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Abstract— This paper investigates the challenging task of
identifying switched Boolean networks (SBNs) with unknown
initial subnetworks, leveraging the semi-tensor product tool.
The inherent complexity arising from the lack of knowledge re-
garding the initial subnetwork necessitates a rigorous approach
to identification. Initially, the observability of SBNs is discussed
using a matrix-based method, providing foundational insights
for subsequent identification analysis. We find the accurate one-
to-one correspondence between states and outputs by taking
time into account. Building on this correspondence and the
observability property, the identification of state and output
evolution rules is systematically addressed, leading to the propo-
sition of a necessary and sufficient condition for successful SBN
identification. Subsequently, an efficient algorithm is developed
to implement the proposed identification approach. Finally,
the theoretical findings are validated through an illustrative
example.

I. INTRODUCTION

The identification of gene regulatory networks (GRNs)
holds significant importance in biological and medical re-
search [1], [2]. GRNs are complex and precise regulatory
systems within organisms that control gene expression and
activity, ultimately determining cellular functions and char-
acteristics. The introduction of Boolean networks (BNs) by
Kauffman as a simplified model for simulating GRNs [3]
has spurred considerable interest in the identification of BNs
[4]. Notably, [5] presented the first systematic algorithmic ap-
proach to identifying GRNs based on a BN model. This was
followed by [6], who proposed a straightforward algorithm
for BN identification using state transition pairs, accompa-
nied by a mathematical analysis. A significant advancement
was made by [7], who leveraged the semi-tensor product
(STP) of matrices to transform BN identification problems
into algebraic problems involving structure matrices. This
approach was later extended to Boolean control networks
(BCNs) [8]. In recent years, the STP tool has facilitated
numerous advances in the inference of B(C)Ns [9], [10],
[11], [12]. Additionally, research has expanded to include
the identification of delayed B(C)Ns and singular BCNs [13],
[14].

This paper focuses on switched Boolean networks (SBNs),
which are relevant not only to GRNs but also to a wide range
of applications, including modeling eukaryotic cell division
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cycles, bacteriophage genetic switches, and regulatory mech-
anisms in biological systems [15], [16]. For example, the
eukaryotic cell division cycle can be modeled as a series of
distinct processes, each governed by a unique set of regu-
latory rules. Similarly, the genetic switch in bacteriophages,
which toggles between lysis and lysogeny states, provides a
compelling application for SBNs. Another example is the lac
operon in Escherichia coli, where extracellular glucose and
lactose act as switching signals, highlighting the versatility of
SBNs in capturing complex regulatory interactions. Notably,
a BCN can also be viewed as an SBN by encoding control
inputs as switching signals [17]. While significant progress
has been made in the study of SBNs [18], [19], [20], [21],
the identification of SBNs remains an underexplored area.

The methodology presented in this paper builds on the
STP tool, which has proven effective in studying BNs [22].
By converting the dynamic characteristics of B(C)Ns into
matrix operations, the STP enables the transformation of
nonlinear systems into linear systems with unique state and
output matrices. This approach has facilitated the resolution
of critical problems such as reconstructibility, observability,
decoupling, and output tracking [17], [23], [24], [25], [26].

The identification problem addressed in this paper is
inspired by the fourth identification case in [12], which
considers scenarios where observed data may originate from
different initial configurations. While [12] proposed condi-
tions for the identifiability of BCNs, these conditions are
not directly applicable to our problem. This is because the
system under consideration (also studied in [19]) cannot be
treated as a traditional BCN; each of its subnetworks may
produce distinct outputs, and the initial subnetwork is un-
known. These complexities make the identification problem
more challenging. However, the conditions proposed in [12]
provide valuable insights for addressing the problem from
the perspective of observability.

Drawing on existing literature on observability [28], par-
ticularly the matrix-based method introduced by [24] to
reduce timing complexity in the study of weak observability
in BNs, this paper proposes a condition for determining
weak observability in SBNs using an equivalent matrix-based
approach. Building on this, we establish a necessary and suf-
ficient condition for identifying SBNs. Our analysis reveals
that an SBN is observable if and only if its state equations
(i.e., its state structure matrix) can be identified. However,
complete inference of the output structure matrix requires
additional conditions. Furthermore, we develop an algorithm
to facilitate the identification of the state structure matrix and
partial identification of the output structure matrix.

