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Abstract—The paper considers the machine mathematical
expression search problem for a control function. To solve this
problem machine learning of control by symbolic regression
numerical method is used. In difference from other works,
where searching mathematical expression is performed by
symbolic regression, here not one and some symbolic regression
methods are applied sequence for search of one a mathematical
expression. The paper contains a description of new symbolic
regression method, that is named universal code. The method is
constructed on the base the genetic programming and Cartesian
genetic programming and it uses the principle small variation
of basic solution. The paper presents an example of application
of the universal code together with the network operator for
stabilization of wheeled robot in the point of the state space
with given quality of stabilization, which is needed for small
sensitivity of a control function to external disturbances.

I. INTRODUCTION

Solving the control system synthesis problem is almost
always necessary to perform in order to the control system
had feedback control and was implemented in real object.
As a rule, this problem is solved by manually. A researcher
studies a mathematical model of control object, defines con-
trol channels and inserts there controllers for compensating
control errors. In seldom cases, if the problem and the
model of control object allow to make that, researcher uses
analytical methods, the backstepping integrator [1] or the
analytical design of aggregate regulators [2], [3].

With beginning of twenty-one century the numerical
method of control synthesis by symbolic regression became
to use [4]. This approach allowed to automate of control
synthesis problems solving. Symbolic regression includes
evolutionary algorithm of search and it can find a solution
of control synthesis problem in the form of mathematical
expression special code for desired control function. Studies
of symbolic regression showed, that the genetic programming
[5], used as a search tool of the optimal solution in symbolic
regression, not always provides saving property of inheri-
tance needed for successful work of evolutionary algorithm.

At the crossover operation in genetic programming very
often two new possible solutions are received not like par-
ents even if both parents are the same. This means, that
crossover operation not saving required inheritance property
and generate two new possible solutions randomly. To fix
this situation the principle small variation of basic solution
was created [6], that firstly was applied in new symbolic
regression method the network operator. According this
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principle only one possible solution, which on opinion of
researcher is nearest to the optimal solution is codded by
symbolic regression. Other possible solutions are codded as
sets of small variation vectors of the basic solution. All
genetic operations, crossover and mutation are performed on
sets of small variation vectors, at this crossover operation is
performed as in classical genetic algorithm.

The basis solution undergoes changes, that depend on
the number of small variations in the set of each possible
solution and the small variations themselves. A number of
small variation vectors in set of each of possible solution is
named the depth of variation. After given number of cycles
generations the basis solution is exchanged onto the best
current found possible solution. This solution is the new
basis solution and this process is named epoch change. The
depth of variation and a number of generations between of
the epoch change are parameters of search of the optimal
solution. The principle of small variation of basic solution
can be used in any symbolic regression. Then this symbolic
regression receives in its named word “variation” as the
first word. Application of the principle of small variation in
control allowed to solve many control synthesis problems and
automate process of construction control system practically,
that is to exclude a human from that. This means, that
a computer program of control system is written itself or
is learned. Here human takes part in creating only basic
solution, as a parent of his child. Further the child or a
program is changed or is grown itself according to given
quality criterion. Obviously, that such approach is base for
creating of artificial intelligence.

In this work continue to study application of symbolic
regression for solving the control synthesis problem. As
any evolutionary algorithm symbolic regression finds well
solution on quality criterion value, but it can’t define as
far this solution from the optimal one. Other feature of
evolutionary computations consists of that if algorithm found
some good solution, corresponding a local minimum, then
other solutions of the population are concentrated in near of
this local minimum. It is very hard to force the algorithm
to look for optimal solution in new place far from the local
optimization. The paper presents a new combine approach to
solving the control synthesis problem. To solve the problem
two symbolic regression method are used. Firstly, one sym-
bolic regression method is used, and then after that it found
some not bad solution, other method is used.



II. VARIATION UNIVERSAL CODE

The variation universal code is constructed on the base
of genetic programming and Cartesian genetic programming
[8]. It also uses the principle of small variation of basic
solution. The code consists of codes of elementary functions.
Each code of elementary function is an integer vector of two
components. The first component is a number of function
arguments. The second component is the function number.
The code is a sequence of elementary functions. Parameters
and arguments of a mathematical expression are a functions
without arguments and is codded as an integer vector with
the first component is equaled zero.

