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Abstract— The solution of the optimal control synthesis prob-
lem based on the Bellman equation is considered. The Bellman
optimal control problem allows us to obtain the control function
as a function of the state space coordinates. The essential
difficulty of this problem is that the function is unknown. To
solve the problem, one of the symbolic regression methods, the
network operator method, is used to search for the Bellman
function. This approach enables an automatic search for the
structure and parameters of the mathematical expression using
a special genetic algorithm. The result of the solution is a
mathematical expression for the Bellman function. The optimal
control found includes the gradient of the Bellman function.
This function is described by code in the form of a network
operator matrix. Therefore, the gradient of Bellman function
is calculated numerically. An example of solving the control
synthesis problem via Bellman equation for a mobile robot
subjected to disturbance of initial conditions is presented.

I. INTRODUCTION

The control synthesis problem is one of the important and
complex problems of control theory. The control synthesis
problem consists in finding control as a function of the
state space coordinates. This control ensures effective control
of the object under object disturbances. In most cases, the
control synthesis problem is solved manually by the control
system developer.

Since the early 2000s, approximate numerical methods for
solving the synthesis problem have appeared based on the
use of symbolic regression methods [1]. Symbolic regression
methods allow for the finding of mathematical expressions
of control functions based on the optimization criterion.
Special evolutionary genetic algorithms are used to search
for mathematical expressions [2]. One of the disadvantages
of this approach is that it is impossible to determine how far
the solutions obtained are from the optimal one. This article
examines solutions to the control synthesis problem using the
Bellman equation [3]. The control function is obtained from
the Bellman equation. The optimality of the solution obtained
is determined by the Bellman function. The authors suggest
that, for some problems, finding the Bellman function is
simpler than directly solving the control synthesis problem.

In the paper [4], eight mathematical problems are formu-
lated in which it is necessary to find a mathematical expres-
sion for a function. One of these problems is the problem
of finding the Bellman function. Nowadays, the Bellman
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function is often used as a reward function for various
reinforcement learning tasks, including control problems [5].
In classical control theory, the Bellman function was given
in advance in the form of a mathematical expression that
was defined exactly for the values of the parameters [6].
In general, the Bellman function is guessed. There are no
mathematical approaches to its analytical derivation. If the
Bellman function is correctly defined, it allows to obtain an
adaptive control system with low sensitivity to uncertainties
[7], [8].

In other works, the optimal control has been determined
numerically by dynamic programming and sometimes in
the control process [9]. Sometimes the Bellman function
is used to theoretically justify special types of control, for
example impulse control for systems described by differential
inclusions [10].

Machine Learning Control (MLC) is a promising paradigm
in the field of control. This term has recently appeared
[11], [12], although the methods associated with MLC have
been used for about twenty years. An important difference
between MLC and simple Machine Learning (ML) [13] is
that artificial neural networks do not play a dominant role in
MLC. Throughout the book [11], artificial neural networks
are not mentioned as a means of machine learning control.
The main role in machine learning control is assigned to
symbolic regression methods, in particular the method of
genetic programming [2]. In fact, there are nearly twenty
symbolic regression methods that for some tasks perform
better than GP.

Symbolic regression methods are universal function ap-
proximators like artificial neural networks. The main dif-
ference is that they can find mathematical expressions for
different functions. The obtained mathematical expressions
can be further used for deeper study of solved problems, in
particular for finding regularities. Thus, the methods of sym-
bolic regression open possibilities to solve a large number of
known problems where it is necessary to find mathematical
expressions of various functions. In this paper we consider
the solution of the problem of finding the Bellman function
using the method of symbolic regression.

Modern control systems are programs implemented on the
on-board computer of the control object. The description of
transformations of input signals performed by the control
system in universal form is a mathematical expression.
Unlike control systems created forty or more years ago, the
implementation of linear or non-linear transformations is not
significantly different today. We can write x or sin(x) for
the on-board processor – this is not significantly different,
although previously the implementation of the sine function



was somewhat more complex. This means that today it is
necessary to use methods that allow you to find mathematical
expressions to create a control system. These are symbolic
regression methods that find not only the parameters but also
the structure of a mathematical expression. Previously, to
find a mathematical expression, for example a description of
the functional dependence of experimental data, a researcher
would write a mathematical expression with accuracy to the
values of the parameters. The parameters were found by a
computational method, often the method of least squares.
Note that an artificial neural network is a multidimensional
function with a given structure and a large number of
unknown parameters. Finding their values is called machine
learning.