The remainder of the paper is organized as follows:



Section 2 introduces the notations used in this work. Section
3 defines the identification problem and converts SBNs into
equivalent algebraic forms. Section 4 presents the main
results, including criteria for determining the observability
of SBNs, conditions for inferring their state and output
equations, and a methodology for achieving identification.
Section 5 provides an illustrative example to demonstrate
the results. Finally, Section 6 concludes the paper.

II. PRELIMINARIES

Notations:

e N, Z, and R,y, represent the sets of all natural
numbers, positive integers, and p X g real matrices,
respectively.

o 7:={1,0} and 2" :=

Dx--XD.
—_——

o Col;(A) is the i-th column of a p X g matrix A and
Col (A) :={Col;(A) |l—1 2,--,q}.

. = {68}, | i=1,2,---,m}, where &, = Col;(I,,).

. A € Rpxq is called a logical matrix if Col(4) C A,.

o Zpxq is the set of p x g logical matrices. If A € f,,xq,
it can be expressed as A =[5} &2 -8 "] and denoted
briefly by A = [y ir---i4].

o (A); is the (i, j)-th element of matrix A.

¢ ® is the Kronecker product of matrices.

e lem(p,q) is the least common multiple of numbers p
and q.

o AT: the transpose of matrix A.

o Loo=[1,1,---, 1.

——

m

Definition 1: ([22]) The semi-tensor product (STP) of two
matrices A € Rj,«, and B € Ry, is defined as AXx B=(A®
Ia)(B®Ia) where o = lcm(q,s).

" Note that STP serves as a generalization of the traditional
matrix product, thus “x” will be omitted.

Lemma 1: ([22]) Let f: 2" — & be a Boolean function.
There must exist a unique matrix My € £y , referred to
as the structure matrix of f, such that in the vector form we
have

f(x17x27" )

where x; € Ap,i € {1,2,--- ,n}.

Mf l>< —1Xis

IIT. PROBLEM FORMULATION

The dynamics of a switched Boolean network (SBN)
consisting of u subnetworks is described as:

xi(t+1) :fl_cr(t)(xl(t),xz(z)7--. xa(1), i=1,2,--
y(t) = h;.f(’—l)(m(l)ﬁz(l),“- Xa(1),  j=1,2,--.p,
(1)

where o(-) : N— {1,2,---,u} is the switching signal, x; € 9
for i =1,2,--- ,n represents the state node, y; € & for j =
1,2,---, p denotes the output node, and fic(t) : 9" — P and
h;-;(tfl) : 9" — 9 are Boolean functions. Note that unlike
traditional SBNs [17], [20], the initial activating subnetwork

in system (1) is unknown, i.e., outputs at = 0 are undefined

and depend on the switching signal o(¢) at time 7+ 1. This
version of SBN was proposed for the first time in [19].

Using Lemma 1, the system (1) can be equivalently
expressed in algebraic form as:

{ (t+1) = Lox(r),
y(t) = Ha(tfl)x<t)>

where x(1) = X/ xi(r) € Agn, y(t) = x_,y;(t) € A, and
Ly € Lonym and Hy € ZLopxon are the state and output
structure matrices of the k-th subnetwork, respectively.

Define L :=[L; L Ly] € Lowur and H :=
[H] Hy --- Hli] S ,,%pxuzn. Then, the SBN (2) can be
rewritten as:

2

(t+1) =Lo(t)x(z),
y(t) =Ho(t—1)x(),

where 6 (-) € Ay. It is clear that Lo (1) =
1) =Hg(1).

Following [12] we will make to following Assumption to
ensure problem tractability.

Assumption 1: ([12]) The available switching signal data
and observed data are sufficient to cover all possible
switching-output pairs in the system.

Assumption 1 is reasonable in practical applications. For
example, in disease studies, a large number of samples can
be collected from multiple patients, and multiple samples are
often obtained from a single patient to analyze the underlying
disease evolutions. Based on this assumption, we define the
identification problem as follows.

