Optimal investment in a multi-asset market with borrowing and
unbounded random coefficients
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Abstract— We consider the problem of optimal investment
in a multi-asset market consisting of a bond, two stocks, pos-
sibility of borrowing, unbounded random coefficients, and the
power utility from terminal wealth. The resulting optimization
problem, due to the higher interest rate for borrowing than
for lending, is a rwo-input stochastic optimal control problem
with a nonlinear system dynamics and unbounded random
coefficients. A certain two-dimensional piece-wise completion of
squares method and a linear backward stochastic differential
equation are used to find an explicit closed-form solution as a
linear state-feedback control, the gain of which can have up to
five different random regimes.

I. INTRODUCTION

Consider a multi-asset market of a bond with prices B
and two stocks with prices S;, i =1, 2, that are solutions to
following equations (for 7 € [0,T]):

dB(t) = B(t)r(r)dt,
dsi(t) = Si(t)[wi(t)dt + o!(t)dw; ()], i=1,2, (1)
B(0) >0, S;(0)>0, i=1,2, are given.

Here W, is an mj-dimensional standard Brownian motion,
and the m;-dimensional volatility vector o;, the bond interest
rate r, and the rate of return y; are random processes such
that equations (1) have unique solutions. Moreover, consider
an investor with initial wealth yo > O that holds vg(f) number
of shares in the bond and vg, (r) number of shares in the stock
i at time ¢. The value of investor’s portfolio, i. e. the investor’s
wealth, at time ¢ is thus:

(1) = € [0,7].

2
+) vs (1)Si(0), 2)
i=1
This portfolio is called self-financing if it has the following
dynamics (see, for example, [26], [24]):

2
1)+ Y vs, (1)dS;(t
i=1

If we substitute the differentials of B and S; from (1) into (3),
and further knowing that vg()B(t) = y(t) — X7_, vs, (£)Si(2),
which follows from (2), we obtain (for ¢ € [0,T)):

dy(t) = vp(t)dB €0,7]. 3

dy(t)

+Z llt Lt,( )]dl

(gl

+ ui(t)o} (t)dW (1), 4)

1

! Department of Mathematical Sciences, The University of Liverpool, Peach
Street, Liverpool, L69 7ZL, UK. N.Alasmi@liverpool.ac.uk and
Bujar.Gashi@liverpool.ac.uk

2Depa1‘tment of Mathematics, The University of Jeddah, KSA.

and Bujar Gashi'

where u;(t) := v, (¢)Si(r) for r € [0,T]. The self-financing
portfolio (4) is thus an example of a [linear stochastic
control system with multiplicative noise with the investor’s
wealth y being the state of the system and the amounts of
wealth invested in the stocks u; being the control variables.
The optimal investment problem with expected utility from
terminal wealth as the criterion, is the following optimal
stochastic control problem:

s

for some suitable admissible set of controls 2 and utility
function U. For a textbook account of problem (5) with
a general utility function, see, for example, [26], [24].
The special case with power utility U(x) = x¥/y with y €
(0,1), admits an explicit closed-form solution in a linear
state-feedback form (see, for example, [27], for the market
with deterministic coefficients). Additionally, for the case
of random and possibly unbounded coefficients see [22]
and [3] for results on the random time horizon, and for
other optimality criteria see, for example, [16] for generalised
exponential, [19] and [20] for a risk-return criterion, [30] for
mean-variance criterion, [7] for a financial benchmark track-
ing, [21] and [6] for logarithmic utility and Cox-Ingersoll-
Ross interest rate model, and the recent papers: [23] for the
robust portfolio control problem.

A more general and realistic market model than (1) is the
one where an investor can borrow at a rate R that is higher
than the bond rate r. In this case one restricts the borrowed
amount L(t) to be (for ¢ € [0,T]):

[/ (1)1 = y(1)] "

where u := [u1, up)’ and 1:=[1, 1]’, as is not reasonable
to borrow with the higher rate R and at the same time
invest in the bond with a lower rate r. The equation of
investor’s wealth (4) now becomes a nonlinear stochastic
control system with multiplicative noise as follows (for t €
[0,7)):

max E[U(y(T))],
u(-)e2

st (4),

o)

L(t) == =max[0,u/' (1)1 —y(t)], t€]0,T],

dy(t) = [r()y(t)+u' (t) (u(e) —r(t)))dt— (R(r) -
xr(t))L(t)dt +u'(t)o (1)dWy (1) = [r()y(e) +u' (1) (1 (1)
—r(0))ldt — (R(t)—r(0) [/ (1)1=y (1) "dt

+u' (1) o (1)dW (1), (6)

where

pu(r) = o(t) := [o1(r), oa(1)]'.

