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Abstract—The significance of Bodes Ideal Transfer Function
(BITF) in control theory has motivated researchers to explore
new ways to harness its beneficial properties. In this work,
we present a novel control strategy that integrates Input-
Output Feedback Linearization (IOFL) with a Fractional Integral
Controller (FIC) to achieve enhanced system performance. The
proposed approach is applied to a Two-Input Two-Output (TITO)
nonlinear system, where IOFL is first utilized to linearize
and decouple the system into two independent pure integrator
subsystems. Subsequently, a newly designed fractional-order
integral controller, based on BITF, is implemented to ensure
precise reference tracking. To validate the effectiveness of this
method, we apply it to a TITO coupled tank (TITOCT) process
and compare its performance with Nonlinear Continuous-Time
Generalized Predictive Control (NCGPC).

Index Terms—fractional controllers design, nonlinear systems,
two input two output coupled tank system, Bode’s ideal transfer
function.

I. INTRODUCTION

The design and application of fractional-order controllers
remain a crucial area in control systems due to their abil-
ity to achieve high precision and robustness. However, the
wide variety of available controllers often leads to chal-
lenges in selecting the most appropriate one. Researchers
typically seek controllers that are both robust and minimal in
terms of parameter complexity. Among the various fractional-
order controllers, the fractional-order proportional-integral-
derivative (FOPID) family has gained significant attention for
its industrial applications. Several studies have explored dif-
ferent FOPID designs, including standard FOPID controllers
[1], robust FOPID controllers [2-4], adaptive FOPID con-
trollers [5], fractional-order proportional-derivative (FOPD)
controllers [6], fractional-order proportional-integral (FOPI)
state feedback controllers [7, 8], and robust FOPI controllers
[9].

Most real-world systems exhibit nonlinear behavior, and
many industrial processes belong to the category of multi-input
multi-output (MIMO) systems. In MIMO control, numerous
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approaches rely on decoupling techniques [10,11], while oth-
ers are based on feedback linearization [12,13]. In the case
of two-input two-output (TITO) nonlinear systems, feedback
linearization not only compensates for system nonlinearities
but also decouples and transforms the system into independent
single-input single-output (SISO) linear subsystems. This work
aims to develop a novel approach for determining the integral
gain of a fractional controller in TITO nonlinear systems to
achieve accurate reference tracking, ensure robustness, and
validate the method through implementation on a hydraulic
system. Our approach integrates input-output feedback lin-
earization (IOFL) with a fractional integral controller (FIC),
imposing the closed-loop characteristic polynomial of Bodes
Ideal Transfer Function (BITF) as the desired model. To the
best of our knowledge, no existing work on TITO system
control has explicitly addressed this problem. Moreover, very
few studies have utilized the closed-loop transfer function
(CLTF) of BITF as a reference model, as proposed in [14,15].

To validate the theoretical findings, we implement the
proposed method on a nonlinear TITO coupled tank
(TITOCT) experimental testbed. In integer-order control, var-
ious strategies have been employed for this system, including
proportional-integral (PI) controllers [16] and other control
techniques [17,18]. More recently, researchers have explored
fractional-order controllers, such as a novel frequency-domain-
based FOPI controller [19], an auto-tuning FOPI controller
[20], and a semi-analytical approach for FOPID controller
design [21].

Our main contributions are:

e Develop a novel fractional integral control method for a
decoupled TITO nonlinear system to achieve accurate refer-
ence tracking;

e Ensure robustness by imposing BITF as the reference
model

e Validate the proposed approach through simulations on
a decoupled TITO process, followed by experimental imple-
mentation.

e Demonstrate the effectiveness of the method by compar-
ing it with the robust nonlinear continuous-time generalized
predictive control (NCGPC) strategy..

This paper is structured as follows: Section 2 presents the
Coupled Two-Tank Modeling. Section 3 presents Input-Output
Feedback Linearization of the Coupled Two-Tank Model. The
design of a FPIC for double integrating systems is presented in
Section 3. Section 4 presents the simulation and experimental
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Fig. 1.

Coupled tanks experimental testbed

results of the proposed method. We finish with a conclusion
in Section 5.

II. INPUT OUTPUT FEEDBACK LINEARIZATION APPLIED
TO TWO-INPUT TWO-OUTPUT COUPLED TANK PROCESS.

The coupled tank experimental testbed is a nonlinear system
consisting of five tanks: four upper tanks with uniform cross-
sections (denoted as M), placed on a platform, and a fifth tank
positioned below them. In this study, we focus on the two
upper tanks. Pump P, supplies water to the upper tank (7})
through the valve MV,delivering a flow rate ¢,. Similarly,
pump P, supplies water to tank (7}) through the valve MV}
with a flow rate ¢,. Additionally, tank (7}) receives water from
tank T, via the valve MV, and orifices of area e, contributing
an additional flow ¢,;. Water exits tanks 7, and 7T} through
orifices with areas e, and ey, resulting in outflows ¢, and ¢,
respectively. The system inputs are the pump voltages wu, and
up while the outputs are the water levels [, and [ in tanks 7},
and Ty, respectively. The schematic of the experimental setup
is shown in Figure 1.