The ability of symbolic regression methods to search
for the structure of a mathematical expression comes from
the characteristics of a genetic algorithm. This optimisation
algorithm does not use arithmetic operations, summation and
multiplication on numbers when searching for an optimal
solution. It is designed to search in the space of codes.
Crossover and mutation operations don’t use arithmetic oper-
ations. All symbolic regression methods use special genetic
algorithms to search for the optimal solution. Each method
differs from others by the form of coding and the crossover
operation of the genetic algorithm for these codes. In re-
cent years we have successfully applied symbolic regression
methods for control synthesis of various control objects [14].

II. PROBLEM STATEMENT

Consider the optimal control synthesis problem according
to R. Bellman statement [3].

The mathematical model of the control object is

ẋ = f(x,u), (1)

where x is a state space vector, x ∈ Rn, u is a control vector,
u ∈ U ⊆ Rm, U is a compact set, m ⩽ n.

Initial conditions are

X0 = {x0,1, . . . ,x0,K} ⊆ Rn. (2)

The terminal condition is

x(tf ) = xf ∈ Rn, (3)

where tf is a time of reaching the terminal condition, t is
not given, but is limited, t ⩽ t+.

The quality criterion is

J =

tf∫
0

f0(x,u)dt→ min
u∈U

. (4)

The control is searched in the form

u = h(x). (5)

Bellman equation for the problem (1)–(4) is

−dµ(x)
dt

= min
u∈U

{(
∂µ(x)

∂x

)T
f(x,u) + f0(x,u)

}
. (6)

If the Bellman function µ(x) is known, then the control
function is found from Bellman equation (5)

u = argmin

{(
∂µ(x)

∂x

)T
f(x,u) + f0(x,u)

}
. (7)

Let us include initial (2) and terminal (3) conditions in the
quality criterion (4)

J =

K∑
j=1

 tf,j∫
0

f0(x(t,x
0,j),u)dt +

p1

√√√√ n∑
i=1

(xfi − xi(tf,j ,x0,j))2

→ min
µ(x)

. (8)

where p1 is a weight coefficient, x(t,x0,K) is a partial
solution of ODE (1) with control (7) from initial condition
x0,j , tf,j is a time of reaching the terminal condition (3)
from initial condition j, j = 1, . . . ,K.

To approximate Bellman equation and solve (1)–(7) a
network operator method, as one of symbolic regression
methods, is applied.

III. THE NETWORK OPERATOR METHOD

The network operator method was developed for the
control synthesis problem [1]. The method encodes a math-
ematical expression in a form of a directed graph, which is
represented in computer memory as an integer matrix. The
network operator method encodes a mathematical expression
as a composition of elementary functions with one or two
arguments. Functions with two arguments should be com-
mutative, associative and have a unit element. Parameters
and variables are included as arguments in a mathematical
expression. A set of elementary functions with one argument
includes the identity function, which does not change the
value of the argument. The computational graph of the
network operator includes source nodes associated with
arguments of the mathematical expression, edges associated
with functions with one argument, and other nodes associated
with functions with two arguments.

To encode a mathematical expression in the form of
a network operator graph, it is necessary to represent a
mathematical expression as a composition of alternating
functions with one and two arguments. This is done using
the identity function and functions with two arguments with
the unit element as the second argument.

Let us consider an example of encoding a mathematical
expression using the network operator method. Suppose a
mathematical expression has the following form

y = −x2 sin(cos(q1x1 + q2)). (9)

where x1, x2 are variables, q1, q2 are parameters.
For coding the mathematical expression (9) it is enough

to use the following sets.
The set of arguments

F0 = {f0,1 = x1, f0,2 = x2, f0,3 = q1, f0,1 = q2, } (10)



The set of functions of one argument

F1 = {f1,1(z) = z, f1,2(z) = −z
f1,3(z) = sin(z), f1,4(z) = cos(z)}. (11)

The set of functions of two arguments

F2 = {f2,1(z1, z2) = z1 + z2, f2,2(z1, z2) = z1z2}. (12)

The first index of elements in the sets (10)–(12) points
to a number of arguments, the second index is the element
number.

