R.O. Omorov

Topological Roughness of the Phase Space of Dynamic Systems*

Abstract — The main provisions of the method of research the
roughness of dynamic systems, based on the concept of
coarseness according to Andronov-Pontryagin and called the
"topological roughness method," are considered. Definitions of
concepts of maximum roughness and minimum non-roughness
of dynamic systems are given. The corresponding theorems are
formulated on the necessary and sufficient conditions for the
reachability of maximum roughness and minimum non-
roughness, as well as the emergence of bifurcations of topological
structures of the phase space of dynamic systems, which were
proved in the author's works. The method allows you to control
the roughness of control systems based on the theorem
formulated using the Sylvester matrix equation. The method can
be used for studies of roughness and bifurcations of dynamic
systems, as well as synergetic systems and chaos of various
physical nature. In the author's works, the method has been
tested for studying the synergetic systems of Lorenz, Rossler,
Belousov-Zhabotinsky, '"predator-prey'", Chua, Rikitake

dynamo, Henon maps, Hopf bifurcations, and models of

economic systems of the Schumpeter and Kaldor types.

1. Introduction

Problems of investigation of roughness of dynamic
systems, evaluation of robustness and synthesis of roughness
(robustness) control systems are paid great attention in
modern theory of dynamic systems and theory of control [1-
7].

In the theory of dynamic systems, there are two different
approaches to the problem of roughness: 1) based on the
concept of Peixoto roughness or otherwise "structural
stability"; 2) on the basis of the concept of roughness
according to Andronov - Pontryagin, when, unlike the
previous one, it is required e- the proximity of the original and
perturbed homeomorphisms [1, 2, 8].

In the work [9] on the basis of the concept of roughness
according to Andronov - Pontryagin, the foundations of the
"topological roughness method" were laid, which allows you
to study the roughness and bifurcation of dynamic systems of
various nature, in particular synergetic systems, as well as
synthesize rough (robustic) control systems [10].

This article presents the main provisions of the "method
of topological roughness" developed by the author.

II. Method Bases

In view of the limited scope of this publication, we will
focus on some basic provisions of the theory and method of
topological roughness, the foundations of which are laid down
in the work [9].

Multi-dimensional — arrangement
system (DS) of n th order

Z() = F(z(?)), )
where z(¢) € R" is the phase coordinate vector, F is 1 the
dimensional differentiable vector function.

The system (1) is called a topologically rough Andronov-

Pontryagin system in some field G of the phase space, if the
original system and perturbed system defined in the sub-field

~

G, field G:
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are £ identical in topological sense.
The systems (1) and (2) are € identical if open fields

considers dynamic

D, D exist, in the 7 dimensional phase space such that
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or (D,(2))=(D. (1)), 3

otherwise, the division of the fields D and D by the tracks
of the systems (2) and (1) are & identical (have the same
topological structures with tracks close to & ).

If (3) is not executed, the non rough system (1) on
Andronov-Pontryagin.

The topological structure of the phase space of dynamic
systems is defined by special tracks and varieties such as
special points (equilibrium positions), special lines
(separators), closed (periodic) tracks, attracting diversity
(attractors).

The work [9] on the basis of the concept of roughness on
Andronov-Pontryagin propose the basis of a "method of
topological roughness" on the basis of a measure of roughness
in the form of a number of conditionality C {M} is the matrix
of M is the normalized matrix of bringing the system to a
canonical diagonal (quasi-diagonal) form at special points of
phase space. Here, for the first time introduced the concepts
of maximum roughness and minimum non-roughness on the
relations of the pair & and & .

Definition 1. Rough in the field of G system (1) is called
maximum rough on a set topologically of systems N identical
each other if size 0 — proximity of systems (1) and (2), bringing
to € — identity, is (for everyone > () it is maximum.



Definition 2. Not rough in the field of G system (1) is
called minimum non-rough on a set topologically of systems
N identical each other if size ¢ — identity of systems (1) and
(2) at which the roughness condition is still satisfied is (for
everyone 0> () it is minimum.

The condition of reachability of maximum rough and
minimum non-rough in the vicinity of special points of phase
space is determined by the following theorem proved in the
work [5].

Theorem 1. In order for the dynamic system in the vicinity

of the hyperbolic special point (z,) to be maximum rough,

and in the vicinity of the non-hyperbolic is minimum non-
rough, it is necessary and sufficient to have:
M* = argmin C{M},
where M is a matrix of bringing the linear part A of the system
(1) at a special point (z,) to a diagonal (quasi-diagonal)
basis, C {M} is the condition number of the matrix M.
Theoretical results of the "topological roughness method"
obtained in the works [9-11] allow to control the roughness of
dynamic systems, the corresponding theorem is proved in
these and other works of the author.
The system is considered

z=0(z,u), 4)
where z € R",u € R" are, respectively, vectors of phase

coordinates and controls of the system,(J(®) is n
dimensional nonlinear differentiable vector-function.

The roughness control capabilities are determined by the
conditions of the following theorem.

