initialization outliers, improving performance in scenarios
where standard EnKF methods are compromised by non-
Gaussian noise.

The remainder of this paper is structured as follows:
Section 2 presents the problem setting and summarizes
the Ensemble Kalman Filter (EnKF). Section 3 discusses
three types of outliers and analyzes their impact on the
EnKF’s performance. Section 4 develops the Dynamical
Hybrid LTS-EnKF (DH-LTS-EnKF) algorithm. Section
5 presents numerical experiments based on the one-
dimensional heat conduction equation.

II. PROBLEM STATEMENT

We address the problem of robust state estimation
in nonlinear dynamical systems subject to outliers and
heavy-tailed noise. The system is modeled by the follow-
ing discrete-time nonlinear state-space equations:

Process Model: xj = f(xx_1, ug, wi),

Measurement Model: yj = h(xg, vi),
where

e X;, € R™: hidden state vector at time k,

e yi € R™: observation vector,

e uy € RP: exogenous input,

o Wi ~ (1—€)N(0, Qi )+€eH: process noise, possibly

contaminated by outliers,
e vi ~ (1 —€e)N(0,Ry) + €Gy: measurement noise,
possibly contaminated by outliers,

o Hp, Gi: heavy-tailed outlier distributions.
The goal is to infer the hidden state sequence x.;; from
noisy observations yi.;, despite the presence of model
uncertainties and outliers. This framework generalizes
classical state-space models by allowing for non-additive,
non-Gaussian noise and exogenous inputs, which are
common in applications such as robotics, power systems,
and biomedical engineering.

The least-squares (LS) estimator seeks the state se-
quence that minimizes

k
min |[xo — Xollpor + Z; ly: —
t=

h(x)[2

+ ||x¢ — f(Xt—lﬂlt)Hgt—l, (D

where ||z]|4 = z" Az denotes the Mahalanobis norm.
The Kalman filter (KF) optimally solves the least-squares
problem (1) for linear-Gaussian systems, while the ex-
tended KF (EKF) uses linearization for nonlinear cases.
Particle filters handle general nonlinearities but become
computationally prohibitive in high dimensions.

In high-dimensional or online settings, the Ensemble
Kalman Filter (EnKF) provides a sequential approxima-
tion by minimizing, at each step
X = argmin [[xp—f(Xx—1, ug) Hlyr—h() 1R,

2)
where P is the forecast error covariance estimated
from the ensemble. Which can be approximated by EnKF

using an ensemble of states {Xk\k OY
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The analysis update for stochastic EnKF perturbs both
observations and states:

(1) _ (@)

(4) (4)
Xpjk = Xpp—1 T K (yk - h(Xk|k_1)) ®)
where:
o Perturbed observations: y,(;) Y + e(l) e,(;) ~
N(0,Ry)
o Kalman gain:
K, =Py H] (HkPk|k—1H]—gr - Rk) (6)

The EnKF efficiently approximates (2) using ensemble
covariance estimation, avoiding EKF’s linearization er-
rors while remaining tractable in high dimensions. It
propagates nonlinear dynamics exactly through ensem-
ble members and captures flow-dependent errors, though
standard implementations face three key limitations: out-
lier sensitivity from corrupted members, rank-deficient
covariances when N < n, and potential divergence from
strong nonlinearities.

ITII. TYPES OF OUTLIERS AND THEIR IMPACT ON
ENKF

We classify outliers into three fundamental types af-
fecting state estimation:



1) Process Noise Outliers:

wi, ~ (1= B)N(0,Qp) + BHs, (7)

where Hj is heavy-tailed (e.g., Cauchy). Propagates
through:

Xjpp] = f(Xk) + Wﬁutlier (8)
2) Measurement (additive) Outliers:
v ~ (1 = )N (0, Rg) + oGy ©)

where G, has unbounded support.
3) Initialization Outliers:

%0 ~ (1 = 7)N(x0,Po) + 7N (15, %5)  (10)

To quantify the impact of these outliers, we conducted
500 Monte Carlo simulations on a 1D heat equation where
(@ = R = 0.001. The results of these simulations, detailed
in the following table, demonstrate a clear degradation in
EnKF performance across all outlier categories compared
to the no-outlier scenario: The simulations revealed that

Condition State MSE ~ Output MSE
No outliers 0.068149 0.000098
Process outlier 0.169773 0.000162
Measurement outlier 0.094778 0.000124
Initialization error 0.093560 0.00010

both state and output mean squared errors (MSE) increase
notably across the outlier categories relative to the base-
line of the clean system without any added outliers. The
largest impact was seen in the state MSE and occurred
when we modeled a process outlier, which represent
unmodeled, abrupt deviations in system dynamics. In
comparison, when we modeled the different measurement
and initial outliers, they had significantly lower MSE
values.
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Fig. 1. State estimation results for 1D heat conduction.
Figure 1 illustrates the impact of process noise, ad-

ditive, and initialization outliers on EnKF estimation
performance.