Let us write the mathematical expression (9) using ele-
ments of the sets (10)–(12).

y = f2,2(f1,2(f0,2), f1,3(f1,4(
f2,1(f2,2(f0,3, f0,1), f0,4))).

(13)

The expression (13) includes coding rule violations. For
example sin(cos(. . .)), f2,2(f0,1, f0,2) and others. Correct
the code and receive the following mathematical expression

y = f2,2(f1,2(f0,2), f1,3(f2,1(e1, cos(f2,1(f1,1(
f2,2(f1,1(f0,3), f1,1(f0,1))), f1,1(f0,4)))));

(14)

where e1 is a unit element for function f2,1(z1, z2). It is
zero, e1 = 0.

The expression (14) has four elements from the set of
arguments (10) and four functions with two arguments.
Therefore the network operator graph has eight nodes. Graph
of the network operator for mathematical expression (9) is
presented in the Fig. 1.

Fig. 1. Graph of the network operator for the mathematical expression

In the Fig. 1 the function numbers with two arguments are
located in nodes, in source-nodes arguments of mathematical
expression are located. The function numbers with one
argument are located near arcs. In upper part of nodes the
node numbers are pointed.

The adjacency matrix for the graph has the following form

A =



0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0


(15)

To build the network operator matrix it is needed to change
ones in adjacency matrix on the function numbers with
one argument and to put the function numbers with two
arguments on the main diagonal in the lines, that associated
with corresponding nodes.

Ψ =



0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 2
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 2 1 0 0
0 0 0 0 0 1 4 0
0 0 0 0 0 0 1 3
0 0 0 0 0 0 0 2


(16)

The network operator matrix for the mathematical expres-
sion (9) has the following form

The network operator matrix has upper triangle form when
all nodes are enumerated such, that for any pair of connected
by one arc nodes, the node number with exiting arc is smaller
than the node number with entering arc.

To decode of network operator matrix it is needed to set
a vector of node.

z = [z1 . . . zL]
T , (17)

where L is a number of lines in the network operator matrix.
Each element of node vector is initialized. If the component
number corresponds source-node, then a value of argument
associated with this node is put in this component of node
vector. If the component number points to node associated
with function with two arguments, then the unit element for
this function with two arguments is put in this component
of node vector. Next, the algorithm passes each row of the
matrix from top to bottom. If nonzero non-diagonal element
is found, ψi,j ̸= 0, i < j, then the calculation is performed
by the formula

zj ← f2,ψj,j (zj , f1,ψi,j (zi)). (18)

The result of the mathematical expression calculation is
obtained after passing through all the rows of the network
operator matrix. Consider decoding of the network operator
matrix (16).

Firstly, the vector of nodes is initialized

z = [x1 x2 q1 q2 1 0 0 1]T .

In the first row we find ψ1,5 = 1. Then z5 = 1 ·f1,1(z1) =
x1,

z = [x1 x2 q1 q2 x1 0 0 1]T .

In the second row ψ2,8 = 2, then z8 = 1 · f1,2(z2) = −x2,

z = [x1 x2 q1 q2 x1 0 0 − x2]T .

Next ψ3,5 = 1, then z5 = x1 · z3 = x1q1,

z = [x1 x2 q1 q2 x1q1 0 0 − x2]T .

In the fourth row ψ4,6 = 1, then z6 = 0 + f1,1(z4) = q2,

z = [x1 x2 q1 q2 x1q1 q2 0 − x2]T .



In the fifth row ψ5,6 = 1, then z6 = q2+f1,1(z5) = x1q1+q2,

z = [x1 x2 q1 q2 x1q1 x1q1 + q2 0 − x2]T .

In the sixth row ψ6,7 = 4, therefore z7 = 0 + f1,4(z6) =
cos(q − 1x1 + q − 2),

z = [x1 x2 q1 q2 x1q1 x1q1+q2 cos = (q−1x1+q2) −x2]T .