The nonlinear state equation governing the dynamics of the
coupled tank system is given in [16].

dl, eq €ab
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Let x = [l4, ] denote the state vector, u = [ua, uy) the control
vector, and y = [ya, ys] = [la, ls] the output vector. Assuming
€q = €p = €qp = € and KT4L = §. the state-space model of the
TITOCT system is given by:
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The numerical parameters of the two-input, two-output
(TITO) coupled tank system are as follows: M = 0.01389m?
represents the cross-sectional area of the tank, e =

50.265.10~%m2 is the outlet area of the tank, § = 2.4.10~3
is the constant that relates the control voltage to the water
flow from the pump. The gravitational acceleration is given
by g = 9.81ms~2 [22, 24].

The coupled tank system is modeled as a TITO nonlinear
process, expressed in the following form:
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Let r;,¢ = 1, 2, denote the relative degrees of the output l;,7 =
a, b. The first derivative of each output is given by:

Gjiman = Leli(@) + 0, (Lol ui = fj 4 6uj. (4

The input appears after the first derivative of each output

y;, hence the relative degree associated with [;,7 = a,b is
r; = 1.
The system’s vector relative degree is (r1,72) = (1,1),

meaning that the sum (r; + r2) equals the system order.
Consequently, the system can be exactly feedback linearized,
resulting in the absence of zero dynamics.

The nonlinear model described in (2) can be linearized using
the state transformation [23]:

Zq la
o= e ; 5)
Zp lb
and the corresponding feedback control laws [23]:
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where v, and v, are the control laws responsible for
stabilizing each linear subsystem.
Finally, the overall control law is given by:

{ ua:%[%\/2910‘—’—ﬁ\/Qg(la_lb)—‘rva] (7)
up = =529 — ) + 5290 + v).

In the new coordinates, the system is represented by:

Za fa +5Ua

Zp fo + oup (8)

Remark: The output vector y = [yq, yp] retains the same
notation in both the original and transformed coordinate sys-
tems.
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Fig. 2. Block diagram of IOFL with FIC in the decoupled TITO system

Substituting (7) into (8) results in two decoupled linear

subsystems.
Zi = U;
Yi = %

ITII. FRACTIONAL CONTROLLER DESIGN

i=a, b, €))

The fractional integral controller design for the SISO system
presented in [24] can be extended to decoupled TITO sys-
tems. The key idea behind using the fractional-order integral
controller alone is that the controlled system behaves as a
pure integrator. In fact, the combination of these two systems
results in the Bode ideal transfer function in the closed-loop.
We implement the fractional integral state feedback in the
following form:

Let v;(t) be the proposed fractional integral state feedback
controller of the following form

0it) = K Le (B (1) — )
= kzlloﬂ (lvz”ef(t) - yl(t))a

where k% € R, are the controllers gains.
fractional integration operators of order o’.
desired setpoint.

Let e;(t) = I}, — s — ¥i(t) be the error between the desired
setpoint and the output. The block diagram of the IOFL
with the FIC applied to the TITOCT process is illustrated in
Figure 2.

The following algorithm outlines the steps for designing the
fractional integral controller (FIC) described above:

Step 1: Apply IOFL to the TITO nonlinear system to obtain
two first-order subsystems.

Step 2: Select the desired phase margin (or fractional order
~%) and the gain crossover frequency of the desired closed-
loop transfer function (CLTF), considering only values within
the range (1 < 4% < 2) into consideration.

Step 3: Determine the controller parameters o’ and k?
using equation (13). These steps are applied separately to
each first-order SISO subsystem.The detailed calculation of
the fractional corrector is presented as follows. Let T,; be the
resulting CLTF from equations (9) and (10).
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1, are the
lﬁef are the
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T.; is similar to an ideal tansfert function (the CLTF of the

BITF) given in [14] by: Fpoge = W, (where v = o +1).

Let w! and 4’ be the desired gain crossover frequency

and the fractional order of the closed loop reference for each

subsystem 1.

The desired closed loop reference is then

Ab(s) = ——C——. 12

als) T+ (W) (12)

The term-by-term differentiation between the denominator
of (11) and the denominator of (12), gives:

kg = (wi)"
a'=v"—-1

IV. APPLICATION AND COMPARATIVE STUDY BETWEEN
THE PROPOSED METHOD AND NCGPC

13)

In the present section, we provide a series of simulations
followed by experimental implementation for step and square
references to TITOCT system and a comparative study be-
tween the performances of the proposed control strategy and
NCGPC of [25, 26].