Every code of elementary function is an argument of
function locating left. Calculating of the function code is
performed with last code to first code from right to left. If
the function is calculated, then its result is an argument next
function to left, until there is a code to left. If there is not
a code to left, then this is a value of codded mathematical
expression.

Consider an example. Assume, the following alphabet of
elementary functions is.

Functions without arguments or variables and parameters
of mathematical expression:

Fo = {foa=a1=[01", fop=22=[02]", )
fos=a =017, foa=q=1[04]"}.
Functions with one argument:
Fl = {fl)l(z) =z — [1 l]T,
fi2(z) ==z = [12]T, @)
f13(2) = exp(z) — [1 3]T,
fr4(z) =sin(z) — 147}
Functions with two arguments:
Fo = {fai(z1,22) =21+ 20 = [21]7, 3)

fo2(z1,22) = 21 - 22 — [2 2]T.

If it is necessary to code the following mathematical
expression

y = exp(—z2) sin(q1z1 + g2), ()

then firstly we overwrite the mathematical expression (4) in
the prefix form with account of the alphabet of elementary
functions

y = fa2(f13(f12(72)), fra(fe1(f22(q1,21),62))).  (5)

Then we exchange elementary functions of them codes.

o= (B GBI BB BT BT BIBIED -

In common case a code of mathematical expression has
N two components integer vectors

j= ai(1)| fa1(2) a1 (k) a1 (N) 7
az(1)] [a2(2)] " |az(k)] T [aa(N)] )

To define correct of code the index of code symbol is

used. The index of code symbol shows, how many codes

must stay to right of the current code. The index of code
symbol is calculated by equation

T(k) =T(k —1) + ay (k) — 1. (8)

Correct code has the following values of the index code
symbol

T(O) = 1,
T(k) > 0k=1,...,N—1, 9)
T(N) = o.

If the conditions (9) is fulfill, then the code is correct.
Let’s check the code (6).
T(1)=142-1=2,T(2)=241-1=2,T(3) =
241-1=2T(4)=240-1=1,T()=1+1-1=1,
T6) =142-1=2,T(7)=2+2-1=3,T8) =
3+40-1=2,7T(9) =240-1=1,T7(10) =140-1=0.
To calculate a mathematical expression by its code the
following equation is used
j=0,k=N,...,1
if a1 (k) = 0, then
](—]-l—l, rj<_507a2
else, if a1 (k) = 1, then
i 4 flaak)(T5)s
else, if ay (k) = 2, then j + j — 1,
75 4= J2,a500) (75 Tj41)-
Result of calculations is stored in the variable 1 at k = 1.
Consider an example of the code (6)

j«0, k=10,...,1,
a1(10) =0, j+ j+1=0+1=1,

(10)

1< q2,

a1(9) =0, j+j+1=14+1=2,
To < I1,

a1(8) =0, j+j+1=24+1=3,
3 < 41,

a(M) =2 j<j-1=3-1=2,
ro T2 T3 = T1q1
0(6) =2, jj-1=2-1=1,
T T2+ =+ g2
a1(5) = 1,71 < sin(q1x1 + ¢2)
a(4) =0, j = j+l=1+1=2
T2 < T2,
al(S) =1,7r9 < —29
a1(2) = 1,73 + exp(—x2)
a(1)=2,j+j—-1=2-1=1,
114 1211 = exp(—a2)sin(qir1 + g2).

Y

To increase the complexity of the desired mathematical
expression, the universal code uses vector notation. Each
component of the vector of the universal code is the code
of a separate mathematical expression. All component code
lengths are limited and can contain no more than N symbols.

Y =(yh....y"), (12)

= ()] L))
i=1,...,L.

where
(13)



Real length of each component i is N; < N. All codes
of components are calculated sequence. After calculation
of the component, its value is adding to the set argument
Fy. Values of codes of components are calculated sequence.
After calculation of the code component, its value is adding
to the set of arguments Fy (1) of the alphabet of elementary
function as in the Cartesian genetic programming, This value
can be used in next code components.

A vector of small variation for universal code has dimen-
sion H
]T

w = [wy wy w3 wg ws]", (14)

where w; is a type of variation, ws is the component number,
ws is the symbol number, w,, ws are addition parameters for
small variation.

