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Abstract—Linear time invariant state-space models have sev-
eral applications related to prediction and control. When models
cannot be derived based on physical principles, these must
be identified based on measurements of the input- and corre-
sponding output vector. In this article we show that for the
purpose of system identification it is useful to transform the state-
space model into an autoregressive moving-average model with
exogenous (ARMAX) inputs as this removes model redundancy
related to the state vector. Our main result is a Kalman-like filter
with forgetting factor that recursively estimates parameters of the
ARMAX model based on new input and output measurements.
We prove that the estimated parameters produce the smallest,
weighted model errors. The recursive nature of the algorithm
is advantageous computationally compared to batch processing
if the data set is large, and moreover it can adapt to changes
in model parameters online. The benefit of the algorithm is
illustrated in a simulation of two stirred tanks in series.

Index Terms—System identification, learning, LTI, ARMAX

I. INTRODUCTION

A. Previous work

System identification is a major field of research and is
concerned with finding dynamical models through observed
data (see e.g. [6], [13] for some extensive information on the
subject). We are here interested in the identification of discrete-
time linear time invariant (LTI) state space models. Such mod-
els are extensively used for prediction and control applications.
In [11] a number of the drawbacks of identification of state-
space models are presented, and the authors propose to use
transfer function matrices as an alternative parameterization.
This is similar to our approach where the state space model
is re-written on the form of an ARMAX-model. Identification
of ARMA(X)-models is extensively treated in the literature,
see for instance [12], [15], [7] or [10]. A recursive method for
generalized least squares identification of an ARMAX-model
was proposed in [14], whereas a Kalman-like recursive predic-
tion algorithm was presented in [4] for identification of linear
regression models with moving average process noise. In [5]
a recursive predictor-based subspace identification algorithm
was presented. Variable-rate forgetting factors of recursive
least-squares algorithms have had a renewed interest lately, see
e.g. [2], [3], [9]. Our approach has perhaps most similarities
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to the RPBSIDPM algorithm of [5]. The method consists of
three computational steps as data becomes available. The first
step is to update the Markov parameters by recursive least
squares. The second is to estimate the state vector, and the third
and final step is to update the state-space parameters through
computation of two more recursive least squares steps.

B. Contributions

The main result of this work is a Kalman-like filter with
forgetting factor for estimating characteristic parameters of
an ARMAX-model (Lemma 7), where we prove that the
estimated parameters produce the smallest, weighted model
errors. We illustrate how an ARMAX model can be used to
remove model redundancy related to the state vector in LTI
model (Lemma 1). Although this is well known (see e.g. [1],
[8]), this is often not utilized in identification of systems on
state space form. As already pointed out, our work has some
similarities to [5], in that a recursive least-squares method
with forgetting factor is used. However, contrary to their work
we do not need the assumption of nilpotency of the state
transition matrix, see [5, Assumption 2]. Another difference
is that we estimate the errors to account for any correlations
when estimating the parameters. That means that if the errors
are strongly correlated in time (loosely speaking, if there is
much process noise in comparison to measurement noise),
their method is expected to perform worse on average.

C. Organisation

This article is organized as follows: Section II contains the
model identification problem formulation. The non-uniqueness
of the LTI model is removed by transforming it into an
ARMAX model. Section II describes how a Kalman-filter like
algorithm can be used to recursively estimate ARMAX-model
parameters, and it is shown how the estimated parameters
produces the smallest, weighted model errors. In Section IV a
system consisting of two stirred tanks in series is simulated,
both with constant and increasing flow, and the estimation
algorithm is used to identify the parameters and output.
Conclusion and further work is provided in Section V, and
finally the proofs of the main results are found in appendices
A and B.