A. Simulation Results

For both controllers, simulations are conducted using the
initial conditions [, = 0 and [;, = 0. Following Step 1 from
Section 3, we derive the linear subsystems of the TITOCT
system given by (9). Two different step reference tests are
performed. In the first test, for the first subsystem, we fix the
gain crossover frequency at w? = 0.08 and vary either the
phase margin ®M* = 72°,54° 36° or the fractional order ¢
as v* = 1.2,1.4,1.6. The corresponding controller gains are:
¥* = 1.2 — is chosen as 1.2, the controller gain is
k§ = 10.0483].
~®* = 1.4, the controller gain is k¢ = [0.0291].
~* = 1.6, the controller gain is k¢ = [0.0176].

In the second test, for the second subsystem, we fix the
fractional order at 4* = 1.1 (®M°® = 81°) and vary the
gain crossover frequency w® as w?® = 0.2,0.3,0.5. The
corresponding controller gains are:

w? = 0.2, the controller gain is k% = [0.1703].

wb = 0.3, the controller gain is kb [0.266].
wb = 0.5, the controller gain is kb = [0.4665].

For NCGPC, simulation results illustrate the effect of pre-
dictive time 7', using different values:
e 7% =10.5,1.5, 3], for the first subsystem
e 7% = [0.9,2,4], for the second subsystem. The system
responses for these tests are shown in Figures 3 4,5 and 6.
Figures 3 and 4 show that, under the proposed controller, the
output [, tracks [¢ s With varying overshoots but an almost
constant rise time as y® changes while keeping wg fixed.
Conversely, varying w’ while maintaining a fixed ~°, causes
I to tracks 15, s with different rise times but a constant over-
shoot, demonstrating the iso- dampmg property. The proposed
controller thus allows both w! and +* to influence system
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Fig. 4. Step response by using FL combined with FIC with different values
of the gain crossover frequency we, applied to the second subsystem: (a):
Output response, (b): Control

dynamics. Figures 5 and 6 illustrate that for NCGPC, the
system dynamics are affected by the choice of predictive time
T

For tracking desired vector outputs [I%, f,lﬁe | which are
square signals, we apply the proposed fractional integral
controller combined with feedback linearization and NCGPC
to the vector outputs [I,, ;] for each subsystem.

For the first controller:
o In the first subsystem, we set the fractional order to v* = 1.1
(@M = 81°) and the gain crossover frequency to w? = 0.08.
oIn the second subsystem, we set the fractional order to 7’7 =
1.1 (?M° = 81°) and the gain crossover frequency to w? =
0.3.
For the second controller, simulation results are obtained using
a fixed predictive time:
e T = (.5 for the first subsystem. @ 7 = 0.1 for the second.
The simulation results for these tests are illustrated in Figures 7

and 8.
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Fig. 5. Step response by using NCGPC with different values of the predictive
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It can be seen from Figures 7 and 8 controllers ensure that
the first output, I, accurately tracks the setpoint [7, , while the
second output, [, tracks the setpoint li’e s rapidly and with zero
steady-state error. The water levels are well-tracked with an
acceptable control effort.

B. Experimental Results

For the proposed controller, experimental results are given
for a square reference, and for the same initial conditions and
the same controllers parameters as that of simulation. This test
is illustrated in Figures 9 and 10. The latters show that the
proposed controller can properly achieve reference tracking.

To further evaluate the robustness of the proposed con-
trollers, we introduced two external disturbances in the ex-
perimental testbed, as illustrated in Figures 11 and 12. The
first disturbance involved adding one liter of water to Tanks
1 and 2 at ¢t = 250s and ¢ = 350s, respectively. The second
disturbance was induced by opening the MV, and MV, valves
at t = 100s,560s,670s and ¢ = 100s,670s, respectively,
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for a few seconds. The controller is tested using the same
parameters as in the no-disturbance test .

Figures 11 and 12 show that after the first external dis-
turbance, the water level increases instantly, and then it is
decreased, achieving the reference value. After the second
external disturbance, the water level decreases, and then it is
increased, achieving the reference value.

V. CONCLUSION

This manuscript introduces a novel reference-tracking tech-
nique for a TITO nonlinear system by integrating IOFL and
FIC. The latter’s design is simplified using BITF as the
reference model, ensuring closed-loop stability and robustness.
Two key parameters, the gain crossover frequency w’ and
the fractional order 7%) influence the system’s dynamics.
Meanwhile, NCGPC, an optimal control strategy, determines
controller gain coefficients by minimizing the criterion J. The
system dynamics vary with predictive times T°. an increase in
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Fig. 9. Experimental results for square reference without disturbance, using
FL combined with FIC, applied to the first subsystem, (a): Output response,
(b): Control
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Fig. 10. Experimental results for square reference without disturbance, using
FL combined with FIC, applied to the second subsystem, (a): Output response,
(b): Control

predictive times extends the rise time while reducing control
effort. A comparison of simulation results demonstrates that
both controllers exhibit excellent tracking performance and
robustness. These results confirm the effectiveness of the
proposed controller.
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