Definition 2: The SBN (3) is identifiable under multi-
ple samples if the matrices L and H can be uniquely
determined using mg groups of switching-output data
{(a(0),y1(1)), (a*(1),y""(2)),- -+, (67" (r = 1),y (r)) },
where i € {1,2,---,m}, j€{1,2,--- ,q}, and r € Z. These
data are generated from specific initial conditions.

This formulation implies that the data are collected from g
initial states, with each state subjected to m distinct switching
signal sequences. Note that x/'1(0) = x/?(0) = --- = x/"™(0)
for j € {1,2,---,q}. The length of the collected data may
vary, leading to different values of » for each switching-
output sequence.

Remark 1: If there exists a coordinate transformation be-
tween states w = Wx, where W € Znyon, then the SBN (3)
can be expressed as:

3)

Loy and Ho(t —

=WL(L, ®W")o(t)w(t) := Lo(t)w(r),

(t+1)
yt)=H{I,oWhao(t—1)w(t):

The tuples (L,H) and (L,H) belong to the same equivalence
class, which cannot be distinguished by any switching-output
data. Therefore, our goal is to identify an equivalence class
of (L,H).

I:IW()

IV. MAIN RESULTS

In this section, we establish conditions for identifying
SBNs and propose an algorithm for system identification.
Building on the result from [12], where a BCN is shown



to be identifiable under multiple samples if and only if it is
observable, we first characterize observability for SBNs.

A. Observability of Switched Boolean Networks

While [27] introduced four definitions of observability for
BCNs, we focus on weak observability for SBNs, hereafter
termed simply “observability.” Given the unknown initial
subnetwork, we assume the output at r = O is unavailable,
leading to the following definition.

Definition 3: An SBN (3) is observable if for any two
distinct initial states xo and Xy, there exists a switching signal
sequence X(I) := {0(0),0(1),---,0(l — 1)} such that the
output sequences satisfy

{y(1),y(2),- (D)} #{5(1),52), -+, 5(D)}-

To analyze observability, we construct two matrices Q;
and G, as:

Q1 =G :=L{H|H Lo LJH, b0 o LyH H,Ly, (4)

where o denotes the Hadamard product. For j > 1, recur-
sively define:

Q;=L{Qj \LioLyQj 1Lyo---0LyQj Ly, (5)

and
Gj=QjoQj 10--:0020G; =Q;oGj 1. (6)

Lemma 2: An SBN (3) is observable if and only if there
exists an integer [* such that

G]* == Izn.
Proof: (Necessity) Assume that the SBN (3) is ob-
servable. By Definition 3, for any two distinct initial states
8%, # &4, there exists a minimal integer d,, > 1 and a

switching sequence X(d, ;) = {c6(0),0(1),---,0(dsp— 1)}
such that:
He Lo Lo(0) 05 = Ho(tLo(k) - Lo (0)Om»
0<k< da.b -1,
Ho(a,,-1)Lo(d,p-1) Loy 7
Ho(da‘b—wLo(da,rl) La<0>5§’n~

The recursive construction of the matrices G; in (4)—(6)
encodes the distinguishability of state pairs:
o (G})ap=1if and only if the states 8§, and 8% produce
identical output sequences for all switching sequences
of length j.
o (Gj)ap = 0 if there exists at least one switching se-
quence of length j that distinguishes &%, and &85,

From the minimality of d, j, it follows that:

(Gapp—1)ap =1 (Gadyp)ap = 0.

Let I* = max,,d, . By the following construction:
e Forall a#b, (Gy)ap =0;
« the identity Ho-(k)Lo-(k)--'Lo-(())52un = Mg )Lo‘(k)
Lg(0)65: holds trivially for all k € N, thus (Gj)sq =
for all j € Z,,
we conclude that Gjx = Ipn.

and

(Sufficiency) Assume Gy = Irn. We show that the SBN
is observable by constructing a distinguishing switching
sequence for any pair of distinct initial states.