IV. INTRODUCTION TO STATIC LEAST TRIMMED
SQUARES

Consider the measurement model at a single time step

[8]:

y=hx)+v, v~ (1-¢N(0OR)+eG (11)

Outliers are introduced from a distribution G with a
contamination rate €, meaning that a small fraction of
the observations are corrupted by noise that deviates
significantly from the typical Gaussian assumption.

The static LTS estimator addresses this issue by solving
the following optimization problem:

h
m}in Z r%i) (x)
i=1

In essence, LTS aims to find the state estimate x that
minimizes the sum of the smallest squared residuals,
effectively ignoring the largest ones that are likely to be
outliers. Here:

e ri(x) = [R"Y%(y — h(x))]; are the normalized

(12)

residuals.
2 2 DY 2

o r(12 < ) < < Ty are the ordered squared
residuals.

e h = m — |em] is the trimming parameter. This

parameter determines the number of residuals that
are included in the LTS objective. By trimming the
largest |em | residuals, the estimator becomes robust
to outliers.

LTS can be constructed through the following mathemat-
ical steps:

1) Residual Transformation:

r(x) = R_1/2(y —h(x)) (13)

2) Ordering Operator: Define the permutation 7 :
{1,...,m} —{1,...,m} such that:
(14)

7"72r(1)(x) < 7“72r(2) (x) <+ < T72r(m) (%)

This permutation operator 7 reorders the indices of
the residuals, sorting them in ascending order based
on their squared values.

3) Trimmed Likelihood: The LTS cost function can
be expressed as:

Jirs(x) =Y 12 (x) = [TErE)|*  (15)
i=1
where I'(x) is a binary selection matrix:
1 if7 () <h
Fi' X) = - 16
i) {0 otherwise (16)



Here, I'(x) is a diagonal matrix with entries equal
to 1 for the h smallest squared residuals and O for
the remaining residuals.
LTS possesses desirable statistical properties that make
it effective in outlier-contaminated scenarios.
Theorem 1 (Breakdown Point): The finite-sample
breakdown point of the LTS estimator is:
m—h

€ =—re€
m

(17

meaning it can tolerate up to |em| outliers.

The breakdown point ¢* is the maximum fraction
of outliers that the estimator can tolerate before its
performance becomes arbitrarily bad. For LTS, this is
approximately equal to the trimming fraction e, indicating
its ability to handle a significant number of outliers.

Theorem 2 (Influence Function): The influence function
for LTS is bounded:

M-YJJR 2, if <
mez{ TRy if [Jro < c

. (18)
0 otherwise

where M = E[J'TJ], J = 0h/0x, and c is a residual
cutoff threshold.

The influence function describes how the estimator’s
output changes when a new data point is added to the
sample. A bounded influence function indicates that the
estimator is not overly influenced by any single data point,
providing robustness against outliers. The LTS estimator
has a bounded influence function because it effectively
ignores data points with residuals larger than a certain
threshold c.

A. Convergence Analysis

Under the following conditions:

e« h is Lipschitz continuous, meaning that small
changes in the state vector x lead to small changes
in the predicted observations h(x).

« Residuals have finite variance, ensuring that the data
is not too noisy.

e Trimming fraction ¢ < 0.5, limiting the number
of trimmed residuals to less than half of the total,
which ensures that the estimator retains sufficient
information from the good data points.

The algorithm converges to a local minimum with asymp-
totic covariance:

V =o?M"! (JJ I‘OJ0> M~! (19)

where o2 is the variance of non-outlier residuals. This

expression characterizes the uncertainty in the LTS es-
timate, indicating how the estimate varies under small
perturbations in the data.