And finally in the seventh row ψ7,8 = 3. We obtain the result
of calculation of all mathematical expression

z8 = −x2 · f1,3(z7) = −x2 sin(cos(q1x1 + q2)).

The network operator method uses the principle of small
variation of basic solution [15]. According to this principle
only one possible solution is coded in the form of the
network operator matrix. Other possible solution are coded
as ordered multi-sets of vectors of small variations. Each
small variation can change only one element in the network
operator matrix. For record of small variation an integer
vector with four component is used. The application of
this principle is aimed at finding such small variations
of the symbolic regression code that slightly change the
mathematical expression according to the quality criterion
used in the problem. This principle allows you to preserve the
inheritance property when performing a crossover operation
in symbolic regression. This provides an efficient search for
an optimal solution by an evolutionary algorithm [16].

w = [w1 w2 w3 w4]
T , (19)

where w1 is a type of small variation, w1 = 0 is a replacing
a non-diagonal element, w1 = 1 is a replacing a diagonal
element, w1 = 2 is a changing the zero value of the non-
diagonal element to non-zero one or adding an arc, w1 = 3 is
a changing non-diagonal element non-zero value to zero one
or removing an arc, this variation is made only if non-zero
non-diagonal elements remain in the row and in the column
where changing element stood, w2 is a number of line, w3

is a number of column, w4 is a new value of an element.
Consider an example of a small variation. Let variation

vector has the following value

w = [2 2 6 4]T .

After small variation, the following network operator matrix
is obtained

w ◦Ψ =



0 0 0 0 1 0 0 0
0 0 0 0 0 4 0 2
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 2 1 0 0
0 0 0 0 0 1 4 0
0 0 0 0 0 0 1 3
0 0 0 0 0 0 0 2


The new network operator corresponds to the following

mathematical expression

y = −x2 sin(cos(q1x1 + x2 + q2)).

Any non-basic possible solution in the network operator
method is coded as ordered multi-set of small variation
vectors

Wα = (wα,1, . . . ,wα,d), (20)

where d is a depth of the set of variations.
For crossover operations two possible solutions are se-

lected
Wα = (wα,1, . . . ,wα,d),
Wβ = (wβ,1, . . . ,wβ,d),

(21)

The crossover point is determined randomly
c ∈ {1, . . . , d} and two new possible solutions are
obtained after exchanging small variation vectors after the
crossover point of selected possible solutions

Wγ = (wα,1, . . . ,wα,c−1),wβ,c, . . . ,wβ,d)
Wσ = (wβ,1, . . . ,wβ,c−1,wα,c, . . . ,wα,d),

(22)

IV. A COMPUTATIONAL EXPERIMENT

Consider an optimal control synthesis problem of mobile
robot.

A mathematical model of control object is given

ẋ1 = 0.5(u1 + u2) cos(x3),
ẋ2 = 0.5(u1 + u2) sin(x3),
ẋ3 = 0.5(u1 − u2),

(23)

where x = [x1 x2 x3]
T is a state space vector, u = [u1 u2]

T

is a control vector.
Constraints on control are

−10 = u− ⩽ ui ⩽ u+ = 10, i = 1, 2. (24)

Eight initial conditions are

X0 = {x0,1 = [−2 − 2.5 − 5π/12]T ,
x0,2 = [−2 − 2.5 5π/12]T ,
x0,3 = [−2 2.5 − 5π/12]T ,
x0,4 = [−2 2.5 5π/12]T ,
x0,5 = [2 − 2.5 − 5π/12]T ,
x0,6 = [2 − 2.5 5π/12]T ,
x0,7 = [2 2.5 − 5π/12]T ,
x0,8 = [2 2.5 5π/12]T .

(25)

The terminal condition is

xf = [0 0 0]T . (26)

The quality criterion is

J =

tf∫
0

(1 + p2(u
2
1 + u22))dt→ min

u
, (27)

where p2 = 0.1.
The Bellman equation is

−dµ(x)
dt

= min
u∈U

{
∂µ(x)

∂x1
0.5(u1 + u2) cos(x3)+

∂µ(x)

∂x2
0.5(u1 + u2) sin(x3)+ (28)

∂µ(x)

∂x3
0.5(u1 − u2) + 1 + p2(u

2
1 + u22)

}
.