For any a # b, (Gj+),p = 0 implies that there exists a
switching sequence X(/*) = {c(0),0(1),---,6(I*—1)} such
that:

Ho(—1)Lo(-1) - Lo(0)8h # Ho(e—1)Lo(+—1) L (0)5n-

This ensures that the output sequences starting from 65,
and &% are distinct under the switching sequence X(I*).
Therefore, the SBN is observable. |

B. Identification of Switched Boolean Networks

Building on the observability property, we now address
the identification problem for the SBN (3). While switching
signals may be treated analogously to control inputs in
BCNs, the identification methodology proposed in [12] is
insufficient for SBNs due to two critical distinctions:

e The SBN comprises u distinct Boolean subnetworks

with an unknown initial activating subnetwork.

o The output of a state may vary in distinct subnetworks

significantly.
These characteristics introduce challenges beyond those en-
countered in traditional BCN frameworks, necessitating a
specialized approach for identifying the structure matrices
L and H.

In SBN (3), there are 2"(2" — 1) distinct initial state pairs
(85,,8%) where 85, # 8%. To eliminate redundancy —i.e., to
eliminate the switching sequence for the pairs (8%,8%) and
(84,,8%,) that would lead to the same output sequence— we
restrict attention to ordered pairs satisfying 1 <a <b <2".
The number of required switching sequences reduces to @ :=
27 1(2" —1). Let £, 5)(la) denote a switching sequence of
length I, , that distinguishes states 6, and 8%,. For analytical
tractability, we standardize all sequences to a uniform length:

I = i
rg;g{ ab)s

extending shorter sequences as needed. These standardized
sequences are then ordered via the bijective mapping:

(a,b) b—a, a=1, 7
e(a,b) = i
(2"—a/2)(a—1)+b—a, otherwise.

Clearly, e(a,b) € {1,2,---
Ze(ab)( ) {Geab 0),---

,0}. The resulting the sequences

Lo 1)} =20 (1),
®)
which called O-switching sequences here, guarantee observ-
ability of the SBN (3).
Let Y/¢ = {y/*(1),y/(2),---,y/*(I*)} denote the output
sequence generated from initial state &5, under the e-th O-
switching sequence X°(I*). We define the output sequence

family for each state as:
M= {yll Y2 yiey 2" 9)

Proposition 1: For any distinct states 8%, # 84
1) Ya,e(a,b) 7& Yb,e(a,b),

jE{l,Z,---



2) M®#MP.

This one-to-one correspondence between states and output
families is a direct consequence of observability.

Indeed, we can collect abundant data samples, which
most likely span the entire state space. This is to ensure
that all possible switching-output data with respect to 2"
distinct initial states can be gleaned. Combining this with
the observability property, we establish:

Theorem 1: The state structure matrix L of SBN (3) is
identifiable if and only if the system is observable.

Proof: (Sufficiency): Assume the SBN is observable.
By Definition 3, there exist O-switching sequences that dis-
tinguish all pairs of distinct initial states. Collect switching-
output data from 2" initial states &5,, j € {1,2,---,2"}, under
(4 +1)o switching sequences. For each initial state &,
construct a series of switching signal sequences:

L) ={o!(0), - ;0T (I" = 1)} =X°(),
IO 1) = {8, (1)},

TIHOT(F 1) = {8}, X(I")}, e € {1,2,-- , 0}

(10)
The corresponding output sequences are:
Yrer) = {yhe(1), -y ()},
VRO 1) = (1), O 4 1),
Y

YRROTE( 1) = [y HOTe(1), oy HOTe( 1))

Truncate each sequence to its last /* outputs, denoted Y,
and group them into families:

M/i - {le’(kil)aH»la7j7(k71)w+2a T ’Yj.’kw} )

for ke {1,2,---,u+1} '
Observability ensures that the collection of M,{ contains
exactely 2" distinct output families M', M2, - - ,M?*". Define:

Mj, - {le’17Yj/’23 et 3Yj,’w} )

(12)

where M/’ corresponds to the output family generated from
o
85, Match observed data to these families via:

#1(0) = 84, if M) = M7,
©io(1) = 51, if M/ =M/ (13)
FHe(1) = yHe(1),
for je{1,2---2"} and i € {2,3,--- , u+1}.
From the switching signals ¢/'?(0), we obtain
e (1) = Lo/ (0)%/1(0), (14)
(1) = Hole ()i 1),

which uniquely identifies the structure matrices L. The bijec-
tion between states and output families ensures all columns
of L are identifiable.