V. ROBUST TRIMMED AND HYBRID FORMULATIONS

Standard LS and EnKF are sensitive to outliers, as large
residuals can dominate the objective. To address this, we
consider robust objectives based on trimming or hybrid
loss functions. The trimmed least-squares (TLS) approach
discards a fraction of the largest residuals:

k
. o 12
min llxo0 — XOHP(;I + ;H [ef || < 7)[lxy HR’
k

+ Y It | < 7 ef g (20)
t=1

where r{ =y, —h(x;), r¥ =x;—f(x4—1, ), and 7/, 77
are adaptive thresholds and I is indicator function.

Alternatively, we propose a hybrid-adaptive robust ob-
jective for the EnKF:

I — £(x( ) w)ll
Juarrs = ZP( =

tr(Qg)

lyi = hix)] o
+p ( t(Ry) ) 2D

where p(-) is a Huber-type loss function defined by

1.2
5T
p(rim) = {2 "

T|r| — 5T

if |[r] <7

22
otherwise @2)

and adaptive threshold.

VI. RoBUST ENKF VIA DYNAMICAL HYBRID LEAST
TRIMMED SQUARES (DH-LTS) FRAMEWORK

The DH-LTS method generalizes LTS to dynamical
systems by jointly trimming outliers in process residuals,
measurement residuals, and initial state errors. The
robust cost function is:

_ (4)2

Jouirs = Z I Xol[p-r + ZZ [ P

k=1 j=1
T h,
v,(1))12
IO L -
k=11=1
where:

o 1} =x3 — f(x4_1,u;): Process residuals,

o r] =y — h(x;): Measurement residuals,

e hg=n—|eon], hy =n—|eyn], hy =m—

Trimming parameters.

The objective function comprises three terms each
aimed to trim outliers in each process. Careful consid-
eration is made to include three outlier processes with
an additional trimming parameter, h, for each objec-
tive function. It is important to note that, since this

leym]:



formulation is hybrid, the trimming parameter has a
direct relationship with the amount of acceptable bias
in the estimator. A deeper look at these three objective
functions helps highlight the power of DH-LTS for more
general and complex systems with unique sources of
noise and potential outliers. First, Z?il ]x((f) - f(oH%,,]
ensures that, in the initial state, the estimator’s initial
guess remains as close as possible to the sample data
in an attempt to start the filter in the area of conver-
gence. Secondly, Zzzl Z?;l ||r7,:’(y )||2 _, ensures that
data’s process noises at each time—steﬁ are trimmed,
removing any large disturbances which can cause further
mis-estimation issues. Thirdly, S17_, S, HrZ’(l)H2R,1,
attempts to minimize the residuals from measurement
noises. When viewed holistically, the interplay of these
relationships allows for outlier detection and accommo-
dation to be dealt with separately, thereby allowing for
more accurate results.

A. Outlier Detection Mechanisms

1) Additive Measurement Outliers: Detection: Nor-
malized measurement residuals r; = R;l/ 2rz are an-
alyzed. An outlier is flagged if:

[F)lo0 > T, 70 =711 —a/2), (23)

where & is the standard normal CDF and « is the
significance level.

Mitigation: Measurements with |t} > 7, are ex-
cluded from the update step.

2) Process Noise Outliers: Detection: Process residu-
als are whitened and trimmed:

i = Q. ry. (24)

Outliers satisfy ||T}||2 > X%,l— ., (Chi-squared threshold).
Mitigation: The empirical covariance Q) is robustly
re-estimated using the h,, smallest residuals:

P
Q= % Z rz’v(J)(rgv(J))T. (25)
j=1
This re-estimation step ensures the process noise accounts
for non-Gaussian residuals.
3) Initialization Outliers: Detection: The initial state
ensemble {x{”}Y, is evaluated via:

di = [|x§) — %ollp-- (26)
Samples with d; > 79 (e.g.,
discarded.

Mitigation: The initial ensemble is resampled from the
hg best candidates.

_ 2
D = Xn71—50) are

These processes of additive Measurement, Process
Noise and Initialization offer outlier detection while not
being computationally taxing. Given the hybridity of the
models, outliers can be accurately rejected using each
procedure.

B. DH-LTS-EnKF Algorithm

Input: yi.7, ur.7, f, h, Qg, Ry, trimming fractions
€w, €v, €. Output: Robust state estimates X1.7.

1) Robust Initialization:
e Generate NN ensemble members x(()i) ~
N (%0, Pp).
e Trim €y/N members with largest Mahalanobis
distances d;.