Theorem 2. In order that in a controlled dynamic system
(4) described in n-dimensional phase space by linear
approximation matrices A, B respectively for phase
coordinates and controls, there exists a control u (t) providing
in the vicinity of the corresponding special point of the closed
system the maximum rough or minimum non-rough, it is
necessary and sufficient that the conditions of unbearable
permissibility of the Sylvester matrix equation are fulfilled.

Control u =u(t) € U is sought in the class of feedback

systems u =—KXx, such that the closed system matrix
F = A— BK, near special tracks, in particular special
points, satisfies the conditions

o(F)=ocW),
MW —AM =-BH, K=HM™',
where W € R™" is the diagonal (quasidiagonal) matrix of

the state of the canonical model, H € R™" is the matrix set
arbitrarily with limitation on the observability of the pair
W,H),Ac R"™",B € R™, are the coordinate and

control matrices.
Near a special point:

F(z)=0, z = Az+ Bu,
control ©# =u(t) € U is synthesized to achieve the required
value of C {M} using any nonlinear programming methods.

The method of topological roughness also allows to
determine bifurcations of dynamic systems based on the
criteria developed in the works [9-11]. Moreover, the method
presents possibilities of prediction of bifurcations as well as
control of bifurcations parameters. The following theorem is
proved in the author 's doctoral dissertation [12].

Theorem 3. In order for some bifurcation of the
topological structure to occur in the field G of the phase space
of the multidimensional (n > 2) dynamic systems (DS) at the

value of the parameter ¢ = ¢q",q € R” , it is necessary and

sufficient that:

- or 1), in the considered field G, DS there are non-hyperbolic
(non-rough) special points (SP), or orbital-unstable limit
cycles (LC) for which there is equality

clyig)}=minY.C @)

where p is quantity of SP or LC in field G,
- or 2), in the field G of the DS, there are any rough SP or LC
for which the condition is fulfil
CM (g )= (®
Remark. The type of bifurcation depends, firstly, on
which of the conditions (5) or (6) is fulfilled, secondly, on
which specific tracks - SP or LC, satisfies these conditions.
Thus, for example, chaotic oscillations ("strange attractors”)
arising from loss of symmetry occur when condition (5)
satisfies the SP, and chaotic oscillations occurring through
the bifurcation sequences of the doubling period occur when
condition (5) meets the LC.

(5)

II1. Synergetics and Chaos

In modern science, there is increasing interest in its
unifying directions, which consider the phenomena of nature
and society, living and non-living nature from a single point
of view, depending on the properties and characteristics they
exhibit. One such area of science is synergetics, which deals
with self-organizing processes, phenomena and systems [13,
14]. Synergetics is now invading all fields of science, ranging
from natural sciences - physics, chemistry, biology, geology,
geophysics, to inaccurate fields of science, such as
economics, sociology, psychology, philosophy, image
recognition, and in engineering and technology [13], [15].

Many scientists now aim not only to researches
synergistic processes and systems, but also to controling them
in order to achieve the desired development and dynamics
[16]. One of the phenomena in synergetic systems that are of
great interest to researchers in various fields of science is the
so-called strange attractors, which represent attractive
diversity in phase space with chaotic behavior (chaos) of
tracks in these diversity [17]. Research of strange attractors is
also interesting because many researchers see the study of this
phenomenon as the key to solving the mysteries of the nature
of turbulence and chaos in systems of various nature -
physical and chemical, to economic and social systems.
Moreover, the task of controling chaos in synergetic systems
of different physical nature becomes relevant [13], [16].



The founders of synergetics are rightly outstanding
scientists - Belgian chemist and physicist, Nobel laureate Ilia
Prigozhin and German physicist Hermann Haken.

In the research and controling of synergetic systems, the
issues of roughness and bifurcation are crucial. One method
in studying the properties of roughness and bifurcations of
synergetic systems, as well as controling these properties, is
the "topological roughness method," the foundations of which
are outlined above.

Further in the work the possibilities of the method are
illustrated on example of well-known synergistic systems
(circuit) Chua.

IV. Applications of the method to synergetic system

Chua system (circuit) [16].

As is known, the Chua system is an electron circuit with a
single nonlinear element that is capable of generating a
variety of, particularly chaotic oscillations.

The Chua system is described by the equations:

x=p(y—f(x),y=x—-y+z, z=—qy, @)
where f(x) =M, x+0.5(M, — M )(x+1 —|x—1)).
It p=9,qg=143,M,=-6/7,M,=5/7, in

system (7) observed chaotic oscillations.
In this case three

OT,(0,0,0); 0T, , (+11/6,0,11/6),

Researches have established that chaotic movements are
detected and at values ¢g: —1.034 < g <-0.49,and at
qg=-3.8 and q=1.05

movements in the system (7) is observed, as shown in Fig.1.
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Fig.1. Dependency of C {M} on parameter q in Chua system.