(Necessity) We prove necessity by contradiction. If the
system is unobservable, two distinct states yield identical

outputs under all switching sequences, preventing unique
identification of L. [ ]

Theorem 1 shows that L is fully identifiable under observ-
ability; in contrast the output matrix H requires additional
conditions. This is due to fact that the second equation in (14)
indicates that the identification of H relies on knowledge of
state x(1) rather than x(0). Therefore, identification of both
L and H requires not only the observability of system (3)
but also the additional condition, which is

Lilon = 1o, VlE{l,,,Ll}

15)
This ensures every state is reachable at t = 1. Let .#} :=
(M| j=1,2,---,2"} with k€ {2,3,-- , u+1} and .2 :=
{M/" | j=1,2,---,2"}. From (13), we know that for the i-th
subnetwork, if .#;.1 = .#, then x(1) can cover the whole
state space, further, all columns of H; can be determined
according to (14).

Theorem 2: An SBN (3) is identifiable if and only if it is
observable and ;.| = .4 for all i€ {1,---,u}.

Remark 2: Existing methods for BCNs [12] are insuffi-
cient for SBNs due to asynchronous state-output evolution
and varying subnetwork outputs. This work extends the
results of [19] to address the identifiability. Furthermore,
while [19] addresses reconstruction problems for SBN (3), it
does not cover identification issues. This paper expands the
scope of SBNs research by addressing these gaps.

Algorithm 1 identifies L and partial columns of H. The
key steps include data collection, output family matching,
and matrix determination.

Figure 1 visually illustrates the identification process
described above: yellow circles denote states, while green
circles represent outputs. There are 2@ groups of data,
stemming from the same initial states x"'!'(0) = x"2(0) =
x129(0) = 83,. And 61-9*¢(0) = 6&, e€{1,2,---,u}. Then,
the outputs in red rectangle are the same. According to
Ml1 = M", we can identify #/''(0) = 62111. If le 7£M11 then
M3 = M?. Thus, £2?(1) = 83,. Eventually, based on (14),
Coly(Ly) =2 and Coly(H;) = y!*?(1) are identified.

V. EXAMPLE

Consider an observable SBN with 2 subnetworks, 3 state
nodes,1 output node, and

{E58[3242836411755678], 16)

H=8&[1211122112212212].

We assume O-switching sequences of the system are

5{1,2},ec {23} :=E|,
0{2,1},e€{4,5,9,18} := E»,
82{1’1}36 € {1,2, a28}\(E1 UEZ) ::E3~

Y=

a7)



Algorithm 1 Identify L and some columns of H of SBN (3)

Input: s+ 2 groups of switching signal data (10)
Qutput: L and H
1: generate the (1 + 1)@ groups of output data (11) and
denote Y’ as the output sequence consisted of the last
I* elements of sequence Y/(1), where i € {1,2,---, (U +
1)o}. Group into families Mj.

2: Initialization: M =0, j/' =1,

3: for each j e {1,---,2"} do

4: foreach ke {l,---,u+1} do

5: if M] ¢ M then

6 M/ =M, M+ MU{M}, j « j+1

7. end if

8:  end for

9: end for

10: construct L and some columns of H using (13) and (14).