2) Forecast Step:

member: xi’(i)

e Propagate each
f(xl(;zl, ui) + w,(;).
o Compute empirical forecast mean §(£

variance P£ .

and co-

3) Process Outlier Detection:

Zu(l) — PO _ f(X;(jlpuk)-'

e Trim €, /N members with largest ||rZ)’(Z)||Q;1.
The trimming in lines 3 is done using

O(Nlog(N))

e Calculate r

, in accordance with common sorting algo-
rithms.

4) Measurement Update:
« Compute y,(;) = h(xi’(l)) + v,(;).
e Trim ¢,N members with largest |yr —

YI(;) HR;1 :
« Update ensemble via Kalman gain using inliers.

5) Iterate until £ =T

C. Theoretical Guarantees

The following section establishes the statistical perfor-
mance guarantees of DH-LTS-EnKF.

Proposition 1 (Breakdown Point): The DH-LTS-EnKF
has a breakdown point of min(e,, €,, €g) for each outlier
type.

Proposition 2 (Consistency): If f, h are Lipschitz and
€w + €, + €0 < 0.5, the state estimates converge to a
neighborhood of the true state.

VII. SIMULATION SETUP AND OUTLIER ANALYSIS

We consider the one-dimensional heat conduction
equation, which describes the temperature distribution in
a rod over time:

or 9T

o~ o @n



where T'(x,t) is the temperature at position 2 and time ¢,
and « is the thermal diffusivity coefficient. For numerical
implementation, the spatial domain [0, L] is discretized
into n = 100 equally spaced points with L = 1 m, and
the time step is set to At =5 x 107° s. The simulation
runs for 1000 time steps.

The finite difference approximation yields

Xpr1 = Axy + Bug + wy, (28)

where x;, € R!% is the temperature profile at time k,
u;, € R? is the input from two heat sources, and wy, ~
N(0,0.0011) is the process noise.

Temperature is measured at m = 9 locations (positions
{10,20,...,90}) using the measurement model:

vie = Cxp + v, (29)

where C € R9%100 gelects the measured states, and
vi ~ N(0,0.0011) is the measurement noise. The
ambient temperature is set to Tympient = 300 K.

The process outliers are generated as (5), where 5 =
0.05 and Hy, is uniformly distributed with a variance of
10.

We model measurement outliers as:

N(0,42R)
N(0,R)

with probability €, for each sensor
Vi ~ .
otherwise

(30)
where €, = 0.05 is the probability of a measurement
outlier occurring for each sensor at each time step, and
v» = 5 is the scale factor for the outlier magnitude.
The ensemble size is set to N = 100. Each member is
initialized from the prior:

x) ~ N(%0,Pg), i=1,...,100 31)

To ensure robustness against initialization outliers, we
compute the Mahalanobis distance for each member,

4 = (x5 — %) TP (x{") — %) (32)

and retain only the (1 — ¢p)N = 90 members with
the smallest distances (¢g = 0.1). The ensemble is then
resampled to maintain N = 100.

A. Robust DH-LTS-EnKF Algorithm

The DH-LTS-EnKF operates in three main stages:

1. Robust Initialization: The ensemble is trimmed
based on Mahalanobis distance as described above.

2. Process Outlier Detection and Mitigation: At
each time step, process residuals are computed for each
ensemble member:

£ — X(i)

(@)
w = Xy — AX L — Bug (33)

Their weighted norms Hrfﬁ) ”%2—1 are calculated, and only
the (1 — €,)N = 90 members with the smallest norms
are retained (e, = 0.1).
3. Measurement Outlier Detection and Mitigation:
Measurement residuals are computed as
(i‘)

vl =y —y\" (34)

and their weighted norms ||r£,2) |%-: are used to trim the
ensemble, retaining the (1 — €,)/N = 90 most consistent
members (e, = 0.1).

To effectively communicate the performance of the
DH-LTS-EnKF compared to the standard EnKF, we rec-
ommend presenting the following results:

TABLE I
PERFORMANCE COMPARISON OF ESTIMATION METHODS

Metric EnKF DH-LTS-EnKF DH-LTS-EnKF
(No Outliers) (No Outliers) (With Outliers)
State MSE 0.066626 0.096377 0.115797
State Bias 0.035787 0.047161 0.062037
Output MSE 0.000997 0.001341 0.001464
Output Bias 0.001260 -0.003246 -0.004579
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