A vector of small variation has the following types.

wi = 0 is a change of the second component of symbol
code

Ay 2(W3) = Wy (15)

wi = 1 is an elimination of a code element.

If Gy, 1(w3) = wy =1 then
g, 1 (W3 + i — 1) 4= aw, 1 (ws + 1),
aw272(w3 +17— 1) — am,g(wg + i),

1= 1,...,]\[71,2 — Wws,
Ny, +— Ny, — 1.

(16)

If aw2)1<’w3> = wy = 2 then

j=1,T=1,

while 7" > 0 do
T THap,1(ws+j)—1, jj+1
Ay 1 (W3 +10 = 1) <= @y 1 (w3 +1i + ),
Ay 2(W3 + 0 — 1) = au, 2 (w3 + 1+ j),

i=1,...,Nu, —j,
Ny, Ny, — J.

a7)

wy = 2 is an insert of function with one argument.

If Ny, <N, then
Ay 1(8) = Gy 1 (1 — 1),
aw272(i) — aw272(i — 1),
i=Ny, +1,...,ws3+1,
Q1 (w3) = 1,
Ay 1 (W3) = Wa. Ny, — Ny, + 1.

(18)

wjy = 3 is an insert of function with two arguments.

If Ny, < N — 1, then
awml(i) — aw271(i - 2)7
a’wzﬂ(i) — CLw%g(Z. - 2)7
i=Ng, +2,...,w3+2,
Quy,1(w3) =2,
Ay ,2(W3) = Wy,
aw271(w3 + 1) =0,
aw272(w3 + 1) = Ws.

19)

According to the rules of correct code in a universal
code, you can always remove or insert function with one
argument. Deleting a function with two arguments removes
the function itself and the subexpression that defines the
first argument of that function. Thus, this variation removes

at least one argument of the entire argument of the math-
ematical expression. When inserting a function with two
arguments, if the length of the code record allows, then the
new function itself with two arguments and the argument
of the mathematical expression are inserted. Thus, when
this small variation is performed, the argument of the entire
mathematical expression is inserted.
Consider examples. Let a variation vector is

w=[01341]".

Accurding to a small variation, the second component in
third element ia replaced onto 3,

01341)T0f=

(] B B Bl B B 5 3T

The received code corresponds the following mathematical
expression

§ = exp(sin(z2)) sin(q121 + g2).
Let a small variation is
w=[11511]".

According to this variation function with one argument is
deleting in position 5. In result we receive the following
code

115117 0=

(] BJ B I BT B 6T BB

The code corresponds the following mathematical expression
§ = exp(—z2)(q171 + ¢2).
Let small variation is
w=[11721]".

This is deleting function with two arguments from position

7
117217 0j=

(B Bl BBV ET BT L)
20 (3] [2] |2 |4] (1] |1] 4]/
The code corresponds the following mathematical expression
g = exp(—x2) sin(x1 + ¢2).
Let small variation is
w=[21341".

This is inserting function with one argument in position 3
with a code [1 4]T.

213417 0=

(Ll B B0 Bl Bl B BB BB -

The code corresponds the following mathematical expression

7 = exp(sin(—w2)) sin(q121 + q2).



Let small variation is
w=[31321]".

This is inserting function with two arguments [2 1]7 in
position 3 with additional argument [0 1]7.

213417 0f=

(L] 60 B o o o o ] L)

The code corresponds the following mathematical expression
§ = exp(z1 — x2) sin(q171 + g2).

According to principle of small variation all possible
solutions except a basic solution are set in the form as an
order set of small variation vectors. All genetic operations
are performed over these sets. For crossover operation two
possible solutions or parents are selected

W, = (wol o wed)

Ws = (whi . whd). 20

A crossover point is determined randomly, ¢ € {1,...,d}/
After that two new possible solutions are received by replace-
ment components after the crossover point

— ,1 ,C ,e+1 ,d
Wgi = (wol o owee whetl o whid),

21
Wryo = (Wﬁ’l,...,WB7C7WO"C+17'”7Wa,d)’ 2D

where H is a number possible solutions in an initial popu-
lation, d - is a depth of variation.