II. MODEL IDENTIFICATION PROBLEM FORMULATION

Consider the following linear time-invariant state-space
model:

xk+1 = f + Fxxk + Fuuk + Feek

yk = h+Hxxk +Huuk +Heek,
(1)



with state vector xk ∈ Rnx , input vector uk ∈ Rnu , output
vector yk ∈ Rne , and error vector ek ∈ Rne , where k ∈ Z
is a counter for the time steps of the model, and where
nx, nu ∈ N and ny, ne ∈ N are the corresponding dimensions.
The main idea about introducing the bias f in the state equation
and the bias h in the measurement equation is that, these
constant terms are a result of linearizing a nonlinear function.
Thus, if we want to approximate a nonlinear process with a
linear model, we end up with model that is similar to the
one described in (1). It is worth noticing that the process
noise Feek, and measurement noise Heek are allowed to
be correlated, which is a slight generalization of the more
common choice found in literature.

The only things we know about the model are its input uk

and its output yk, which are measured. All matrices and other
vectors, including the state vector xk and the error vector ek,
are unknown. We aim to find a state vector xk, vectors f
and h, and matrices Fx, Fu, Fe, Hx, Hu and He, such that
the corresponding error vector ek is small. That is, the model
accurately describes the relation between the input vector uk

and the output vector yk. In turn, the obtained state-space
model may be used for a variety of tasks related to prediction
and control.

It is important to realize that any such model is not unique
in the sense that there are multiple models (in fact, infinitely
many) for which the corresponding model error is the same.
This can be easily seen using a state similarity transform.
Consider the similarity transform x̄k = Txk + b, where T is
any invertible, real matrix and b is any real vector. It follows
that the state-space model in (1) can be written as

x̄k+1 = f̄ + F̄xx̄k + F̄uuk + F̄eek

yk = h̄+ H̄xx̄k +Huuk +Heek,
(2)

with

f̄ = Tf +
(
I−TFxT−1

)
b, h̄ = h−HxT−1b,

F̄x = TFxT−1, F̄u = TFu, F̄e = TFe, H̄x = HxT−1.
(3)

Hence, changing the model by changing the values of the
matrix T and the vector b may change the values of the state
vector x̄k, the vectors f̄ and h̄, and the matrices F̄x, F̄u, F̄e

and H̄x, while the corresponding value of the error vector ek
remains unchanged.

To remove the model redundancy related to the state vec-
tor, we may transform the state-space model in (1) into an
autoregressive moving-average model with exogenous inputs
(ARMAX model).

Lemma 1. For any state-space model in (1), there exists a
nonnegative integer d ≤ nx, a real vector g, and real matrices
GY, GU, Gu, GE, and Ge such that

yk = g +GYYk +GUUk +Guuk +GEEk +Geek (4)

for all k ∈ Z, with

Yk =


yk−d

yk−d+1

...
yk−1

 , Uk =


uk−d

uk−d+1

...
uk−1

 , Ek =


ek−d

ek−d+1

...
ek−1

 .

(5)

Proof. See Appendix A.

Remark 2. Note that we can always obtain a state-space
model of the form in (1) from the ARMAX model in (4) using
the following realization:

f =

[
0
g

]
, Fx =

[[
0 I

]
GY

]
, h = 0,

Hx =
[
I 0

]
, Hu = Gu, He = Ge,

(6)

and

Fu =


Mu

1

Mu
2

...
Mu

d

 , Fe =


Me

1

Me
2

...
Me

d

 , (7)

where Mu
i and Me

i for i ∈ {1, 2, . . . , d} can be obtained from
the equations in (30), (32), and (36) of Appendix A.

Remark 3. Note that if we are not interested in estimating
the state xk in (1), then the relation between the input uk

and the output yk can be perfectly described even when
setting h = 0, as seen from Remark 2. Strictly speaking, we
do not need either of the bias terms. We can also use the
same model without bias terms if we increase the degree d
of the model by one. However, by increasing the degree, we
will introduce many more parameters than strictly necessary,
namely, the GY increases with ny×ny parameters, the matrix
GU increases with ny×nu parameters, while the matrix GE

increases with ny ×ne parameters. If we would allow a bias,
we would only have ny parameters instead.

The constant d, the vector g, and the matrices GY, GU,
Gu, GE, and Ge can be regarded as model parameters of the
ARMAX model in (4). We made the following assumption
related to our knowledge of the parameters d, GE, Ge.