Then, we construct the switching sequences according (17)
and switching signal J;;:

&{1,2},
&{2,1},
&{1,1},
&{i 1,2},
&{i,2,1},
&{i, 1,1},

where i = {1,2}, j € {1,2,---,8}, E3i+1 := {28i+ 23},
Esipo 1= {281 + 4,28i 4+ 5,28i + 9,28i + 18} and Ezji3 1=
{28i41,28i+2,---,28i+28}\ (E3;+1 UE3;12). Let the initial
state x/1(0) =x/2(0) = - - - = x/34(0) = §] and consider state
581 firstly. Then the output sequences with respect to state 581
are obtained:

eck,
eck,
ec ks,

ec E3i+1a
e € k30,
e € E3y3,

he2) =

Zj,28i+e(3) —

62{1,1}, eEEl,
vhe@2)={ &{1,1}, ecEs,
62{171}7 EEE3,
&{1,1,2}, e€E,,
Y283y =<¢ 8,{1,1,2}, ecEs,
62{17172}5 €€E67
&{1,1,1}, ecEy,
y!50te3y =< 8{1,1,1}, ec Es,
8{1,1,1}, ec Ey.

Similarly, we can get the output sequences with respect to
remaining states as

62{2,1}, eckE,
Y>(2)=<{ &{l1,1}, ecE,
6{2,2}, e€E;s,
62{27271}5 €€E47
Y2’28+e(3) == 82{27 17 1}7 ec E57
82{27272}a ec E67
&{17171}7 e€E77
Y2’56+e(3): 52{17171}5 €€E8,
62{17171}; e € Ey,

&-6-98
©® ©® ©

©-9-0-0 \
6 6 8 =

vttq

>e
o'
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Fig. 1. Generate the first and second output sequence families Ml1 and le

&{la 13 1}7

ec Lk,

Y8¢(2) =4 &{2,1,1}, ecky,
8{1,1,2}, ecEs,

8{1,1,1,1}, ecEy,

yE2re3) = ¢ &{1,1,1,1}, e€Es,
52{1713272}7 €€E6,

82{2713131}7 €€E7,

y336te3y = ¢ 8,{2,2,1,1}, ecEg,
8{2,1,1,2}, ecEy.

From (12), we can get M,{ . Then 8 distinct output sequence
families are found as follows

M' =M}, M* =M}, M?
M =M3, M® =M%, M’

=M}, M*=M;3,
= M3, M® = M5.

Denote that M/ is the output sequence groups of state 84,
under switching sequences (17). Naturally, we can find the

evolutionary trajectory of each state under switching signal
521 and 522, respectively,

82 —1516), 8! —L825), 5% — 18182, & — L8262,
853 —1563, 8! —L1828), &3 =188}, 86— L326%,
88— 15163, 83 — L8287, 8] — 18185, 86 — L5268,
50— 15161, 8] —L825], 82— H5)6S, o5 — HALSE,



At the same time, we know that
51— H&S!, 8 —H8)SY,
52— H8lS3, &) — H8lsY,
8l =H88, 83 =H&SS,
5l —H8ls], 82— H82S],
52— HG)88, &) — HS2SY,

Thus, based on the final step of Algorithm 1, the matrix L
and some columns of H is identified as

L=03Q[243387421516567 8|,
H=8*121 % x121x%xx1221],

where * is unknown number.

In fact, the equivalent class is identified by our method,
and the coordinate transformation is x(¢t) = &g[1 3 2 4
6 8 5 7)i(r), where £(¢) is the state of the original system
(16).

VI. CONCLUSIONS

This paper addressed the identification of SBNs with
unknown initial subnetworks using the STP tool. We estab-
lished a matrix-based criterion for SBN observability and
proved that the state structure matrix L is identifiable if
and only if the system is observable. While L can be fully
identified, complete inference of the output structure matrix
H requires additional conditions. An efficient algorithm was
proposed to identify L and partially identify H, validated
through an illustrative example. Note that the computational
complexity increase exponentially with the increase of nodes,
thus the method is suitable to identify small scale SBNs.

Future research could focus on improving the scalability
of large-scale networks and developing new approaches to
identify such complex networks. Additionally, observational
data are frequently affected by noise in practical applica-
tions due to constraints in sensing or communication. Thus,
extending the current framework to handle observation noise
and missing data is crucial for enhancing its robustness.
Incorporating uncertainty and stochastic behavior, integrating
machine learning, and applying the framework to probabilis-
tic BN are also promising directions. Experimental validation
with real biological data would further assess the practical
utility of the proposed methods. These advancements could
enhance the understanding and control of complex biological
systems.
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