[ (1), (1)),



In the market with a single stock, the optimal investment
and consumption problem with borrowing at the higher rate
R was first considered in [18]. There it is assumed that
the coefficients are constant and an explicit solution was
found in the case of a power utility from consumption in
infinite horizon. Moreover, a more general case of a market
with random coefficients was considered in [15], where an
existence result was obtained for a general utility function.
The explicit solution to the optimal investment problem
with the logarithmic utility was obtained in the setting of
random coefficients only, whereas for the power utility it was
assumed that the coefficients are deterministic coefficients.
In [15], in addition to leaving open the problem of finding
an explicit closed-form solution in a market with random
coefficients and power utility, the existence result given there
does not apply to some typical interest rate models. These are
the ones given as solutions to stochastic differential equations
(see, for example, [31], [13], [14], [28]), which in general
are not bounded (a lower bound on r is assumed in [15]).
Moreover, in [15] it was assumed that the coefficients are
adapted to the filtration of W; and thus only complete
markets are considered. This does not permit for the source
of randomness in the interest rates to be different from that
of stock (see, for example, [17], [29]). In the recent series
papers [8], [9], [10], [11], [12], [1], [2], [3] several cases
of the optimal investment problem in an incomplete market
with borrowing, random interest rates, and the power utility
have been considered, and it was succeeded in obtaining
an explicit closed-form solution in the following cases:
in [8] the interest rate is assumed to be quadratic-affine with
independent source of uncertainty as compared to the stock;
in [11] this was generalised further to permit for a general
class of such coefficients; in [2] this was generalised to allow
for a general class of such coefficients along with random
time horizon instead of fixed horizon; in [10] the Hull-White
model for the interest rate was used which has the same
source of uncertainty as the stock; in [3] the Heston volatility
model was used which has the same source of uncertainty
as the stock; in [9] the market with a Markovian switching
coefficients is considered; whereas in [12] and [1] markets
with certain combined random interest rate models are in-
troduced; [4] for a quadratic-affine interest rates and Heston
stochastic volatility is considered. A common assumption in
all of these papers on borrowing, and similarly to [27], is
that an investor is only permitted to invest in a single stock.

In this paper, we study the optimal investment problem in
an incomplete market with random and possibly unbounded
coefficients, with higher interest rate for borrowing than
lending, with wealth equation (6), and the following power
utility from terminal wealth:

1
which, due to its minus sign, is to be minimized. Due to
borrowing, market incompleteness, multi-assets market, and
possibly unbounded coefficients, this problem is not covered
by the results of [15], and is a generalisation to the two-

stock market of the results in [11], [4]. In order to solve
this problem, we apply the theory of backward stochastic
differential equations (BSDEs) and a certain two-dimensional
piece-wise completion of square method. The unique explicit
closed-form solution to this problem is obtained as a linear
state-feedback control, the gain of which can have up to five
different regimes instead of three as in [11], [4]. In §IT we
give the precise formulation of the problem to be solved,
whereas in §III we give its explicit solution. Note that in
order to simplify the presentation, in what follows we have
omitted the argument ¢+ whenever convenient.

II. PROBLEM FORMULATION

Let (Q,.#,P) be a complete probability space on which
an mj-dimensional standard Brownian motion (W;(z), t >
0) and an mp-dimensional standard Brownian motion
(Wa(t), t > 0) are defined and assumed to be independent.
We further consider the filtrations (% (r), t € [0,T]) and
(ZF2(t), t €[0,T]), where .#(r) is the augmentation of
o{Wi(s),Wr(s): 0 < s <t} by all the P-null sets of .#, and
F>(t) is the augmentation of c{W,(s): 0 <s <t} by all the
P-null sets of .%. Our assumptions on the market coefficients
are as follows: the coefficients r, R, i, and o, are assumed
to be .%-adapted stochastic processes that are possibly un-
bounded; the stock volatility matrix ¢ is assumed to satisfy
the following positivity property o(f)o’(t) >0 a.e. t €
[0,T] a.s., which ensures the absence of arbitrage (see, for
example, [13]). By defining the following processes (for
t €[0,T)):

alt) = la, @) = [w(0) —r(t), pa(t) —r0)],
b(t) = R(t)—r(),
the wealth equation (6) becomes
{ dy =[ry+u'a—b[u'1 —y|T|dt +u' 6dW,
¥(0) =y > 0.