Assumption 4. The constant d and the matrices GE and Ge

of the ARMAX model in (4) are known. Moreover, the values
of GE and Ge are such that

rank
[
GE Ge

]
= ny. (8)

All other model parameters are estimated using the method
presented in the next section.

Remark 5. In practice, the constant d and the matrices GE

and Ge are often unknown. In that case, d, GE, Ge can
be regarded as tuning parameters, where d is a measure for
the complexity of the ARMAX model (i.e., a larger value of
d results in a more complex model), and where GE and
Ge are tuning matrices related to the error characteristics
of the model (e.g., similar to the noise covariance matrices



of a Kalman filter). For example, we may choose GE to
be a zero matrix and Ge to be a diagonal matrix with the
standard deviation of the measurement noise of each of the
output variables on its diagonal. However, note that often
more accurate estimates of all other model parameters can
be obtained (with the method in Section III) if more suitable
values for GE and Ge are chosen.

Remark 6. The rank condition in (8) of Assumption 4 implies
that all outputs of the ARMAX model in (4) are influenced by
model errors. As a result, the model is feasible for all possible
values of the input vector uk and the output vector yk.

III. RECURSIVE PARAMETER ESTIMATION WITH
FORGETTING

With d, GE, Ge being known (see Assumption 4), let
us introduce the following vector that contains all remaining
model parameters:

ξ =


g

vec(GY)
vec(GU)
vec(Gu)

 . (9)

Using this parameter vector, it follows that the ARMAX model
in (4) can be written as

yk = Gξ
kξ +GEEk +Geek, (10)

with
Gξ

k =
[
1 YT

k UT
k uT

k

]
⊗ I. (11)

Now, let us define the following “state” vector that contains
both model parameters and error variables:

ζk =

[
ξ
Ek

]
. (12)

Note that
Ek+1 = AEEk +Aeek, (13)

with

AE =

[
0 I
0 0

]
, Ae =

[
0
I

]
. (14)

Therefore, we have that

ζk+1 = Qζζk +Qeek

yk = Gζ
kζk +Geek,

(15)

with

Qζ =

[
I 0
0 AE

]
, Qe =

[
0
Ae

]
, Gζ

k =
[
Gξ

k GE
]
.

(16)
Note that the model in (15) is a state-space model with known
matrices (i.e., the matrices contain known input and output
data). The only thing unknown is the state vector ζk. We
will estimate the state vector using a Kalman-like filter with
forgetting factor. Note that estimating the state vector ζk in
(12) implies estimating the all parameters of the vector ξ in (9).
The estimates produced by the Kalman-like filter corresponds

to the solutions of the following sequence of optimization
problems:

min
{ζr}k

r=0,{er}k−1
r=0

{
k−1∑
r=0

λk−r∥er∥2

+ λk(ζ0 − ζ̂0)
TP−1

0 (ζ0 − ζ̂0)

}

s.t.

{
ζr+1 = Qζζr +Qeer,

yr = Gζ
rζr +Geer, ∀r ∈ {0, 1, . . . , k − 1}

(17)
for all k ∈ N. Here, the constant λ ∈ (0, 1] is the forgetting
factor, ζ̂0 is a real vector, and P0 is a symmetric, positive
definite matrix. Note that, by minimizing the optimization
problems in (17), we find the state vector ζk the produces
the smallest, weighted model errors ek.

Lemma 7. The minimizers ζ̂k of the sequence of optimization
problems in (17) corresponding to ζk can be written as the
output of the following recursive, Kalman-like equations:

ζ̂k+1 = Qζ ζ̂k +Kk(yk −Gζ
kζ̂k) (18)

and

Pk+1 =
1

λ

(
(Qζ −KkG

ζ
k)Pk(Q

ζ −KkG
ζ
k)

T

+ (Qe −KkG
e)(Qe −KkG

e)T
)
,

(19)

with gain matrix

Kk =
(
QζPk(G

ζ
k)

T +Qe(Ge)T
)

×
(
Gζ

kPk(G
ζ
k)

T +Ge(Ge)T
)−1

,
(20)

for all k ≥ 0, where ζ̂0 and P0 are the initial conditions of
the recursion equations.