III. SYNTHESIZED OPTIMAL CONTROL

The optimal control problem, formulated in the middle
of the twentieth century, is classical and is often considered
when creating complex control systems that must optimally
move in the space of states. The main disadvantage of this
problem is the complexity not so much of the problem itself
as of implementing its solution on board a real object. This is
because the solution to a problem in its classical formulation
is a control function as a function of time. This means that
with the direct implementation of the control function, as
a function of time, we get an open loop control system
that is very sensitive to disturbances in the initial state and
inaccuracy of the mathematical model.

The problem specifies a mathematical model of the control
object in the form of a system of ordinary differential
equations with a free control vector on the right side.

x = f(x,u), (22)

where x is a state space vector, x € R, u is a control vector,
ueR™.
Control restrictions have been set.

u <u<ut, 23)

where u~, u™ are given low and upper vectors of restriction.
The initial and terminal states are given

x0 = [29.. . 207, (24)

xf =l )T, (25)

The quality criterion is given
ty

J = /fo(x,u)dt — min, (26)
0

where ¢, as a rule not given, but it is limited and it is defined
by time of achievement of terminal state

it t<tt, and [|x7 — x(t)]| < e,

= 27
f {t+, otherwise @7

where £, and tT are given positive values.

To solve the problem in the classical formulation, it is
necessary to find a control function as a function of time
that satisfies the given restrictions (23)

u=v(t). (28)

The system jf differential equations of mathematical model
(22) with a control function (28) in the right side should have
a particular solution from the given initial state (24), that hits
to the terminal state (25) with optimal value of the quality
criterion (26).

To solve the problem in the classical formulation, it is
necessary to find a control function as a function of time
that satisfies the given restrictions (??). The solution of this
problem in the form of function of time (28) cannot be
directly realized on the control object. A control system with
function of time is open loop and it is sensitivity to small
external disturbances and uncertainties of the model.

One of approaches to solving the optimal control problem
in class of realizable control function is a synthesized optimal
control. According to this approach firstly the control object
is made stable relatively a point in the state space. After that
the optimal control problem is solving for the stable control
object. In this problem it is necessary to find positions of
stable equilibrium points such, that after sequence activation
of these point over equal time interval the control object from
initial state (24) reached the terminal state (25) with optimal
value of the given quality criterion (26).

IV. COMPUTATIONAL EXPERIMENT

Consider the stabilization system synthesis problem rel-
atively a point in the state space for wheeled robot with
differential drive.

The mathematical model of control object has the follow-
ing form

i1 = 0.5(us + ug)cos(z3),
i‘2 = 0,5(U1 + U2) Sin(l‘g), (29)
iy = 0.5(u; — ug),

where x = [z1 29 x3]7 is a vector of the state space, u =

[u1 ug) is a control vector.
The control vector has restrictions
~10=u" <wu; <uf =10, i=1,2. (30)
The set of initial states is given and has twenty for points

Xo = {x",..., x>}, 31)



where
-4+ (i—1 mod 3)A;

x%= | 44+ ([(i—1)/6] mod3)Ay |, (32
—5m/12+ (|[(: —1)/9] mod 3)A3
i=1,...,27, Ay =4, Ay =4, Ay = 57/12.
The terminal state is
x/ =[000]7. (33)

The quality criterion requires to minimize length of sum-
marize projection of trajectories of movement on the hori-
zontal plane x1; zo and accuracy achievement of the terminal
state.

o7 [

|u1 + us|

i=1 0

— min, (34)
u

where p; is a penalty coefficient, p; = 3,

; (35)

, {t, if t <1+, and As(t) < g
=

tt, otherwise

Ap(t) = /@] — 1 (6x0)2 + (of — ma(t,x0))2, (36)

x(t,x°) is a particle solution of the differential equation
(29) from the initial state x°. Firstly the network operator
method[7] was used for solving this problem, The network
operator was found the following solution

Jr. + ~
u;, i uy <y

u; = qu;,ifu; <u;  ,i=1,2, (37
u;, otherwise
where
Uy = p1o(A) + B+ p17(C) + p17(D + E)+
sgn(F) + arctan(D), (38)

iy = iy — B+ A+G+9(C)+H+pu(F)+qi(x —21), (39)
A=G+ H+sen(W)\/[W|+ p17(D + E) + u(E) + D+
pro(@h — ws) + 2 — w5 — (2 —2)° + (2] — 1),
B =sgn(G) + u(H) +sgn(D + E)/|D + E|+
C + V! + arctan(F) + sgn(D),
C=W+pi7(D+E)+ p18($§ — x3),