+€10,7T],

)
Note that our market is incomplete in general since the
number of uncertainty sources (which in this case is m| +my)
is larger than the number of stocks (which in this case is 2).
The cost functional that we consider is the power utility from
terminal wealth as given by (7), which we repeat here for

convenience:
1
J(u(-)) = *}E DT, ve(0,1).
The corresponding optimal investment problem to be con-
sidered is the following optimal stochastic control problem:
min J(u(-)),
u(-)ess (9)
s.t. (8),
where <7 is a suitable set of admissible controls to be defined
next. In order to give the definition of .o/, and later in §III
to state the solution to problem (9), we define the following
(for r € [0,T]):

a =
o =

s) =

[0,1]",
[17_1]/7
(1-7)o(t)o'(t),

(10)
(1)



For simplicity, we define the matrix £ and its inverse in the
following form (for ¢ € [0,T]):

£ = [51 52}@1- 1 {54 —éz}
& & EE-&6&G| & & |
Further, let f:= & & — &, V t€[0,T], and denote the
elements of £1 as
&' = G &=,
53_1 = _f_l§3a 54_1 ::f_lék
Moreover, we introduce the following processes (for ¢ €

[0,T)):

1, 1 .
g1 = —5d&la, gi=—o(a—b1)E (a—b1) -

o = 3f- ;,7 (048 (a0 1a))+ 0g(Gan—20) |,

ho= (§'a =(&"'a=E7'p)1,
ki = &la, kg _g Ya—n1),
1 / _ el /
o o [t | sifeog )
n
g1 if hy <1 and hy <1,
g1 if hy <1 and hy > 1,
Y(r):=1 g if hy <1 and hy > 1,
g2 if hy > 1 and hy > 1,
g3 if hy > 1 and hy <1,
ki if iy <1and hy <1,
ki if g1 <gs, b1 <1, and hy > 1,
I(t):=<k if g1 >g0, i <1, and hp > 1,
ko if hy > 1, and hy > 1,
k3 if hy > 1 and hy <1,
N(v) :=V'Ev+v'a+b[V1-1]", where v(t) :=u(t)/y(t).
Theorem 2.1: The minimisation problem
min N(v)
veR?
has a unique solution. The minimizer is v* :=1T’, and the

corresponding minimum is N(v*) = V.
Proof. Let N(v) be formulated using the completion of
square method as follows:

N) =

= % [(V—571a>/§ (V—éila) —a”g'ila} I(v’lgl)
1

+ 2{ [v—&*‘(a—bl)}’a;— [v—&(a—b1)]

VEV+Va+bv1-1]"

— (a—b1YE " (a—b1)— Zb}l(v/1>1). (12)

where 1.y is the indicator function. The minimizer of N(v)
and its corresponding minimum value are given by the

following five cases.

Case (1): if hy <1 and h, < 1, then v* = k; and
N(V*) =4g1.

Case (2): if g1 < g2, Iy <1, and hy > 1, then v* =k
and N(v*) = g;.

Case (3): if g1 > g2, b1 <1, and hy > 1, then V' =k,
and N(v*) = g».

Case (4): if hy > 1 and hp, > 1, then v* = kr and
N(V*) =g22.
Case (5): if Ay > 1 and hp, < 1, then v* = k3 and

N(v*) = gs.

The derivation of the minimizer of N(v) and its minimum
value for the cases (1)-(4) above is more straightforward and
follows directly from the given conditions and restrictions on
the interval. Our aim now is to demonstrate v* and N(v*)
for case (5) above. This corresponds to the case of the vector

v=|[v; W that satisfies the condition:
vi+wv,=1. (13)

From (13) it follows that v, = 1 — vy, and further that v =
oo+ o vy, where op and a; are defined in (10) and (11),
respectively. The function N(V) can now be written as:

Nw) =3 [(v=E70) ¢ (v—E ')~ ] ey

= % |:(051V1+O‘O—§’1a)/5 (061\/1 _‘_ao_&—la) —a’é’la}

- % [a{éalvaerla{é (ap—&"a) + (o —&E'a) &

x (ap— & 'a) —a/é_lal

2{0615061 |:V1+2 llgixgl( é_la)
afé(a—¢'a))’