Proof. A sketch of the proof is given in Appendix B.

We use the minimizer ζ̂k as an estimate of ζk and, therefore,
as an estimate for the unknown model parameters of the
ARMAX model in (4).

Remark 8. A forgetting factor close to one is standard
practice in recursive estimation methods. Lower forgetting
factors are typically used when the system exhibits time-
varying behavior or nonlinear dynamics that a fixed linear
model cannot capture well. In such cases, older data becomes
less relevant, and faster adaptation to recent changes is
beneficial.

IV. SIMULATION

A. System description - stirred tanks in series

Here, two stirred tanks in series are described by a model
of the form (1) where Fx = expm(Fx,CT ) and Fu =
(Fx,C)−1(Fx − I)Fu,C, with

Fx,C =

[
− F

V1
0

F
V2

− F
V2

]
, Fu,C =

[
F
V1

0

]
, (21)



the state vector xk having elements being the concentration
of the first and second tank, respectively; the input being
the concentration into the first tank, and the output being the
concentration of the second tank. Furthermore, F is the flow
rate, V1 = 150m3 and V2 = 100m3 the volumes of the first
and second tank respectively, and T = 10 s the sampling rate.
Hence, f = 0, h = 0, Hx = [0, 1] and Hu = 0. We use

Fe =

[
0.01 0
0 0

]
, (22)

and He = [0, 0.005]. ek are chosen as white, independent,
standard, Gaussian variables. The system is simulated for
3000 s. We differentiate between two different cases: When
flow rate is constant F = 1m3 s−1, and when flow rate is
increasing F (t) = 1 + 0.005 t

T m
3 s−1.

B. Results

In Figure 1 we have plotted ∥ξ̂(t) − ξ∥ for different
tuning parameters using the recursive estimator provided
in Lemma 7. In blue and red, the true values, GE =[
0.0009 0.0042 0 −0.009239

]
and Ge =

[
0 0.005

]
are

used with forgetting factor λ = 1.0 and λ = 0.9, respectively.
In both cases the parameter estimation error vanishes quickly.
In yellow and purple GE = 0.01

[
1 1 1 1

]
and Ge =[

1 1
]
, while the forgetting factor is λ = 1.0 and λ = 0.9,

respectively. The chosen values for GE and Ge in yellow and
purple are solely for illustrative purposes, demonstrating an
example where values different from the true ones are used.

In Figure 2 the corresponding estimated outputs are plotted
and compared to the true output, given by black circles. We
see that the estimated outputs matches the true output really
well, although there is some deviation for the case when GE

and Ge are unknown, and no forgetting factor is used.
Figure 3 is similar to Figure 2 for the case when the flow

rate F is increasing. For this case we only consider GE and
Ge unknown. We have also compared with other methods
using Normalized Root Mean Square Error, expressed as a
percentage:

vfit = max

(
1− ∥y − ŷ∥

∥y − y∥
, 0

)
· 100%, (23)

where y is the arithmetic mean of y. It is calculated for our
method (with four different set of parameters), as well as for
ŷ = ŷ(t)CVA, ŷ = ŷ(t)SSARX, ŷ = ŷ(t)MOESP, with these
being the estimated outputs using MATLAB’s n4sid1 function
with ’N4Weight’ set to ’CVA’, ’SSARX’ and ’MOESP’,
respectively. The method calculates a state-space model on
innovation form, and we predict the output based on the
estimated steady-state Kalman gain. For the ŷ = ŷ(t)RPBSID,
see [5, Algorithm 2], we initialized with the parameters in
Table I. We emphasize that these methods all aim to estimate
the noise-characteristics, where as this is considered a potential
future improvement of our proposed algorithm. We trained
’CVA’, ’SSARX’ and ’MOESP’ with input and output data