V. Conclusion

The "topological roughness method" discussed in this
paper is a method of quantitative research of the roughness
and bifurcations of dynamic systems of the broadest class and
different physical nature. The possibilities of the method for

research of roughness and bifurcation of systems are shown
by example of only one synergetic system, although of course
the method has been and can be used to researches a large
number of systems, as synergetic systems of various nature -
Lorenz, Rossler, Belousov-Zhabotinsky, "predator-prey,"
Chua, dynamo Rikitake, models of economic systems like
Schumpeter and Kaldor, and for research into broader class
dynamic systems, in particular in research of oscillatory
systems and Hopf bifurcations, Henon map attractor [10] —
[12], [15].

References

[1] Andronov A.A., Pontrjagin L.S. “Grubye sistemy (Rough
systems)”, Dokl. AN SSSR.,1937, vol.14, no. 5, pp. 247-250 (in
Russian).

[2] Anosov D.V. “Grubye sistemy. Topologija, obyknovennye
differencial’'nye uravnenija, dinamicheskie sistemy: Sbornik
obzornyh statej. 2. K 50-letiju instituta (Trudy .MIAN
SSSR.T.169) (Rough systems. Topology, ordinary differential
equations, dynamic systems: Collection of review articles. 2.

To the 50 anniversary of institute (Proceedings of MIAS
SU.Vol.169)”, Moscow, Nauka, 1985, pp. 59-93 (in Russian).

[3] Poljak B.T., Cypkin Ja.Z. “Robastnaja ustojchivost'

linejnyh system, Itogi nauki i tehniki. Ser.Tehnicheskaja
kibernetika, vol. 32 (Robustness of linear systems, Results

of science and technology, iss. Technical cybernetics,

vol. 32)”, Moscow, VINITI, 1991, vol. 32, pp. 3-31 (in Russian).
[4] Kharitonov V.L. “Ob asimptoticheskoj ustojchivosti polozhenija
ravnovesija semejstva sistem linejnyh differencialnyh Uravnenij
(On asymptotic stability of equilibrium position of a family of
systems of linear differential equations)”, Differenc. uravnenija.
1978, vol.14, no 11, pp. 2086-2088 (in Russian).

[5] Dzhuri E.I. Robastnost’ diskretnyh system (Robustness of
Discrete Systems). Avtomatika i telemekhanika, 1990, no. 5, pp. 4-
28 (in Russian).

[6] Omorov R.O. Robastnaya ustojchivost’ interval'nyh
dinamicheskih system (Robust stability of interval dynamical
systems). Bishkek, //im Publ., 2018, 104 p. (in Russian).

[7] Omorov R.O. “Brief Review of the Development of Theories of
Robustness, Roughness and Bifurcations of Dynamic Systems”,
Scientific and Technical Journal of Information
Technologies, Mechanics and Optics, 2023, vol. 23, no. 2, pp.
263-270.

[8] Peixoto M.M. “On structural stability”, Ann. Math., 1959,

vol. 69, no 1, pp. 199-222.

[9] Omorov R.O. “Maximal coarseness of dinamical systems”,
Automation and Remote Control, 1992, vol. 52, no 8 pt 1, pp.
1061-1068.

[10] Omorov R.O. “Topological Roughness of
Synergetic Systems”, Journal of Automation and
Information Sciences, 2012, vol. 44, No 2, pp. 61-70.

[11] Omorov R.O. “Metod Topologicheskoj Grubosti
Dinamicheskih Sistem: Prilozhenija k Sinergeticheskim
Sistemam (Method of Topological Roughness of
Dynamic Systems: Applications to Synergetic
Systems)”, Scientific and Technical Journal of
Information Technologies, Mechanics and Optics, 2020,

vol. 20, no. 2, pp. 257-262 (in Russian).

[12] Omorov, R.O. “Kolichestvennye mery grubosti
dinamicheskih sistem i ih prilozhenija k sistemam
upravlenija: Avtoreferat Diss. dokt. tehn. nauk



(Quantitative measures of roughness of dynamic systems

and their application to control systems: Diss. Abstract

of Doctor of Engineering Sciences)”, Saint Petersburg,
Sankt-Peterburgskij institut tochnoj mehaniki i optiki,
1993. 38 p. (in Russian).

[13] Haken H. Synergetics: Introduction and Advanced

Topics, Berlin, Heidelberg, Springer-Verlag, 2003.

[14] Nikolis G., Prigozhin 1. Exploring Complexity: An Introduction.
W.H. Freeman Publ., 1989, 313 p.

[15] Omorov R.O. Teoriya topologicheskoj grubosti sistem:
Prilozheniya k sinergeticheskim sistemam i haosu (Theory of
topological roughness of systems: Applications to synergetic
systems and chaos). Bishkek, Ilim Publ. 2019, 288 p. (in Russian).
[16] Andrievskij B.R., Fradkov A.L. Control of Chaos: methods and
applications. I. Methods. Automation and Remote Control, 2003,
vol. 64, no. 5, pp. 673-713.

[17] Strannye attraktory. Sinai Ya.G., Shilnikov L.P. ed. Moscow,
Mir Publ., 1981, 253 p. (in Russian).