D = g sin(af — x3) (2] — o) p(a] — 1),

E =ln(lg:(e] - 21)])as (2} — ),

F=FE+ ql(x{ —x1)+ cos(xg —x3) + (m{ —x1)7 Y,
G = p(C)+H+exp(W)+V +u(D+E)+ F+exp(a} —x3),
H =W —W3+V +arctan(D) + pro(2f — x3),

W = arctan(D + E) + sin(ac{c — 1),

V=F+q@ —u)-¢@ -n),

sgn(a), otherwise

19(04):{1’ if >0

0, otherwise

o, if ol <1
u(a)Z{ .

prz(a) = sgn(a) In(laf + 1),
pis(a) = sgn(a)(exp(|af) - 1),
pio(a) = sgn(a) exp(—|al),

q1 = 15.93579, g2 = 14.04517, g3 = 2.88135.

Projections of trajectories from eight initial states on the
horizontal plane for control object with the stabilization
system are presented in the Figures 1 and 2. As you can see
from the figures of the trajectory of movement from corner
points, the ones shown in Fig. 1 are not straight. Further
attempts to improve stabilization trajectories by the network
operator method did not lead to a noticeable improvement.

Fig. 1. Projections of trajectories from eight angular initial states for control
system received by the network operator method

Fig. 2. Projections of trajectories from eight direct initial states for control
system received by the network operator method

Further search for a better solution by the network operator
method did not lead to more improve control system. To im-
prove the solution found, the combined method of symbolic
regression was applied. The solution received by the network
operator was encoded with a universal code and was used as



a basic solution. Variation universal code found the following
solution after that.

U1 = p1o(2z9) + 25 + p17(26)+

p17(p(z6) + 26 + 2120 + sgn(zz) + arctan(zp), (40)
ﬂg = ’ELl — ’EL? =+ Z9 —+ zZ7 =+ 19(2’6)\/ ‘ZG| =+ Z5+
sgn(zz) + ql(x{ —I1), 41)

where

20 = g2 cos(wf — wa)u(ule} — w2))sgn(p(x] — 1)),

21 = In(|qi(#] — 21)))gs (2} — w3),
29 = 21 + ql(x{ —x1) + cos(xg —x3) + (z{ —x)7 Y,
2 =2+ plar (w] — 21) + (2] —21)?),

24 = arctan(z; + z) + sin(z] — z1),

25 = pu(za — 23) + (af — 1) + 23 + arctan(plg(xg —x3)),
26 = 24 + p17(21 + arctan(zg)) + plg(a:f; — x3),
z7 = p(z6) + 25 +exp(za) + 23 + p(z — 1+ 20)+
29 + eXp(J:g —x3),

2 = sgn(z7)+2z6+pu(zs)+(23) " +sgn(z1420)V/ |21 + 20|+

arctan((acg — T9)22) + sgn(m{ — 1),

29 = 27+ 25 + sgn(za) /|2l + pr7(z1 + 20)+

p(z1)+20+pro(ah —ws)+ad —wo— (2 —w2) >+ (2 —21) 7,

g1 = 15.93481, g2 = 15.96313, g3 = 2.88135.
Results of experiments are presented in the Figures 3 and
4.

Fig. 3. Projections of trajectories from eight angular initial states for control
system received by combined approach

How you can see in figures the combine approach has
improved the stabilization system. As you can see from
Figure 3, the use of another symbolic regression method
after the network operator improved the trajectories from the
corner points. They have become more direct.

Fig. 4. Projections of trajectories from eight angular initial states for control
system received by combined approach

V. CONCLUSIONS

The paper describes in detail the new method of symbolic
regression. The work also proposes to improve the solutions
found by the method of symbolic regression, to use a
combined approach in which the problem is initially solved
by one method of symbolic regression, and then solved by
another method that uses the previously found solution. In
a computational experiment, a combined approach is used
to search for a wheel robot stabilization system with a
differential drive. Experiments have shown the effectiveness
of the combined approach.
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