1n4sid documentation: https://se.mathworks.com/help/ident/ref/n4sid.html

TABLE I
PARAMETERS OF RPBSIDPM ALGORITHM OF [5, ALGORITHM 2]

Parameter Value
λ1 λ2, λ3 0.9
ρ1, ρ2, ρ3 0.2

p 5
f 5
n 2

S

[
1 0 0
0 1 0

]
Θx

[
0 0 0 0
0 0 0 0

]
Θy

[
0 0 0
0 0 0

]

from the interval 0 s-2000 s, then we compared the fit on the
intervals INT1: 50 s-1000 s, INT2: 1000 s-2000 s, and INT3:
2000 s-3000 s. The motivation is to have one interval that
covers the transient, but excluding the first couple of samples
to allow recursive methods to have sufficient data to provide
output; one interval where all methods are trained; and finally
one interval where the batch methods have not seen the data
before.

The results can be seen in Table II and Table IV, for F
constant and F increasing, respectively. For F constant, we
have also calculated the Normalized Estimated Mean Square
(NEES), which can be seen in Table III. Good performance is
indicated with values close to 1. The NEES is defined as

NEES =
1

(kN − k0 + 1)ny

kN∑
k=k0

(yk−ŷk)
T (Σy

k)
−1(yk−ŷk),

(24)
where Σy

k is the output covariance matrix at time step k,
and k0 and kN denote the initial and final time steps of the
evaluation interval, respectively.

It is most interesting to see how our method for GE and Ge

unknown, compares to other methods. For the chosen initial
conditions it consistently performs better than ’RPBSID’. We
note however, that ’RPBSID’ has many parameters, which can
potentially be chosen in a way to improve performance. When
F is constant we see from Table II, that the batch methods
generally performs better than with unknown GE and Ge.

When F is increasing, we see from Table IV, that our
recursive method with forgetting factor, performs better in
the portion of the data set not seen by the batch methods,
INT3. The results suggest that our method could substantially
improve the real-time prediction of linear systems subject to
parametric changes.

V. CONCLUSIONS AND FURTHER WORK

In this work we have presented a method for recursively
estimating some characteristic parameters of an LTI system.
To circumvent model redundancy related to the state vector,
we first transform the state-space model into an ARMAX
model. We then present a Kalman-like filter with forgetting
factor to estimate unknown parameters of this model. It is
shown that the algorithm estimates the ARMAX parameters



Fig. 1. Convergence of estimated parameters ξ̂ to true parameters ξ when F
is constant.

Fig. 2. Comparison of outputs when F is constant.

Fig. 3. Comparison of outputs when F is increasing.

TABLE II
A COMPARISON OF vFIT DIFFERENT METHODS. F IS CONSTANT.

Method INT1 INT2 INT3
ŷ(t); GE and Ge known, λ = 1.0 91.3632 91.7682 91.2554
ŷ(t); GE and Ge known, λ = 0.9 91.175 90.386 89.4944
ŷ(t); GE and Ge unknown, λ = 1.0 91.4137 86.1063 84.7825
ŷ(t); GE and Ge unknown, λ = 0.9 90.1553 82.2643 81.0943
ŷRPBSID(t) 54.9948 59.9665 60.4047
ŷCVA(t) 94.8391 91.731 90.7878
ŷSSARX(t) 94.9902 91.8268 90.9086
ŷMOESP(t) 95.9556 91.7311 90.7877

TABLE III
A COMPARISON OF NEES FOR DIFFERENT METHODS. F IS CONSTANT.