From Bellman equation the optimal control is found

ui =

 u−, if ũi < u−

u+, if ũi > u+

ũi, otherwise
, i = 1, 2, (29)

where

ũ1 = − cos(x3)
∂µ(x)

4p2∂x1
− sin(x3)

∂µ(x)

4p2∂x2
− ∂µ(x)

4p2∂x3
, (30)

ũ2 = − cos(x3)
∂µ(x)

4p2∂x1
− sin(x3)

∂µ(x)

4p2∂x2
+

∂µ(x)

4p2∂x3
. (31)

To find Bellman function µ(x) the network operator
method was applied.

During the search the network operator method used the
following quality criterion

J =

8∑
j=1

 tf,j∫
0

(1 + p2(u
2
1 + u22))dt +

p1

√√√√ 3∑
i=1

(xfi − xi(tf,j ,x0,j))2

→ min
µ(x)

, (32)

where p1 = 1, p2 = 0.1.
The basic solution was chosen as

µ0(x) = q1(x
f
1 − x1) + q2(x

f
2 − x2) + q3(x

f
3 − x3), (33)

where qi = 1, i = 1, 2, 3.
Finally, after the search process the following Bellman

function was obtained

µ(x) = 2q3(x
f
3 − x3) + q2(x

f
2 − x2)+

q1(x
f
1 − x1) + sgn(q2(x

f
2 − x2)×

(exp(|q2(xf2 − x2)|)− 1) + sin(q1)+

sgn(2q3(x
f
3 − x3) + q2(x

f
2 − x2)+

q1(x
f
1 − x1) + sgn(q2(x

f
2 − x2))×

(exp(|q2(xf2 − x2)|)− 1)+

sin(q1)) + cos(q3(x
f
3 − x3)+

q2(x
f
2 − x2)),

(34)

where q1 = 6.569, q2 = 7.251, q3 = 8.314.
Results of simulation the system (23) with control (30),

(31) and Bellman function (34) are presented in the Fig. 2–5.
In the Fig. 2 the optimal trajectories of mobile robot

movement on the plane {x1, x2} from eight initial conditions
are presented (25). As we can see the mobile robot achieves
the terminal condition with sufficient accuracy from all eight
initial states. The optimization criterion did not include
minimizing the path length, so the paths of movement of
the control object from different initial states to the terminal
state is not the shortest.

In the Figures 3–5 the plots of variables of time for
initial state x0,8 = [2 2.5 5π/12]T are presented. In the
Figures 6 and 7 plots of control for the initial state x0,8 =
[2 2.5 5π/12]T are presented.

Parameters of computational experiment: size of network
operator – 24×24, number of functions with one argument

Fig. 2. Optimal trajectories on the plane {x1, x2} from eight initial states

Fig. 3. Plot of the variable x1(t) for initial state x0,8

Fig. 4. Plot of the variable x2(t) for initial state x0,8

– 20, number of functions with two arguments – 2, number
of parameters – 3, size of initial population – 512, number
of generations – 128, number of possible crossovers at
each generation – 128, depth of variation – 8, number of
generations between change of basic solution – 20.



Fig. 5. Plot of the variable x3(t) for initial state x0,8

Fig. 6. Control u1

Fig. 7. Control u2

V. CONCLUSIONS

The paper considers the problem of synthesizing optimal
control in the formulation of R. Bellman. The solution to
this problem is the control function, which is obtained from
the Bellman equation. To obtain the Bellman equation, it
is necessary to define a scalar Bellman function that must
satisfy given boundary conditions. The work uses symbolic

regression to determine the Bellman function and construct
the Bellman equation. The network operator method is used
as the symbolic reggression method. The paper provides an
example of a solution to the problem of synthesizing an
optimal stabilization system based on the construction of
the Bellman equation by symbolic regression for a wheeled
robot with a differential drive. The Bellman function found
by symbolic regression made it possible to solve the problem
of synthesizing the optimal stabilization system for the object
under consideration, which was confirmed by the results of
a computational experiment.

Further research is related to determining the dependence
of the control function on the type of Bellman function,
obtained for various quality criterion.
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