+( l o&on )]
/ -1

| 5(;2{&5‘] ) +%(§%_2a)}

1 & (w—&a
et

1
o (& (a0 —&71a)]" + (8o 261)}
We conclude that v{ := —w, and

v, =1-vi=1+4 n



Therefore, the minimizer of N(V) is:

' [—aié(%é_la) 1+a{§(%€_la)1/.(14)
n n

Vv =

Clearly, the corresponding minimum value of N(Vv) is:
N 1 1 1 312
V) = 5{ g g g )
+ 0‘6(5050—20)}283- O

We further introduce the following BSDE:

dP = [YP(‘P— r)} dt+7dw,, t€][0,T],

P(T)=-1/y a.s..
Note that this is a linear BSDE, with possibly unbounded
coefficients. To prove that there exist a unique solution pair
(P,z) to the BSDE (15), we begin by deriving some sufficient
conditions which place certain requirements on the adaptivity
and integrability of given coefficients. These conditions are
as follows:
(i) the process (W(¢) —r(t), t €[0,T]) is .F-adapted;
(i) E [MT)} < oo,
where ¢ is defined as (for ¢ € [0,T]):
t
ol0)i=exp{ - [ (¥(0) - o) as .
Lemma 2.1: If conditions (i) and (i) hold, then there

exists a unique solution pair (P,z) to (15), and P is given
explicitly as:

5)

—1 :
P(t) = 71@ [effﬂ“’% %(r)} . (16)
The following integrability further holds:
T
E / (O (Ne()dt| < . (17)
0

Proof. The process ¢ is the unique solution to the following
differential equation:

t€[0,7],

d¢ = —yo (¥ —r)dt,
{ 9(0) = 1. (18)
By Itd’s product rule, the differential of ¢P is given as:
d(¢P) = ¢dP+(do)P+(d¢)dP
= oPy(¥ —r)dt+¢7dW, — ¢y(¥ — r)Pdt
= ¢7dWs. (19)

By integrating both sides of the above equation (19) from ¢
to T, we obtain:

_o(T T

")y( L owp0) = [ o wams). o

t

As ¢%(T) is a square integrable random variable (see condi-
tion (ii)), by martingale representation there exists a process
z such that (20) holds for all ¢ € [0,7] and the process ¢z is
square integrable. Next, to derive an explicit formula of P,

we take the conditional expectation of both sides of equation
(20), we obtain:

P(t) =

= —E r‘yz(t)]

_ g [ v grz(,)}

|

The admissible set of controls <7 is defined as the set

of all .#-adapted scalar processes u under which the wealth

equation (8) has a unique and strictly positive strong solution,

ie. y(t) >0 a.s. for all t € [0,T], and the processes (for
t€[0,T)):

Gil) = [V Gawa(s), a
Galt) = [ PO S D oawi ), @)

are . (t)-martingales. It is clear that strict positivity on the
wealth y is required in order to avoid investor’s bankruptcy,
whereas the requirements (21) and (22) guarantee that the
expected values of two stochastic integrals appearing in the
solution to optimal investment problem (9) are zero (see the
proof of Theorem 3.1 in §III). This completes the formulation
of the problem to be solved.

III. SOLUTION TO THE OPTIMAL INVESTMENT PROBLEM

In order to state the solution to problem (9), we introduce
the following two additional conditions (for z € [0, T]):
Y2(r)
(Ai) E[ sup } < oo,
t€(0,7] (Pz(t)
T
(Lii) E{/ Yzy(t)Pz(t)Fz(I)G/(I)O'(t)dt} < oo,
0

Here the process Y is defined as (for 7 € [0,T]):

vo) = swep{ [ 16~ (AN 02t
+ /OtA’(s)dWI(s)},
where
M) = rle)+T(a(t) - b )1 - 1],
At) = T'(t)o(r)

Theorem 3.1: Let the conditions (i), (ii), (Ai), and (Aii)
hold. There exists a unique solution u* to the optimal
investment problem (9) given by:

u' (1) =T(1)y(),

The optimal cost functional is J (u*(-)) = —P(0)y).
Proof. Due to conditions (i) and (ii), by Lemma 2.1 there
exists a unique solution pair to the BSDE (15). By Itd’s

t€[0,T].



formula, the differential of y? is:

1
dy? = yy’! [ry—i-u/a— blu'1 —y]+] dt + 5}/(}/— l)yy_2
xu' 66 udt + vy cdw,
1
dy’ =y [r+Va—b[V'1—y"|di+ 57(}/7 1)y”

xV'ao'vdt + yy'v' odW,

By It6’s product rule, the differential of Py? is:

d (Py") = yYdP + P(dy") + (dP)dy"Y

= yy[(_PYV + yPY)|dt —|—z/y7dW2 + Py (r—i— va
1
7b[vll — 1]+ + 5(}’* l)V/GO'/v> dt JFPWYV,GdWl
—Pyr+YP¥+ryP+yPVa—yPh [V1-1]"
+7§/ (y=DPV'G0'v|di+ P!V cdW, +y7Z W,

Integrating both sides of the above equation from 0 to T

gives:
P(T)y¥(T) 0)yo +/ [YP¥Y +YPV'a —yP
/ 4 / / g Y/
xb[V'1- 1] +E(y— HPv'eo'v|di+ | Py'V'edw,
0
T
+ / V7 dw;. (23)
0

By taking the expectation of both sides of (23), we obtain
the following for any admissible control (note that due to the
integrability requirements (21) and (22), the expectation of
two stochastic integrals are zero):

-1

T
ZEprn] =] (e v
—be[v’1—1]++;/(Y—l)Pv’Gc’v>dz}.

where Py = P(0). Therefore, we obtain the following integral
representation of the cost functional J for all admissible
controls:

J(u(-))

P Y T Y I 111"
wi B [y yP‘P+yP(Va b[v1-1]

%(}/— 1)V/()'G/V):|dt}

Pyl +E [/OT yP(‘PN(v))dt] .

We can thus obtain the following lower bound for the cost
functional (24) for any admissible control:

T
Sat) = o~ | [ i) - war] > m
This lower bound is achieved if and only if v(¢) = v*(¢) :

I'(t) a.e. t €[0,T] a.s., or equivalently, if and only if u*(¢) =
I'(¢)y(t) a.e. t € [0,T] a.s.. The corresponding optimal cost

_|_

(24)

functional is J(u*(-)) = Pyyp. Thus, if u* € <7, then u* is the
unique solution to the optimal investment problem (9). We
now show that indeed u*(-) € «7. By substituting * in the
wealth equation (8) we obtain:
{ dy =Tlydt + AN'ydWy, 1€[0,T],
¥(0) =yo > 0.

As this is a linear stochastic differential equation, it has
a unique strong solution (see [22]). As y(¢) = Y(¢), it is
clear that Y (¢) > 0 a.s. for all r € [0,T]. In order to show
the integrability requirements (21) and (22) hold under the
optimal control u*, thus by using the Burkholder-Davis-
Gundy inequality (see, for example, Theorem 1.5.4 of [32])
we conclude that there exists a constant Q such that:

{t:ng /y (5)dWa(s) }
T o :
< QE{ ) 0 ¢2(s)z (s)z(s)ds}

1
2

POT [T o
<QE{t€s[ng [ M)} JACEOE <s>z<s>ds}

<§E{s{ [ H /¢ )}<°°

which is due to condition (Af), and the fact that process ¢z is
square integrable. It now follows from Corollary 7.22 of [25]
that the process G is a martingale. The process G, under
the control u* becomes:

/p

As a consequence of condition (Aii), this stochastic integral
has a square-integrable integrand, and it is thus a martingale.
We conclude that u*(-) € &7 and it is the unique solution to
the optimal investment problem (9). (|

The optimal control u* is thus in a linear state-feedback
form with gain I'. As can be noted from its definition, the
process I', depending on the values of market coefficients,
can take up to five different values.

"(s)o(s)dWi(s), t € [0,T].

IV. CONCLUSIONS

We have considered an optimal investment problem in
a two-stock market with borrowing, random coefficients
(which are not assumed to be bounded), with different
interest rates for borrowing and lending, and a power utility
from terminal wealth. We have found an explicit closed-
form solution to this problem by developing a certain two-
dimensional piece-wise completion of squares method. This
shows a rare case of a two input nonlinear stochastic optimal
control problem that permits a fully explicit solution. In this
context, a number of additional interesting problems can
be considered. For instance, incorporating consumption in
the investor’s wealth equation would significantly increase
the problem’s difficulty, as would the consideration of other
sources of market randomness, such as the case with Marko-
vian switching coefficients (as in [9]) or more general interest
rate models (as in [12], [1]).
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