Method INT1-3
ŷ(t); GE and Ge known, λ = 1.0 0.92876
ŷ(t); GE and Ge known, λ = 0.9 1.2306
ŷ(t); GE and Ge unknown, λ = 1.0 2.5314
ŷ(t); GE and Ge unknown, λ = 0.9 3.8854
ŷRPBSID(t) 33.142
ŷCVA(t) 0.90433
ŷSSARX(t) 0.90468
ŷMOESP(t) 0.89648

that produces the smallest, weighted model errors. We also
show how the estimated parameters can be used in realizing
a state-space model. Finally, we employ the algorithm on
simulated data from two stirred tanks in series, and compare
with other relevant methods for system identification. The
results of the work will be further explored in the future,
e.g. how to simultaneously estimate the parameters which are
assumed known here, and how to design control signals for
simultaneous identification and reference tracking.
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APPENDIX A
PROOF OF LEMMA 1

Let us first introduce the following vectors and matrices:

mi =

{
h, if i = 0,

Hx (Fx)
i−1

f , if i > 0,
(25)

Mx
i = Hx (Fx)

i
, (26)

Mu
i =

{
Hu, if i = 0,

Hx (Fx)
i−1

Fu, if i > 0,
(27)

and

Me
i =

{
He, if i = 0,

Hx (Fx)
i−1

Fe, if i > 0,
(28)

for all i ∈ N. From the equations of the state-space model in
(1), it follows that the output yk can be written as

yk = r+Rxxk−d+RUUk+Ruuk+REEk+Reek, (29)



TABLE IV
A COMPARISON OF vFIT DIFFERENT METHODS. F IS INCREASING.

Method INT1 INT2 INT3
ŷ(t); GE and Ge unknown, λ = 1.0 92.3262 93.0369 93.1457
ŷ(t); GE and Ge unknown, λ = 0.9 91.4133 93.1198 95.0029
ŷRPBSID(t) 54.6494 60.185 62.2116
ŷCVA(t) 95.2272 89.9633 85.8529
ŷSSARX(t) 95.3193 90.3366 86.2945
ŷMOESP(t) 95.382 89.9586 85.8467

with

r =

d∑
i=0

mi, Rx = Mx
d ,

RU =
[
Mu

d Mu
d−1 . . . Mu

1

]
, Ru = Mu

0 ,

RE =
[
Me

d Me
d−1 . . . Me

1

]
, Re = Me

0

(30)

for any nonnegative integer d. Similarly, from the same
equations, it follows that

Yk = v +Vxxk−d +VUUk +VEEk, (31)

with

v =


m0∑1
i=0 mi

...∑d−1
i=0 mi

 , VU =


Mu

0 0 · · · 0

Mu
1 Mu

0

. . .
...

...
. . . . . . 0

Mu
d−1 · · · Mu

1 Mu
0

 ,

Vx =


Mx

0

Mx
1

...
Mx

d−1

 , VE =


Me

0 0 · · · 0

Me
1 Me

0

. . .
...

...
. . . . . . 0

Me
d−1 · · · Me

1 Me
0


(32)

for any nonnegative integer d.

Lemma 9. There exists an integer d ≤ nx, such that

Rx = Rx (Vx)
+
Vx. (33)

Proof. Let the characteristic polynomial of Fx be given by

nx∑
i=0

αnx−i (F
x)

i
= 0, (34)

with α0 = 1 and real coefficients αi for i ∈ {1, 2, . . . , nx}.
From (26), (30), and (34), it follows that

Rx = −
nx−1∑
i=0

αnx−iM
x
i . (35)

Because Vx contains Mx
i for all i ∈ {0, 1, . . . , nx − 1} if

d = nx, it follows that each row of Rx can be written as a
linear combination of the rows of Vx, which implies that (33)
is satisfied for d = nx. Because there may be smaller values
of d for which (33) also holds, we have that d ≤ nx.

Let d be chosen such that the condition in (33) of Lemma 9
holds. By combining (29), (31), and (33), we obtain (4), with

g = r−Rx (Vx)
+
v, GY = Rx (Vx)

+
,

GU = RU −Rx (Vx)
+
VU, Gu = Ru,

GE = RE −Rx (Vx)
+
VE, Ge = Re.

(36)

APPENDIX B
SKETCH OF THE PROOF OF LEMMA 7

The proof of the lemma is inductive and starts at k = 0,
working up to any value of k ≥ 0. For k = 0, the optimization
problem in (17) can be written as

min
ζ0

(ζ0 − ζ̂0)
TP−1

0 (ζ0 − ζ̂0). (37)

It is easy to see that the minizer of the optimization problem
is given by ζ̂0. For k = 1, the optimization problem is given
by

min
ζ0,ζ1,e0

{
λ∥e0∥2 + λ(ζ0 − ζ̂0)

TP−1
0 (ζ0 − ζ̂0)

}
s.t.

{
ζ1 = Qζζ0 +Qee0,

y0 = Gζ
0ζ0 +Gee0.

(38)

We can rewrite this optimization problem as an unconstrained
optimization problem using Lagrangian multipliers:

min
ζ0,ζ1,e0,µ0,ρ0

{
λ∥e0∥2 + λ(ζ0 − ζ̂0)

TP−1
0 (ζ0 − ζ̂0)

+ 2µT
0

(
ζ1 −Qζζ0 −Qee0

)
+ 2ρT

0

(
y0 −Gζ

0ζ0 −Gee0

)}
,

(39)

where µ0 and ρ0 are vectors of Lagrangian multipliers. We
(partially) minimize with respect to ζ0, e0, µ0, and ρ0.
Therefore, we set the derivatives of the optimization cost
function with respect to these variables to zero, which leads
to the following set of equations:

λP−1
0 0

(
Qζ

)T (
Gζ

0

)T

0 λI (Qe)
T

(Ge
0)

T

Qζ Qe 0 0

Gζ
0 Ge

0 0 0



ζ0

e0
µ0

ρ0

 =


λP−1

0 ζ̂0

0
ζ1

y0

 .

(40)
A solution of this set of equations is given by

ζ0 = ζ̂0 +
1

λ
P0(Q

ζ −K0G
ζ
0)

TP−1
1 (ζ1 − ζ̂1)

+P0(G
ζ
0)

T
(
Gζ

0P0(G
ζ
0)

T +Ge(Ge)T
)−1

(y0 −Gζ
0 ζ̂0),

e0 =
1

λ
(Qe −K0G

e
0)

TP−1
1 (ζ1 − ζ̂1)

+ (Ge)T
(
Gζ

0P0(G
ζ
0)

T +Ge(Ge)T
)−1

(y0 −Gζ
0 ζ̂0),

µ0 = −P−1
1 (ζ1 − ζ̂1),

ρ0 = KT
0 P

−1
1 (ζ1 − ζ̂1)

− λ
(
Gζ

0P0(G
ζ
0)

T +Ge(Ge)T
)−1

(y0 −Gζ
0 ζ̂0),

(41)



where ζ̂1, P1, and K0 are defined in (18), (19), and (20),
respectively. Note that the invertibility of the matrices P1 and
Gζ

0P0(G
ζ
0)

T +Ge(Ge)T follows from the rank condition in
(8) of Assumption 4 and the invertibility of the matrix P0.
Substituting this solution in (38) yields

min
ζ1

{
(ζ1 − ζ̂1)

TP−1
1 (ζ1 − ζ̂1) + λ(y0 −Gζ

0 ζ̂0)
T

×
(
Gζ

0P0(G
ζ
0)

T +Ge(Ge)T
)−1

(y0 −Gζ
0 ζ̂0)

}
.

(42)
The corresponding minimizer is given by ζ̂1. Similarly, for any
k ≥ 0, by using a Lagrangian formulation and (partially) min-
imizing with respect to ζ0, e0, µ0, and ρ0, then minimizing
with respect to ζ1, e1, µ1, and ρ1, subsequently minimizing
with respect to ζ2, e2, µ2, and ρ2, etc., we can write any
optimization problem in (17) as

min
ζk

{
(ζk − ζ̂k)

TP−1
k (ζk − ζ̂k) +

k−1∑
r=0

λk−r(yr −Gζ
r ζ̂r)

T

×
(
Gζ

rPr(G
ζ
r )

T +Ge(Ge)T
)−1

(yr −Gζ
r ζ̂r)

}
,

(43)
where ζ̂k and Pk are obtained using the recursive equations
in (18) and (19). Hence, for any k ≥ 0, the minimizer for ζk

is given by ζ̂k.
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